XX Zhautykov Olympiad on Mathematics, Physics and Informatics, *Day 1*
Kazakhstan, Almaty, January, 9, 2024

Problem A. PE class

Subtasks 1 and 2

Let’s iterate through all possible strings of length 22" and check each one. For n = 2, all cases can be
examined manually.

Subtask 3

There are only two cases: a; = 0 or a; = —1. When a; = 0, the answer will be LRLRLR ..., and when
a; = —1, the answer will be RLRLRL .. ..

Subtask 4

If a4 = 0, then s; = L, otherwise s; = R. Then we can keep track of how many L’s and R’s have been
placed in the prefix, and from this we can uniquely calculate the next character.

Subtask 6

Claim. The multiset of numbers obtained for L is the same as the multiset obtained for R.

Proof. It can be proven using mathematical induction. In any case, there will be adjacent L and R. It
is easy to notice that the obtained numbers for them are the same. And since they do not affect all the
others, we can remove them. Then we can proceed to the problem with n — 2.

It turns out that each number in the array a occurs an even number of times. If we leave half of the
occurrences for each number, these will be the obtained numbers for all L. Let’s denote this array as La.
Now, using the minimum number of R symbols, we will obtain all the numbers from the array La. To
do this, we will sort the values in the array in ascending order and insert the necessary elements in this
order.

Problem B. Batyr | and Tima the Great

Subtask 1 (m =0) — 5 points

In this subtasks, it is simple to see that you either move in circle clockwise or anticlockwise so answer is
minimum between |z; — y;| or L — |z; — 4.

Subtask 2 L,m,q < 10> — 8 points

Let’s build graph for each query, then Batyr’s roads has weight 1 and Tima’s roads has weight 0. And
run shortest path algorithms to find answer.

Subtask 3 L,m,q < 10®> — 11 points

Let’s build graph before processing queries like in second subtask, and then run BFS or Dijkstra for each
pair in query to find answer.

Subtask 4 m,q < 10> — 10 points

Notice that in previous subtask, you can build graph with nodes which appear only in one of queries or in
Tima’s edges. so we have 2(m + ¢) nodes on which we can build graph, and solve similar to third subtask.
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Subtask 5 b; < a;;; — 12 points

Consider Tima’s roads as segments. Observe that no two segments intersect, and none of them completely
cover each other. When moving from x to y, the distance covered is equal to y — x — sum, where sum is
the total length > (b; — a;) of segments that lie entirely within the range [z, y].

Subtask 6 a; < a;.1,b;11 < b; — 14 points

Consider Tima’s roads as segments. Note that while no segment intersects, each of them covers the
other, implying a hierarchy among them. Add segment [0, L] and then build a tree graph on this set of
segments. For each segment, identify the shortest segment covering it, which becomes its parent in the
tree. Additionally, in this tree, each point is part of the shortest segment covering it. Achieve this using a
scanline: sort segments by their left side and maintain a stack of segments to easily find the parent. The
weight of each edge is the distance between the closest points of the parent and son segments. To better
understand how to handle queries, consider the given graph below, where . = 12, and Tima’s roads are
represented by the green lines.

As example to understand, let’s use 3 and 9. so 3 will be linked to segment [1, 12]. while 9 to [4, 10] in our
tree. So in this case it is optimal to move from 3 to segment [4, 10] and then from 10 to 9, so answer is 2.
And let’s consider another query 4, 9 in this case it is trivial we move from 4 to 10 and then 9, so answer
is 1. in first example we moved to segment [4, 10] which is son lca ([1,12]) of segments [4,10] and [1, 12],
and in second it is going to lca ([4,10]). It can be shown, that it’s optimal to either go from both points
to lca, or going to son of lca and then between them to each other. Time complexity is O(nlogn).

Subtask 7 |z; —y;| =1 (1 <i < ¢) — 18 points

In this version of problem, if x; and y; are connected by Tima’s roads, the answer is 0; otherwise, it is
1. To determine if they are connected in that way, let’s merge two of Tima’s roads if they intersect each
other but do not entirely cover one another. First, connect roads by their endpoints. When considering
roads a and b, we need to identify all the roads that intersect them. For instance, if a < b, we deem some
endpoints of road u as valid if u lies between a and b, and the rightmost endpoint from u is greater than
or equal to b. Conversely, if a > b, for endpoints u in between, we need to check if the leftmost endpoint
from w is less than or equal to b. We can find such endpoints using a segment tree and use a disjoint-set
union (dsu) structure to connect them as components. This process can be accomplished in O(nlogn)
time.
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Subtask 8 No additional constraints — 22 points

After building components same to subtask 7, we are left we almost same problem as subtask 6 but you
also need to consider that compare to subtask 6 components are set of points rather than segment.

Problem C. Lazy, but honest

e D =1, 5 points.
We have to complete each task we receive on the same day. First, check that every b; < a;. Then
print the number of days with b; # 0. O(n)

e N <18, 7 points

If we decide to work some day it’s always optimal to do as many tasks as possible and we start from
the earliest tasks.

For each day we have two options: not to work or to do as many tasks as possible. Use recursion.
Store for each day how many tasks are left uncompleted in that day. O(2" % n)

e All a; equal, 18 points.

Greedy solution: if we decide not to work on that day can we complete all tasks(current and future)
in any number of working days? If not we must work or else skip that day. To check that we can use
a segment tree to find an interval with maximal value b; —a; + b1 — aj41 +. . . + by — a,. O(nlog(n))

e D = N, 18 points.

Let’s find a solution for the suffix ¢ with the maximal sum of b; in working days. To move from i
to i — 1: If we can complete a;—1 tasks in current working days use them. Else find the largest b; in
not working days and mark it as a working day until we complete all a;_; tasks. O(nlog(n))

e N <2000, 16 points.

Let z; be the number of completed tasks in days 1,2,...7. Then x; must be not greater than
b1 + b2 ...+ b; and not less than by + by ... +b;—p41.

Use dp; ; = x where ¢ number of days, j number of working days, x maximal number of completed
tasks. Transitions are easy and don’t forget to check by +ba... +b;_py1 < dp;; < by +ba... +b;.
O(n?)

e No additional constraints, 36 points

Use the same dp from the previous subtask. The key observation is that dp; is a convex function.
Then we can use set to store dp; j11 — dp; ;. And transitions are just inserting b;. To check bounds
for value x store min value and max value in dp. O(nlog(n))
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Problem A. [JeHe WbIHbIKTbIPY

1 >xoHe 2 imKi ecen

Bapibik MyMKiH 22" ce3aep/i KapacThIPaiibIK KoHe OJIap/IbIH OPKAIICHICHIH TeKcepeiiik. n = 2 ymrin 6ap-
JIBIK, JKafaailyiapapl KOJIMEH Kapayra 001a1bl.

3 imIki ecen

Tek exi myMKiH Karmait 6ap a; = 0 Hemece a; = —1. a; = 0 6osranga kayan LRLRLR ..., ana; = —1
Kayarmt RLRLRL ... 6onamipl.

4 imKi ecen

Erep a1 = 0, ouna s = L, boinmaca s; = R. Apbl Kapaii npedukcre Herte L, R KofiraHbIMBI3IbI caHall,
KeJieci opilTi aHbIKTall ajJaMbI3.

6 imIki ecen

Ty>XbIpbIM. Ljep yIiH caHajraH >KUblH, Rjep YIIiH caHajraH KUbIHFa TeH,.

Jonen. MaTeMaTUKAIBIK, MHIYKITHS APKBLIEL Jpeaeyre 6omaasl. Kes keren Karaaiia KopIiec TypraH
L xoue R 6omabr. Ouiap yImmiH ajibiaras caajap 6ip/ieit ekenin baiikay KublH emec. 2KoHe ojiap backaiapra
acep eTHedTIHIIKTeH, 613 o1apabl ajbll TacTai ajgaMbis. OJaH Keilin n — 2 Mocesecine KeleMis.

a MaccuBiHmeri opbip caH XKyII peT Ke3aecemi ekeH. Erep opbip caH VImiH »KapThl Ke3I€CKEHIH KAIIbIPCAK,
oHJa Oy 6apiblK L yIniH HoTHXKe caHgapbl 6bosaabl. by maccusai La men Genrineitik. Exnnl R ranbasia-
PBIHBIH €H a3 CaHbIH HaiiajaHbll, 013 La MaccuBiHeH OapJblK caHgapabl ajgaMbi3. OJ1 yIIiH MacCUBTeri
MOH/JIEP/Il ©Cy peTiMeH cyphInTaiiMbl3. 2KoHe ocbl peTiieH 0i3 KaXKeTTi 3JIeMeHTTEP Il eHri3eMis.

Problem B. BaTtbip | »xaHe ¥nbl Tuma

1 imki ecen

By imki ecenrre mrenbep OGOWbIMEH caraT TiJiMEeH HeMece caraT TiJliHe KAapPChl KO3FaJaTbIHBIHBI3IbI KOPY
oHall, COHJIBIKTAH yKayall |r; — y;| nemece L — |x; — y;| apachlHmarbl eH a3bl 6OJIA/IbL.

2 ikl ecen

Op cypay VIIiH rpaduk KypacThIpailblK, COHIa BaTbIpabiH »KOIIapblHbIH caaMarbl 1, THMaHbIH XKOJI1a-
poiabiH, caaMmarel 0. 2KayanTer Taly yimiH €H KbICKA YKOJI aJICOPUTMIAEPIH KOJIIaHAMBI3.

3 imkKi ecen

Exinmi imki TanceipMa arbl CUSIKTBI Cypayiapbl OHIeyIeH OypbiH rpadThl KypacThIpailblK, COMAaH Keiin
2Kayall Taby yimiH cypayiarsl opbip xkyu yiria BFS wemece Dijkstra icke KocbIHBI3.

4 ikl ecen

AJLIBIHFBI 1K TalChIpMaIa cypayiapably, Oipinge Hemece TuMaHbIH, XKOIIAPBIHLIH, IIIETTEPIHIE FaHa, Haii-
Jia 6onaTeH TYiliHAepMeH rpad Kypyra 60IaThIHBIH €CKepiHi3. CoHJbIKTaH 6i3e 2(m + ¢) ryiiingepi 6ap,
onap/a 6i3 rpadTi Kypa ajlaMbl3 YKoHe YIMHIMI K] TarrcepMara yKcac Ielne ajaaMbl3.
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5 imki ecen

TuMaHbBIH KOJJAPBIH CEIMEHTTEP PEeTiIHAEe KapacTbIpbIHbI3. Kmbip eki cerMeHTTIH, KHbLILICIANTHIHBIH
JKOHE OJIAPIbIH, EeIIKAWCHICHI Oip-0ipiH TOJBIFBIMEH KaOATHIHBIH OAfKAHBI3. T-JIaH Y-Fa YKLLIKBITKAHIA,
OTETIH KAIIBIKTHIK Y — & — SUI TeH 00JIaJIbl, MYHJIa SUIM YKAJIIBI Y3BIHILIFGL Y | (b; — a;) [z, y] aykpiMbiHIa
TOJIBIFBIMEH YKATATBHIH CETMEHTTED.

6 imki ecen

TumaHBIH KOJJAPBIH CEIMEHTTED PETIHJE KAPACTBIPBIHBI3. KIIOIp CerMeHT KUBLIbICIIACA 1A, OJIADJIBIH
opKaiichichl Gip-Oipin Kaba/bl, OyJI OJIap/IbIH, apachlHIarbl nepapxusibl 6liaipeni. [0, L] cermentin Ko-
CBIHBI3, COJIAH KefliH OChl CerMEHTTED YKUBbIHBIH/A aFall JIuarpaMMachiH >KacaHbl3. OpOIp CerMeHT yImiH
OHBI »KabATHIH €H KBICKA CErMEHTTI AHBIKTAHBI3, OJ1 aFalllTa OHBIH aTa-aHachl 60saael. COHBIMEH KaTap,
Oys1 aramTa 9pbip HYKTE OHBI »KabATBIH €H KBICKA CEerMEeHTTiH, O6eJriri 60sbin Tabbuiajbpl. byran ckanep-
JIey CBI3BIFBIHBIH, KOMEriMeH KOJI YKeTKi31Hi3: CerMeHTTep/Ii COJI 2Karbl OOMBIHIIA CYPBIITAHBI3 YKOHE HEri3ri
SJIEMEHTT] OHall Taly VIIMH CerMEHTTEp JIEeCTECiH CaKTaHbl3. OpOIp *KUEKTiH cajMarbl aTa-aHa KoHe YiI
CEerMEeHTTEpIHIH eH >KaKblH HYKTeJIePiHiH apachlHIarbl KAIIBIKTHIK O0JIbIT TabbLta bl. Cypayiapibl Kajai
OHJIey KEPEKTIriH »KaKCbIpakK TYCiHy VIIiH TeMeHje OepinreH rpadukTi KapacTbIpblHbI3, MyHma L = 12
KoHe THUMaHBIH KOJIJIAPhI YKACBHL CHI3BIKTAPMEH KOPCETLJITEH.

Tyciny yuiiu Mbicas peringe 3 koHe 9 KosJlaHalbIK. coHabIKTan 3 [1, 12] cermenTtimen GailiaHbICTBIPbLIA-
nel. agt 6i37in aramra 9 - [4, 10]. Conppikran 6y )xarmaiiaa 3-gan [4, 10] cermenrine, coman keiiin 10-man
9-ra Ty OHTaIBI, COHIALIKTAH 2Kayaln 2. Tarel 4, 9 cypaybln KapacTblpaiibik, Oy karaaiiaa 6i3 4-pan 10-
Fa, coslaH Keifin 9-ra KereMis, COHAbIKTAH Kayai 1. 6ipinmi mbicanna [4, 10] cermentine kerrik, o [4, 10]
»koHe [1,12] cermentrepinin son lca ([1,12]), an ekinmicinge on lca-ra 6apazpt ([4,10]). Exi mykremen
lca-ra eTy Hemece lca yiibiHa, comaH KeffiH oylapblH apachiiia Oip-OipiHe eTy OHTaNIbI €KeHIH KopceTyre
6omasbl. Yaxerr Kypaesiairi O(nlogn).

7 1IKi ecen

MocesteHiH OCbI HYCKACBIHIA, €rep X; *KoHe y; THUMaHbBIH 2KOJIapbIMEH KOChLICca, yKayar 0; oiiTiece, Oy 1.
OJrap/plH, OCBLIAN KOCHIJIFAHBIH aHBIKTAY YIIiH TUMaHBIH €Ki »KOJIbIH OipikTipeiiik, erep oJyiap 6ip-06ipiMeH
KUBLIbICA, Oipak 6ip-0ipiH TOJLIFBIMEH Kalliaca. AJIIbIMEH YKOJIIAPIbl COHFBI HyKTeIepi OORBIHINE KOChI-
HBI3. @ 2K9HE b XKOJIIapblH KapacThIpraHaa, 613 oapabl KUbII ©TETIH 0aPJIBbIK, 2KOJIIapIbl AHLIKTAYbIMbI3
kepek. Mbicasibl, @ < b 60Jica, 1 KOJIBIHBIH, Kefibip COHFBI HYKTeJIepl u a »KoHe b apachiHjia 60jica KoHE U
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HYKTECIHIH eH OH KakK, COHFbI HYKTeci i, tuii.b. Kepicinme, a > b 6osca, u apacblHIarbl COHFBI HYKTEIED
VIIH Uu-JIaH COJI YKAaK, IIeTKI HyKTe b-1aH a3 HeMece OFaH TEH €KEeHIH TeKcepyiMi3 Kepek. Biz MyH1ail COHFbI
HYKTeJIepi CEIMEeHT aFalllbIHBIH KoMeriMeH Taba ajJaMbI3 XKoHe oJlapibl KypaMaac OesiikTep peTiHae Ko-
Cy YIIiH OGeJliHreH KUBIHTHIK, OipsecTik (dsu) KypbLIBIMBIH Tafijanana ajaMbi3. Byr nporecri O(nlogn)
YaKBITBIH/IA OPbIHIayFa OOJIaIbI.

8 imki ecen

7 imki TanceipMara 6ipeit KypaMmacTapibl KypacThIDFaHHAH KeiiiH 613 6 KocaIKpl TalchpMaMeH 6ipjieit
JIepJIiK Mocese KA IbpaMbl3, Oipak coHbIMeH 6ipre 6 KOCAJKBI TAICHIPMaMEH CAJIBICTBIPY KOMIIOHEHTTEPI
CErMEHT eMec, HYKTeJIep »KUbIHbI €KeHIH eCKepy KazKeT.

Problem C. XKankay, 6ipak agan

e D =15 ymaii.

Biz asran opbip TalchIpMaHBl COJI KYHI OPBIHIAYBIMBI3 Kepek. AJibiMen, opbip b; < a; ekeHiH
rekcepini3. Coman keitin b; # 0 6oJaTBIH KYHIED CAHBIH MIbIFAPLIHBIE. O(n)

o N <18, 7 ymait

Erep 6i3 6ip kyHI KyMbIC icTey/Il TIENIceK, MyMKIHJIITIHIIE KOIT TAllChIPMAaJIap/bl OPbIHJIAY OPKAIIaH
OHTaiIBI OOIaabI »KoHe 0i3 eH epTe TalchipMaaapaaH dacTaiMbI3.

Op KyH VIIiH 0i3/e eki Hycka Oap: »KYMBIC icTeMey HeMece MYMKIHIITIHIIe KOIl TalChIpMaJiap/Ibl
opbIHay. PeKypcusiHbl KOJIIaHbIHBI3. Op KYH VIIIH COJI KYHI KAHIIA TalChIpMa OPbIHIaIMaraHbIH
cakranpiz. O(2" xn)

e Bapubik a; TeH, 18 ymaii.

Amkesik memriM: erep 6i3 coJl KyHI »KYMBIC icTeMey il IIIeIceK, Ke3 KeJIreH »KYMbBIC KYHiHe Oap-
JIBIK, TAIICBIPMAJIap/Ibl (AFBIMIAFBI 2KOHe OoJIAIIaK) OpbIHIail ajgaMbr3 6a? OiiTnece, XKyMbIC icTeyimMis
KepeK HeMece oJI KYHJ oTKizin xKibepyimisz kepek. by — a; + bj41 — aj41 + - . . + by — ap Makcumas b
MoHI 6ap apasbIKThl Tady YIIH CErMEeHT aFalllblH KoJIanyFa 60sarbiHbe Tekcepy yirn. O(nlog(n))

e D =N, 18 ynaii.

ZKywmpic kyningeri b; MakcuMaJsIbl KOCBIHJIBICHI Oap ¢ KypHArbl IMentiMin TabaifblK. i-1an ¢ — 1-ra
JKBUDKBITY VIIH: @;_1 TAICHIPMAJIAPBIH arbIMIAFbl KYMbBIC KYHIAEPiHIe OpbIHIai ajJaThiH OOJICAK,
oJIap/Ipl MaliJaTanbIHbI3. OHTIIece, JKYMBIC icTeMelTiH KyHiep/eri en yiakeH b; TaObIHBI3 KoHe 013
6apJIbIK, a;—1 TAICHIPMAJIAPbIH OPbIHIAMAaNbIHIIA, OHBI XKYMBIC KyHI perinje 6esrinenis. O(nlog(n))

o N <2000, 16 ynait.

x; 1,2,...1 KyHAepiHae opbIHIaIral TaiucbkipMasap canbl 6osiceid. Conma x; by + by ... + b; apThIK
emec koHe by + by ...+ b;_py1 KeMm OoiMaybl KepeK.

dp; ; = T mafiJaTaHBIHEI3, MYHIA ¢ KYH CaHBI, j *KYMBIC KYHi CaHBI, £ OPBIHIAJIFaH TAICBIPMAJIAPIbIH
MaKCUMAJIJIbl CaHbl. OTHenep onait xkome by + by ... + bi_pi1 < dp;; < by + by ... + b; Tekcepyui
ymprtmanes. O(n?)

e Kocoimima mekTey Kok, 36 yriait

AJnbIHPBI 1IIKI TanckIpMaaarsl Oipaeit dp maiimaianeiHbE. Herisri Gaiikay dp; neHec pyHKIms 0o-
npin TabbLtaapl. Coman keitin dp;j11 — dp;; cakray ymin set maiiajgana ajgaMmbls. AJl ayblcy/aap
Tek b; Kipictipemi. x MoHIHIH mIeKTEpiH TeKcepy VIIiH dp iImiHie MUHUMYM KOHE MAKCUMYM MOH/I
cakranpi3. O(nlog(n))
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3apgada A. PuskynbTypa

Iloazagauu 1 u 2

22n

Ilepebepem Bce BO3MOXKHBIE CTPOKM IJTAHBI U TIPpOBEpUM KaxKIayio um3 Hux. ljgsg n = 2 Bce caydan

MOZKHO IIOCMOTPETH B PYYHYIO.

Iloazagaua 3

Ectp Tonbko nBa caydas a; = 0 wim a; = —1. IIpu a; = 0, orBer 6ymer LRLRLR ..., a upu a; = —1
orBeroM bysier RLRLRL .. ..

Iloazagaua 4

Ecau a; = 0, To s1 = L, nnade s; = R. [lamee Mbl MOXKeM TOJIEPKUBATH CKOJIBKO mocTtapwian L,R Ha
npedukce, 1 6J1aroJaps 3TOMY OJHO3HAYHO BBLIYUCJISIEM CJIEIYIOIIA CUMBOJL.

Ilonzamaua 6

VYrBepkaeHUE. MyIbTUMHOXKECTBO YUCEST MOy IeHHbIe i L, COBIIAIAET ¢ MY/JIBTUMHOXKECTBOM IIOJIY-
Y9eHHbIX JIsd 1.

Zloxazamesvcmeo. MoxKHO ToKa3aTh C IMOMOIIBIO MaTeMaTHIeCKUil HHAYKIUKA. B Jiro00oM ciydae Hail-
nyTest psagoM crosiue L u R. Jlerko 3aMeTuTh, 9TO [JIsT HUX IOJIyYeHHbIE UHC/Ia COBIAIAIOT. A Tak Kak
JIJIsT BCeX JIPYTUX OHU HE BJIUSIOT, II09TOMY MOXKEM X yhajuTh. U mepeiineMm K 3ajade ¢ n — 2.

[Tosyaaercs kKaxkjgoe IUC/IO B MacCUBE 4 BCTPEUAETCS YETHOE KOJUIECTBO pas3. Kciam st KarKaoro
Y9HCJIa OCTaBHM IIOJIOBHHY BXOXKJIEHHUM, TO 9TO OyAeT HoIydeHHble ducia i Bcex L. Obo3HAYMM 3TOT
maccuB Kak La. Tenepsb ncrosib3yst MUHIMAILHOE KOJIUIEeCTBO CUMBOJIOB R ITOIyIuM BCe Ync/ia U3 MacCUBa
La. /st 5T0r0 0OTCOPTUpPYEM 3HAYEHHUSI B MAacCHBE 110 Bo3pacTaHuio. V1 B 9ToM mopsiiake OyaeM BCTABJISATD
HY2KHbBIE DJIEMEHTHI.

3apgada B. bBaTtbip | u Tuma Benukuii

Ilonzagaga 1 (m = 0) — 5 6aJs10B

B sT0it mojzasate npocTo BUAETD, ITO BbI MO0 JBUTAETECH 10 KPYTY 110 9acOBOii CTpeske, ubO MPOTUB
9ACOBOIl CTPEJIKU, OITOMY OTBET - MUHUMYM MeXIY |x; — y;| wmu L — |x; — y.

Ilonzanaga 2 L, m,q < 10> — 8 6asioB

HasaiiTe cTponTh rpad st KaxKIOTO 3alIpoca, 3aTeM goporn bareipa mmeioT Bec 1, a moporm Tumbr -
Bec 0. U 3ammycrure aJIrOpUTMBI IOMCKA KPATUYAMAIIEro myTH, 9To0bl HATH OTBET.

IMonzanaga 3 L,m,q < 10> — 11 6anoB

JasaiiTe mocrponm rpad mepes 06pabOTKOI 3aIIpoCcoB, KaK BO BTOPOI mmo3a1ade, a 3areM 3amyctuM BES
mwim Dijkstra s Kaxk10ii mapbl B 3a1poce, YToObI HATH OTBET.

ITonzanaga 4 m,q < 103 — 10 6aji0B

SaMeTnM, 9TO B IPEABLIYIIEH Mo3amate MOXKHO TIOCTPOUTD rpad € y3IaMi, KOTOPBIE TOSBISIOTCS TOJTBKO
B OJIHOM U3 3a11pocoB mwin B pebpax Tumbl. Takum obpazom, y Hac ectb 2(m + ¢) y3710B, Ha KOTOPBIX MbI
MOKeM IIOCTPOUTDH rpad, U PElnTh AaHAJOTUYIHO TPEThel MoI3a1ade.
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Ilonzamaua 5 b; < a;.1 — 12 6asIoB

Pacemorpum noporu TrMBI KaK OTPE3KH. 3aMETUM, YTO HU OJUH U3 OTPE3KOB HE IIEPECEKAETCs, U HU OJUH
U3 HUX HE MOJIHOCTBIO MOKpBIBaeT ApPyroil. IIpu mepeMernenun oT x K Y IIPOIiIEHHOE PACCTOSIHUE PABHO
Yy — x — sum, rje sum - obmias jiauHa Y (b; — a;) OTPE3KOB, KOTOPBIE MOJTHOCTHIO HAXOJATCS B IIPEJesiax
Jmarasona [z, yl.

Ilonzamava 6 a; < a;.1,b;11 < b; — 14 6asIOB

Paccmorpum oporn TuMbr Kak oTpe3kn. 3aMeTUuM, 9TO XOTsl HA OJIMH OTPE30K He IIepeceKaeTcCsl, KayKIbIi
U3 HEUX MOKPBIBAET JIPYTOil, 9TO MOjApasyMeBaeT mepapxuio cpean aux. Jlob6asbre orpesok [0, L] u 3arem
IocTpoiiTe jiepeBo Irpada Ha 3TOM Habope OTPE3KOB. [l KaxKj0ro oTpe3ka OIpeJIeuTe KpaTdaimunii
OTPE30K, MOKPBIBAIOIINN €ro, KOTOPBIl CTAHOBUTCS €ro pojuTreseM B jepese. Kpome Toro, B 3TOM Jepe-
Be KaKJiasd TOYKA fABJISIETCS YacTbIo KpaTdailllero orpeska, moKpbiBaiomiero ee. st aToro ucnosib3yiiTe
CKAHUPYIOILYIO JJUHUIO: OTCOPTUPYHTE OTPE3KH 110 UX JIEBOMY KPAIO U HOJJIEPXKUBANTE CTEK OTPE3KOB JIJIs
JIETKOT'O TTOUCKa pojuTesisi. Bec KaxKjioro pebpa - paccTosiHue MeXKy OJIMKAUIIUMEA TOUKAME POJUTE b=
CKOT'O U JIOUYEPHEr0 OTPE3KOB. UTOObI JIydIlle IOHATH, KaK 00pabaThiBaTh 3aIIPOCHI, PACCMOTPUTE JTaHHDIN
rpad, riae L = 12, u goporu Tumbl mpejicTaB/ieHbl 3€JIEHBIMUA JTUHUSIMU.

B kauecTBe npumepa st TOHUMAaHUs, gaBaiite ucnosbsyem 3 u 9. Takum obpasom, 3 OyIeT CBsS3aH C
orpeskoM [1,12]. B To Bpemst Kak 9 ¢ [4, 10] B Hamewm gepese. Takum o6pa3oM, B 3TOM CJIydae OUTHMAIBHO
epeMecTUThCs OT 3 K 0Tpe3Ky [4, 10], a 3arem or 10 k 9, mosromy orser - 2. VI pacemorpum npyroii 3ampoc
4, 9, B 9TOM c/Iydae 3TO TPUBHAJILHO, MBI Hepemeraemcs oT 4 ¥ 10, a 3arem K 9, mosTomy oTeer - 1. B
[IEPBOM IIPUMEpPEe Mbl II€PEMECTUIINCH K 0Tpe3Ky [4, 10], Koropsiii siBisiercst ceinom lea ([1,12]) orpeskos
[4,10] u [1,12], a Bo BrOpoM ciydae Mbl miaeM K lca ([4,10]). MoxHO HOKa3arh, 9TO ONTHMAJIBHO JIHOO
uaTu oT obomx TOUeK K lca, ymbo maTh K ChbiHy lca, a 3aTeM MeXKIy HUMU JIPYr K APyry. Bpemennast
citokHOCTD - O(nlogn).

IMonzamava 7 |v; —y;| =1 (1 <i < g) — 18 6annos

B sToit Bepcuu 3ama1uu, ecau x; U y; COeTUHEHBI Joporamu TumMbl, orset - 0; B IpOTUBHOM ciaydae - 1. Uro-
OBl OIIPEJIEIUTh, COE/IMHEHBI JII OHU TAKUM 00Opa30M, JaBaiiTe OObeIUHUM JBe JOpPOru TUMbI, ecjii OHU
[IePECEKarOTCsI, HO He IOJHOCTBIO MOKPBIBAIOT JApyr aApyra. CHadaa COeMHUTE JIOPOTH UX KOHEIHBIMU
toukamu. [Ipu paccmoTperun j1opor a u b HaM HY»KHO OIPEJIEUTh BCE JTOPOTH, KOTOPbIE UX MEPECeKa-
oT. Hampumep, eciu a < b, MbI cunTaeM HEKOTOPbIe KOHEUHBIE TOUKU JTOPOTU U JOIYCTUMBIMU, €CJIA U
HAXOJIUTCS MEXKJY a U b, u camas IIpaBasi KOHEYHAs TOYKa oT u OoJibiie mwin pasua b. Hamporus, eciin
a > b, 179 KOHEUHBIX TOYEK % MEXKJy HUMU HAM HYKHO IPOBEPUTDL, UTO caMasl JieBas KOHEYHAs TOYKA
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oT u MemnbIne uian pasHa b. Mbl MOkeM HaliTH Takie KOHEYHblE TOUYKH, HCIOJIb3Ys JIE€PEBO OTPE3KOB, H
HCIOJIb30BaTh CTPYKTYPY OObeINHEHHs HEIEPECEKAIONIXC MHOXKECTB (dsu), ITOOBI COEMHUTD UX Kak
KOMITOHEHTBI. DTOT HPOIECC MOYKHO BBITOIHATDL 3a BpeMst O(nlogn).

Ilonzamava 8 Be3 gonmoJIHUTEbHBIX OrpaHUYEeHUl — 22 Oajia

ITocne IIOCTPOCHNA KOMIIOHEHT, aHaJIOTUYIHO II0/I3a/ia4€e 7, Y HaC OCTaeTCd IIOYTU Ta 2Ke 3ajavda, 9YTO U
B IIoA3aJ1a4e 6, HO HY2KHO TaKK€ YYUTbIBaTb, 9TO B OTJIWYHNE OT IIOJA3aJa49U 67 KOMIIOHCHTDBI ABJIAIOTCHA
Ha60pOM TOY€K, & HE OTPE3KOB.

3apada C. JleHuBbIi, HO YeCTHbIW

e D =1,5 6aos.

MBI JOJIKHEBL 3aBePIINTh KaXKAYIO 3aady, KOTOPYIO IOoJIydaeM B TOT ke JeHb. CHadajia IIpoBephTe,
9TO KaxK/blil b; < a;. 3areM BbIBeuTE KoamaecTBo Jueil ¢ b; # 0. O(n)

e N < 18, 7 6amios

Ecim Mbr pernraeM pa6OTaTb B KaKOU-TO JeHb, BCerJa OIITUMAaJIbHO BBIIIOJTHATL KaK MOXKHO OoJIbIIIe
3aJlav, 1 Mbl HAUYNHaeM C CaMbIX PaHHHUX 3aJa4.

JIJ1st KazKJI0ro JIHsl y HAC €CTh JIBa BapHAHTa: He pAbOTATh M/ BBIIOJIHATH KAK MOXKHO GOJIBIIE 3a/1a4.
Ucnonbsyiite pekypcuio. Jljist KaxK0ro JiHs COXpaHUTE, CKOJIBKO 33189 OCTATIOCh HEBBIIOTHEHHBIMU
B 9710T JieHb. O(2" x n)

e Bce a; paBubl, 18 6a/uioB.

2Karoe pelrienne: ecji Mbl pelaeM He paboTaTh B 3TOT JIeHb, MOXKEM JIM MbI 3aBEPIIUTD BCE 3a1a9M
(rexymme u Gyyimue) B 1060M KosmdecTse pabounx aueii? Eciau Her, Mbl I0/KHBI paboTaTh, HHaYe
MPOIyCTUTDH 9TOT JeHb. [ljIsi IpoBEepKM 9TOr0 MBI MOXKEM HCIIOJIb30BATH JEPEBO OTPE3KOB, UTOOLI
HaliTH MHTEPBAJ ¢ MAKCUMAJIbHBIM 3HavYeHueM by — a; + biy1 — aj41 + ... + by — ar. O(nlog(n))

e D =N, 18 6ayoB.

[Hapaiire Haiizem pemenue Jid cyddukca i ¢ MakcuMaabHO cymmoil b; B pabounx anax. ITobbr
nepeiitu oT ¢ K ¢ — 1: ecjim MbI MOYKEM 3aBEPIIUTD ;1 3319 B TEKYIIUX PAO0OYNX JHAX, UCIIOIL3YiTe
ux. B nporusHoM ciyvae HaiijuTe Haubosibiee b; B HepabO4YMX JHSAX U OTMETBLTE ero Kak paboumii
JIeHb, TIOKa MBI He 3aBepimM Bee a;—1 3anad1. O(nlog(n))

e N < 2000, 16 6ammoB.

IIycrs x; - KOJIMYIECTBO BBIMOJHEHHBIX 3a7a4d B auu 1,2,...:¢. Torma x; momkeH ObITH He OOJIBIIE
b1+ ba...+ b; u e menbiie by + by ... +b;_pi1.

Wcnonwsyiite dp; j = x, rje i - KOJIM4YeCTBO JHell, j - KoaudyecTBO pabouux JHe#, T - Mak-
CUMAJIbHOE KOJIMYECTBO BBINOJHEHHLIX 3ajad. llepexojibl mpocTbl, u He 3a0y/bTe MNPOBEPUTH
2

b1+b2...—|—bi_p+1gdpi,j<b1+b2...+bi. O(n)

e Hukaxkux J0MOTHUTENbHBIX OrpaHndeHuii, 36 0aIoB

Ucnonb3yiite Tor ke dp U3 IpeAblAyLIero MOALyHKTa. KioueBoe HaOJIIOJEHUE 3aK/IOYACTCH B
TOM, 9TO dp; SIBJISIETCSI BOIHYTOM QyHKIMEH. 3aTeM MBI MOYKEM HCIIOJIb30BaTh Set, ITOObI Xpa-
HUTD dp; j+1 — dp;j. VI mepexofpl - mpocto BeraBKa b;. UT0ObI IPOBEPHTH IPAHUIILI JIJIsl 3HATCHHST
T, COXpaHuTe MIHIMAJIbHOE 3HAYCHHE U MakcuMasbHoe 3nadenue B dp. O(nlog(n))
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Problem D. Watermelons

Let’s, for convenience, immediately exclude the case for all subtasks when n +m < K, since
the answer here is —1, because each friend should receive at least one watermelon.

Subtask 1 (m =0, a; = a;41 (1 <i<n)) — 9 points

Since all a; are equal, let’s define the number 2z = a[1]. In this subtask, it is sufficient to evenly distribute all
n watermelons among K friends, then the distribution will be fair, because the difference in watermelons
between any two friends is no more than x, and the sum of the watermelons of the remaining friends is at
least 2-x, due to n > 3. This can be easily done, for example, as follows: first, distribute | | watermelons

to all friends, and then distribute one watermelon to friends with numbers from 1 to n mod K.

Subtask 2 (a¢; = a;+1 (1 <i<n), bj=bj11 (1 <j<m)) — 19 points
This subtask can be divided into three cases:

1. If K < n, then the solution is exactly the same as in subtask 1.

2. If K = n+ 1, then distribute one watermelon a; to the first n friends, and one watermelon b; to
the (n + 1)-th friend. If it turns out that by > n - a1, then give one more watermelon b; to the 1-st
friend (if in this case m = 1, then the answer is —1). In both cases, the distribution will be fair.

3. If K > n + 2, then distribute one watermelon a; to the first n friends, and one watermelon b; to
the remaining K — n friends. Then the distribution will be fair, because there are at least 2 friends
with a7 and at least 2 friends with b;.

Subtask 3 (It is not necessary to output the distribution of watermelons) — 24 points

The solution to this subtask makes a significant contribution to solving the full problem. Let’s say we
bought v watermelons from the seller, and received a new array of watermelons ¢ of n + v watermelons.
Now we want to know if it is possible to make a fair distribution with the current set of watermelons.

Claim: If 2 - mazC < Y 7" ¢;, then the answer exists (marC — the maximum number in the array c).
Let’s call this condition the general condition.

Proof: If 2 - maxC > Z?jlv ¢;, then there is no answer, because mazC > Z?:Jrf’ ¢; — maxC contradicts a

fair distribution. Otherwise, we will show that it is enough to have 3 friends for a fair distribution, and
if there are more friends, it cannot spoil anything. Let’s say we have 3 friends. Let’s define S; — the sum
of the weights of watermelons of the i-th friend. Let’s first sort the watermelons in non-decreasing order.
Give the watermelon ¢4, (i.e., one watermelon with the maximum weight) to the first friend. Now start
distributing the watermelons with numbers from 1 to n + v — 1 one by one to the remaining two friends
according to the following algorithm: give the i-th watermelon to the 2-nd friend if at the moment Sy < s,
otherwise, give it to the 3-rd friend. After such a distribution, it will be true that |Sy — S3| < maxC,
because when we give the i-th watermelon to the 2-nd friend, then before the transfer, Sy < Ss, and after
the transfer, it cannot be that Sy + ¢; > S3 + maxC, because ¢; < mazC (and vice versa, if we give it to
the 3-rd friend). In the end, it will turn out that S; = maxzC, and |Sz — S3| < maxC. Now it remains only
to prove that S1 < S9 + 53, So < 51+ 53, and S3 < 57 4+ 59. According to the initial condition, we know
that mazC < Z?;“l” ¢; —mazxC, therefore S; < Sy + S3. Since the cases for Sy and Ss are analogous, let’s
assume that S3 > So, and prove the correctness for Ss. Since |S3 — Sa| < maxzC, then S < Sy + maxC,
which proves a fair distribution. The remaining K — 3 friends can be given one watermelon from Ss or
S3 each, so that Sy and S3 do not remain empty. Obviously, if S and S35 satisfy the condition of a fair
distribution, then one watermelon from S5 or one watermelon from S3 cannot fail to satisfy the condition.

Now we need to find the minimum number of elements from the array b that, when obtained, will give us
an array c that satisfies the general condition. The answer is 0 if the array a already satisfies the general
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condition, and n > K. Otherwise, let’s sort the array b in non-decreasing order, and iterate through the
maximum b; we want to take. It is obvious that the most optimal next element of the array b that we will
take is b;_1, because if the element does not change the maximum, then for the general condition it is
better for the sum to be as large as possible. Thus, if we have fixed the maximum b;, we will go from right
to left until the general condition is met, or we have fewer watermelons than K. Thus, we will find the
maximum j for which, if we buy watermelons b;,b;11,...,b;, we will be able to make a fair distribution.
It is not difficult to understand that j can be found by binary search or two-pointer method, because if j
fits, then j — 1 will also fit. In the end, from all suitable i — j + 1, we will output the minimum (if none
fits, then —1).

Subtask 4 (m = 0) — 20 points

From subtask 3, we know the general condition, which determines whether there is an answer for a specific
set of watermelons or not. If the answer exists, then it can be restored exactly as written in the Proof
of the general condition in subtask 3. That is, first fill in S7, So, S3 for the first three friends, and then
distribute one watermelon from S and S5 to the remaining friends.

Subtask 5 (b; =1 (1 <i <m)) — 10 points

Since all elements of the array b are equal, we only need to know the number of watermelons we will buy.
It is sufficient to iterate through how many watermelons we will buy, check the general condition from
subtask 3, and restore the answer as in subtask 4.

Subtask 6 (No additional constraints) — 18 points

From subtask 3, we know how many watermelons need to be bought and the segment of watermelons that
need to be bought in the sorted array b. From subtask 4, we know how to restore the answer if we have a
specific set of watermelons. By combining these solutions, we can get a complete solution.
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Problem E. Candies

Subtask 1

Since all a; are equal to 1, the answer for each query is r; — I; + 1, which is the length of the interval.

Subtask 2

Due to the fact that each friend receives the same set of candies as other friends, each friend’s set is equal
to the interval’s set. Furthermore, to ensure that after giving candies to the first friend other friends could
receive the same type of candies, set of candies on the interval’s prefix must be equal to the set of elements
after this prefix.

Hence, it can be concluded that greedily picking the first prefix of candies that satisfies the requirement
above is a valid strategy. Let’s call the process of picking the required prefix as "jump". Now, this idea
can be implemented for this subtask.

Subtask 3

For each query, there can be two solutions depending on the number of distinct candies. If there is only
a single type of candy, then it is the same as in subtask 1.

Otherwise, there can be only two types of candies on the interval. One can pre-calculate the closest
position of the next distinct candy for each position, and use it to optimize solution of subtask 2. Now,
it will work in O(ans), where ans is the answer for the query. However, it is too slow, so binary lifting
could be used to answer queries in O(log(n)).

Subtask 4

If the length of query’s interval is odd answer is equals to 1, because there would be some element that
has unique occurrence. Otherwise, the answer could be 2 if and only if the set of candies on the first half
of the interval is equal to the set of the second half. Counting number of distinct elements is a famous
task that can be done in O(n - log(n) + q - log(n))) by using segment tree of fenwick tree.

Subtask 5

Observe, that after giving candies to the first friend, we left with the same task but for the new interval.
Also, since each friend’s set of candies is equal to the interval’s set the number of distinct candies is the
same for both of them.

Now, define pref Ans; as the answer for the prefix ending at position i. Using the greedy strategy, if we
can find the closest left position j where number of unique candies on interval (j,i] is the same as on
[1,7], then prefAns; = prefAns; + 1 if number of unique candies on interval [1, j] is the same as [1,].
Otherwise, it will be equal to 1. Number of unique candies for each prefix could be calculated in O(n), and
position j could be found in O(log(n)) by keeping the right-most occurrence of each candy in std :: set.

Subtask 6

We can use the same solution from subtask 2, but do a little modification for it. Since number of unique
candies on the interval cannot be larger than 100, one can answer queries when number of unique candies
on query is equal to K independently. It is enough to pre-calculate for each ¢ the next closest position
where number of unique candies will be equal to K, which can be done in O(n) using two pointers, and do
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dfs and binary search, or binary lifting to answer queries. As result, it will be done in O(n- D+ q-log(n)),
or (n-D -log(n)) depending on the realization, where D is number of distinct candies.

Subtask 7

We are going to use SQRT optimization. Suppose the number of unique candies on the query’s interval is
less that /n, then we can use the solution from subtask 6 to answer all those queries in O(n-v/n+q-log(n)).

As for the other case, the answer can not be greater than y/n, because each friend gets an interval with
at least \/n elements.

Let’s fix some R, and answer all of the queries that end in the position R. For current R we will maintain
an array next;. It will contain the next closest position where number of unique elements is the same as
on the interval [i, R] (this array stores information about the intervals of candies that our friends get).
Using this array we can "jump"to the next interval and find an answer in no more than y/n "jumps".

However, we need to update this array when we increment R. To do so we need to observe that next; is
going to change only for positions after the previous occurrence of ari1. For such positions we have to
assign next; = R+ 1. If we do this updates and keep track of unique numbers using SQRT decomposition,
we can get next; and number of unique numbers on interval [i, R + 1] in O(1). Overall we get a solution
that works in O(q - v/n+n-/n).

Subtask 8

To solve the last subtask we will use different approach. Let’s solve it using Divide And Conquer algorithm.
We define recursive function solve(L, R), this function finds an answer for all queries ¢ such that [; < M
and M < r;, where M = [LJQ—R] For the queries that lie in the left half of the [L, R] we will recursively
call solve(L, M), for other queries we will use solve(M + 1, R).

Now, we have to observe that part of the query that lies in the left side of [L, R] is independent from the
right side. It can be obtained this way: notice that if the set of [I;, M] is the same as the set of [I;, ;] our
greedy approach will make "jumps"independently from the right side of the query (similar applies for the
right side). Additionally, if the set of [l;, M] is smaller than the set of [l;,r;] we can ignore "jumps"from
the left side, and use "jumps"from the right side.

Now we can solve problem independently on the suffixes of [L, M| and the prefixes of [M + 1, R|. This
problem is similar to the Subtask 5. For the last detail we have to store the last "jump"from the left
side and the last "jump"from the right side, as well as the number of jumps, and the number of different
elements on the [l;, M] and [M + 1,r;]. It is easy to store this values by applying small changes to the
solution of the Subtask 5, however, we can make it slightly faster by using "two pointers"instead of
std :: set.

The last detail that is left is the last "jump"from the left side and the last "jump"from the right side. We
have to merge this to "jumps"because sometimes they form a valid interval, in this case answer for the
query should be incremented.
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Problem F. Alikhan and studying

This problem is about calculating the sum of k-th largest distance from a point on an edge to some subset
of vertices and summing it up over all integer points on that edge. Let’s call this subset of vertices as
important vertices. Let’s also denote the shortest distance from u to v by d(u, v). It’s pretty straightforward
to precalculate all pairwise shortest distances d(u,v) by starting n Dijkstra’s algorithms from each of the
vertex in O(n(n 4+ m)logm) time, which is fast enough with the problem’s constraints.

Group 1 (S =1) — 8 points

In this test group, exactly one vertex is important (let’s call it A), thus £ = 1 and we need to calculate
the sum of distances from all points on the edge (u,v,w) to this important vertex A.

Let’s understand how the shortest path from the
point z on the edge (u,v,w) to the vertex A might
look like. Denote d(x,u) = «, then d(z,v) = w—a.
Obviously,

d(z,A) = min(d(z,u) + d(u, A),d(x,v) + d(v, A))
= min(a + d(u, A),w — a + d(v, A)).

If we draw this function on a coordinate plane with
x-axis being the value of v (on the interval [0, w])
and the y-axis being the value of d(z, A), then we
should get a piecewise linear function, consisting . . |
of a line segment with slope equal to 1 and a line
segment following it with slope equal to —1. | ]

Note that the peak of this function is a point z,
such that d(z,u) + d(u, A) = d(z,v) + d(v, A), or,
equivalently,

Puc. 1: Plot of the function f(«) = d(z, A), where x
o = d(v, A) + w — d(u, A), is the point on (u,v,w) such that d(u,z) = «. The
2 answer is the sum of the values of this piecewise linear
Hence, we can easily obtain all of the corner points function over integer points.
of this piecewise linear function in O(1) time by
simply computing the formula stated above and
the only thing left to do is to find the required sum of distances. This can be easily done by considering
each straight line segment independently and carefully handling double counting. For a single line segment
(Lg, Ly) = (Rg, Ry) we can round the left endpoint up and the right endpoint down. Then, if the line is
ascending (which means its slope is 1), the answer will look like:

R Rs—L

i v Ry — Ly)(Ry — Ly + 1
d (Ly+aw—Lo)=Ly (R — Lo+ 1)+ Y x:Ly-(RI—Lerl)Jr( )(2 +1)
x=L, =0

The same formula can be obtained if the line is descending.

To sum up, for each query, we need to find the peak of the mentioned above piecewise linear function,
divide it into two straight line segments, calculate answers on each of them, add them up, and subtrack
double counting part if needed. This works in O(n(n + m)logm + ¢), since all of the computations are
done in O(1).

Group 2 (n,q <100, L =1) — 8 points

In this test group, the constraints for n and ¢ are pretty small and all of the edges have length of exactly
1.
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For this subtask, we only need to consider two cases: x = u and & = v. For each of them, we need to
sort all of the important vertices by their distance to the corresponding vertex u or v and obtain the k’th
largest distance.

Total asymptotics will be O(n(n 4+ m)logm + gnlogn).

Group 3 (n,L <100,q < 10%) — 12 points

In this test group, the constraint for n is still small, but edge lengths can now be up to 100 (but it’s still
small enough) and the number of queries is small ¢ < 103.

Such constraints lead to a slow solution which iterates over all possible x points and finds k’th distance to
important points directly as in the previous subtask. Recall that d(z, A) = min(a+d(u, A), w—a+d(v, A)),
so for each point & we can calculate all distances from that point to important points and get the k’th
largest distance by explicitly sorting these values.

Total asymptotics will be O(n(n + m)logm + gLnlogn).

Group 4 (m=n—1,u; =1,v; =i+ 1,k; =1) — 10 points

In this test group, our graph is a bamboo (with no constraints on its size) 1 =2 — ... = n and k; =1,
which means that we are interested in finding only the farthest vertex from x among important vertices.

Let’s consider an edge (4,7 + 1,w) and fix a point
x on it. To find the farthest important vertex from |
point z, we, obviously, need to consider only the i+ 1.1) iH,
leftmost important vertex among 1,2, ...7 and the |
rightmost important vertex among i+1,i+2,...,n.
Since they don’t depend on the choice of x, we can
simply find them by storing all important vertices
in a set and get the minimum and maximum value
from that set (or even just by iterating over all
vertices from 1 to n, since overall constraints allow
that). After finding these leftmost and rightmost
important vertices [ and r, we again end up with a
piecewise linear function:

]
/’ dii, 1)+ w

fla) = max(d(zx,7) + d(i,1),d(x,i + 1) + d(i + 1,7)) | | |
= max(a + d(i,1),w — a+d(i + 1,7)). 0 b

Recall that almost the same construction appeared Puc. 2: Plot of the function f (a) = d(x, A), where x
in the first subtask and can be solved in exactly isthe point on (i,i+1,w) such that d(i, ) = o, [ and
the same way, except for finding the middle corner 7 are the leftmost and rightmost important vertices
point. repsectively. The answer is the sum of the values of
Total asymptotics for this test group will be this piecewise linear function over integer points.

O(n(n+m)logm + qlogn).

Group 5 (m=n—1,k; = 1) — 15 points

In this test group, our graph is a tree (with no constraints on its size) and k; = 1, which means that we
are interested in finding only the farthest vertex from x among important vertices.

Let’s consider an edge (u,v,w) and fix a point x on it. To find the farthest important vertex from x, we,
obviously, need to only consider the farthest important vertex from u in the subtree of u and the farthest
important vertex from v in the subtree of v, since the farthest path from x passes either through w, or
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through v to the correspoing farthest vertex in the subtree. To accomplish this, we can iterate over all
important vertices A and check in which of the two subtrees they are (if d(u, A) + w = d(v, A), A lies
in the subtree of u and vice versa) and update the farthest vertex in that subtree correspondingly. After
finding these two vertices, the solution goes exactly the same as in the previous subtask 4.

Total asymptotics will be O(n(n + m)logm + gn).

Group 6 (k; =1) — 24 points

In this test group, for each point  we only need to consider the farthest important vertex.

Let’s consider an edge (u,v,w) and a point x on it.
Recall from Figure 3 how the distance from point x
to an important vertex A looks like when we move
x from w to v. It is a piecewise linear function that
starts as a line with slope 1 and ends as a line
with slope —1. Let’s denote by A1,..., A; all of the
important vertices. If we draw such graph for each
A;, we would need to consider only the points on
the upper bound of all of these distances d(zx, 4;).

Note that if there are two vertices A; and A; such
that d(u, A;) > d(u, A;) and d(v, 4;) > d(v, Aj),
then the graph of d(x, A;) is always superior over
the graph of d(x, A;), thus, we can leave A; out
of the consideration. Let’s order important points
so that d(u,A;) > ... > d(u, A;). Then, by the
remark above, we get d(v, A1) < ... < d(v, 4;). It’s
easy to see that each of these remaining vertices
will contribute some part in the resulting upper
bound. Moreover, their parts will be ordered in
exactly the same order (Aj,..., 4;).

To obtain these vertices and their corresponding
order, we need to precalculate for each vertex v a
list of all vertices, sorted by their distance to v in
descending order. This can be done in O(n?logn)

;
dle, Ay)

A
d{u, u/

L - 3
alw, As) dlv, Az)

b
dlv, Ay

dlu, Ay w | dlv, 45)

Puc. 3: Plot of the distances d(z, A;) for all important
vertices Aq, ..., A;. The upper bound is highlighted
in red. The answer is the sum of the values of the
upper bound piecewise linear function over integer
points.

time. If we have such a list, then, to obtain all superior points, we can simply iterate over the precalculated
list for the vertex u and maintain a stack of vertices as it is done in the algorithm for finding convex hull

of a set of points on plane.

To get all of the corner points of the upper bound, we need to calculate the peak graphs for each A; and
the intersections of graphs A; and A;11, totally being done in O(l) = O(n) time.

Finally, after computing all of the corner points of the upper bound of the target function, we can do the
same thing as in the subtask 1 (calculate the answer independently on each line subsegment and handle

double counting).

Total asymptotics will be O(n(n + m)logm + n?logn + qn).

Group 7 (no additional constraints) — 23 points

In this test group, no additional constraints are given, so we need to solve the full problem.

Let’s consider an edge (u,v,w) and a point x on it. Let’s say that (A4y,..., 4;) are all important vertices.
Let’s draw graphs for each of them as we did in the previous subtask, but in this case we cannot delete
inferior vertices since they still can contribute to the answer.
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Notice that if we move x from w to v, k’th maximum value moves continuously as a piecewise linear
function. It can be proven by considering how this value changes at the points of intersection of some of
the graphs and at the peaks of these graphs.

At first glance, it might be very difficult to track
this piecewise linear function directly from u to v. e,

To simplify it, we partition the interval [0, w] using ' / (v, A)
the z-coordinates of the peaks for each A; and do sl |
a scanline over the resulting subintervals for x.

Let’s look at how the graphs look like on a single
scanline subinterval. We must have ¢ lines with
slope 1 and n — t lines with slope —1 for some ¢t.
Obviously, we need at most k highest lines with
slope 1 and at most k highest lines with slope
—1, since lower lines will never contribute to the
k-th maximum value. We can obtain these lines
by maintaining a set of lines with slope 1 and a See
set of lines with slope —1 during our scanline in _”“”)_j'//
O(nlogn) time and get k highest lines from each /
set in O(k+logn) time for each subinterval (iterate ™ ST
over a set from its end). By doing so, we obtain a

vector of at most k lines with slope 1 and a vector
of at most k lines with slope —1, both of them Puc.4: Plot of the distances d(z, 4;) for all important

sorted in descending order. vertices Aip,...,A;. The k’th distance function for
k = 2 is highlighted in red, scanline partition events
are highlighted in blue. The answer is the sum of
the values of the red piecewise linear function over

Now we’ll show that we can completely construct
the k-th maximum value function on this

subinterval in O(k) time. . .
Integer points.

First, we need to find its leftmost point. It

appears to be the k-th maximum value among the

intersections of lines with slope 1 and —1 with the left partition line of the scanline. It can be found
in O(k) time using merge sort, since we store these lines in vectors in descending order. Further in the
solution, we’ll use 0-based indexing of these vectors. Assume that k-th maximum starts on a descending
j-th line (see Figure 3 on the second subinterval with j = 1). It’s easy to see that the first ascending line it
is going to intersect will be i = k — j — 1 ascending line. It’s also easy to see that the order of lines for k-th
maximum during the movement of x from left to right will alternate between ascending and descending
lines with increasing ¢ and descreasing j. The same can be said if our starting line is ascending. Thus,
coupled with the fact that we currently have at most 2k lines, all of the corner points of the piecewise
linear function of k-th maximum value for this subinterval can be constructed in O(k) time.

After finding exact form of the k-th maximum value function on each subinterval, we can simply merge
them and obtain the function over the entire interval [0, w]. After that, by doing the same thing as in the
previous subtask, we can calculate the final answer. Moreover, since each line can contribute to the k-th
maximum function at most once, this function will contain at most 2n line segments (but it’s irrelevant
for our solution).

Total asymptotics will be O(n(n + m)logm + gn(k + logn)).
Model solution

Author’s model solution can be found in the following link:

https://gist.github.com/dxtvzw/3d6604238d1£267cef28b88ce9f 93849

Page 8 of 8



XX MKoyTikoB aTbiHAaFbl Xanbikapaablk onumnuaga. *2 Typ*
KaszaxctaH, AnmaTbl, 10 kaHTap, 2024

Problem D. Kapbbizpap

Bbluraitabl 6oiry yimia 6apublk illKi ecenTep YImiH 0ipaeH n 4+ m < K 6osran >Kargaiabl Kecin
ajiaiibIK, oiiTkeHi MyH/Ia »kayar —1, eiiTkeHi opb6ip J0c keM AereHae 6ip KapObI3 ajlybl KepekK.

1-imki ecenn (m =0, a; = a;11 (1 <i<n)) — 9 ynaii

Bapuibik a; Ten GosranabikTaH, ¥ = a[l] caHbiH aHbIKTafbIK. By imki ecenre 6apiiblk 1 KapObI3aap/ibl
K nocrapbiabii apachkiiga Oipkeski 661y KeTKiaikTi, corga 6emy omaia 6osaanl, ONTKeHI Ke3 KeareH eKi
JIOCTBIH, apaChIHIAFbl KAPOBI3IbIH, aibIPMAIIBLIBIFBL T-TEH ACIalIbl XKoHe KaJIFaH JT0CTapAblH KapObI3Iaphl
2 -z kem emec, cebei n > 3. Mynbl onait »acayra 60s1a1b1, MbIcasbl: Oipinmtigen, 6i3 | % | KapObI3gapbiH
OapJIbIK, JJocTapra TapaTaMbl3, co/laH KeiiH jgocTapbiHa 1-7eH Oactamr n mod K-ra peifinri mocrapra Oip
KapObI3aaH Oepemis.

2-imki ecen (a; = a;41 (1 <i<n), bj=>bj41 (1 <j<m)) — 19 ynaii
By imki ecenri yimn xargaiira 6e1yre 607116l

1. Erep K < n 6oJica, oHaa 1rerriM 1-imki ecenTerimeii 60s1aabl.

2. Erep K = n + 1 6ouica, onza Gipinni n gocrapra 6ip a; KapObI3blHAH TaparaMbl3, ana (n + 1)-mi
nocka by KapObI3bIH TapaTtaMbl3. Erep by > n - aq OOJBII MIbIKCA, OHIa 1-T0CHIHA TaFbl Oip KapObi3 by
Gepemisz (erep Oyt karmaiiga m = 1 Gosica, onga xayarn —1 Gomazpsr). Exi xarmaiina ga 6emy ofin
00JIaTHI.

3. Erep K > n + 2 6oJica, onga 6ipiurmii n mocrapra 6ip Kaposi3 ap, aa Kajaran K — n goctapbiaa 6ip
KapObI3 by Taparambrs. Comza 6esty 9mia 6ostaabl, cebedbi a1 6ap KeM jerenjie 2 gocrap »KoHe by 6ap
KeM JlereHme 2 mocTtap oap.

3-imki ecen (KapGbi3abiH TapaayblH KepceTy MiHAeTTi emec) — 24 ymaii

By imxki ecemnri mrerry TOJIBIK, €CEITi IIEIIyTe VJIKEH YyJeC Kocaabl. bi3 v carylbiChbiHAH KApObI3 CATDII
AJIJIBIK »KoHEe N + v KapObI3BIHAH € YKaHa KapObI3 alablK AesiK. EHal ka3ipri KapObI3 »KUBIHTBIFBIMEH OJTLT
Gesiyre 6018 Ma, YKOK, [1a, COHBI OLITIMI3 KeJre/Ii.

Monimdeme: 2 - mazxC < Z?Ilv ¢; boisica, onna x)ayan (maxC — ¢ MaccuBinjeri el yiaken cas). By
HIAPTTHL MAHbL30bL JIEIl ATARDBIK,

Joneadey: 2 - maxC > 310 ¢; Gonca, ona sxayan oK, cebe6i marC > Y11 ¢; — maxC onin Gemyre

KaWIIbl KeJieti. OiTnece, dij 6oy yImH 3 jgocTapibiH, O0JIybl KETKIJTIKTI €KeHIH KepceTeMis, aj erep
socrap Ken bosica, 6yi1 enrredeni 0y3a ajiMaliigbl. bisre 3 joc 60sChIH. S; -1 JTOCHLIHBIH KapObI31apbIHbIH,
CaJIMAFbIHBIH, KOCHIHABICHL PeTiHe aHbIKTAfbIK. AJILIMEH KapOBbI3mapabl KEMYCI3 peTiMeH CypPbLIITARbIK.
Bipinmii gochIMbI3Fa KApObI3 ¢4y (IFHE cAJMAFbl €H Korapbl 6ip KapObi3) Gepeiiik. Enui coan onra
Kapait 1-meH n + v — 1-ra jgeffiuri cangapbl 0ap KapObI3gapabl Kejeci ajJropuT™M OOMBIHINA KaJIraH eKi
JIocka Tapara bacraiiMbr3: 0i3 ¢-11i KapObI3/Ibl KeJieci ajiropuTM OolibiHIIa Oepemis. 2-111i J1oc, erep Kasip
Sy < S5 bosica, sitTece mockiMbIzra 3 6epemis. Mynnait 6esyaen keiiin Sy — S3|i < maxC, eiiTkeni i-ri
KapObI3/Ibl 2-10CHIMBI3Fa OepreHie, ayaapbiM aJabiHaa So < S3 OosraH, aJl aygapblLIFaHHaH Keiin So+c¢; >
.53 + maxC' , ce6ebi ¢; < maxC (xkoHe Kepicinie, erep 6i3 pocbimbisra 3 Gepeek). Conpiayia S1 = maxC
xoHe | Sy — S3| < maxC. Enni S < So + S3, So < S1 + S35 xkone S3 < Sy + Sy ekeHin Jpsesjey rana
KaJibl. Bactankp! mapt 6oiibiama maxC < Z?:Jrl” ci —maxC, congpikran S1 < So+ .53 ekenin 6iemiz. So
KoHe S3 Kargaiiyiapbl yKcac OoJIFaHIbIKTaH, S3 > So JIell ecenTeiik »KoHe S3 JYPBICTBIFBIH T Ie I IeMi3.
|S3 — Sa| < maxC, copan keitin S3 < So + maxC, Gy oziu ey jpseseii. S Koue Sg 60C KajIMac
yirin, Kaaran K — 3 mocrapbia So Hemece S3-gaH Oip KapObI3 6epyre Oosaubl. OJbeTTe, erep S YKoHE
S3 oain Gesy MmapThIH KaHaraTTaHIbIPCa, OHJA So-JIaH 0ip Kapbbi3 Hemece S3-AaH 6ip KapObl3 IapTThl
KaHaraTTAHIbIpa aJIMaiijIbl.
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b MaccuBiHEH 3JIeMEHTTEPIIH €H a3 CAHbIH Taby KaJIaJbl, OHbI aJfaHHAH Keiin 6i31e MaHbI3/Ibl IIapTTHI
KaHaraTTaHIbIPpATLIH ¢ MaccuBi 6oanapl. 2Kayan 0 Gosiapl, erep a MacCUBI MaHBI3IbI MAPTTHl KAHAFaT-
TaHBIpCa XKoHe n > K. Oifiriece, b MacCUBIH KEMIMEHTIH peTIEH CYPBINTANBIK XKoHe 013 aJFbIMbI3 KEJIETIH
€H KeIl b; uTepallisiChIH KacaibIK. O10eTTe, b MAcCUBIHIH, KeJleci eH OHTaIbI 9/IeMeHTl b;_1 GOJIbII TabbI-
JIaJIbl, OUTKEHI erep 9JIeMEeHT MaKCUMYMIbI ©3repPTIIece, MaHBI3/IbI MAPT YIIH KOCHIHIBIHBIH, COHIIAIBIKTHI
VIKEeH OOoJIFaHbI »KaKChl. MyMKiHirinme. Ocpuraiiia, erep 6i3 MakcuMmaJiabl b; Gesrisieren 60J1cax, OHIA
MAaHBI3IbI IIAPT OPBIHIAJFAHITS OHHAH COJIFa Kapail xKypemisz Hemece 6i3me K-man a3 KapObI3 6ap. ¢ yIIiH
6i3 bj,bjy1,...,b; KapOBI3IAPBIN CATBIN aJICaK, 911 OeIyre OoIaThIHIal MAKCUMYM j TabaMbI3. j MOHIH
exingk 130ey HEMece eki xKopcemkiw 20ict apKbLIbI TabyFa OOJIATHIHBIH TYCiHY OHall, cebebi j coiikec KeJice,
j — 1 na coiikec xesezi. CoHpIHIa 6APJIBIK, KOTAMIBL ¢ — § + 1 iMliHEH MUHIMAJIIBICHIH MIBIFAPAMBI3 (erep
OJIAPJIBIH, eNIKANCHICH colikec Kesimece, —1).

4-imki ecen (m = 0) — 20 ynaii

3-immki ecebinen 6i3 Gesrisii 6ip KapOBI3 KUBIHTHIFBL VIITIH 2Kayal 6ap-2KOFbIH aHBIKTAWTBIH MAHBI3/IbI IIap-
TTHI Oistemis. 2Kayar 6ap 6osica, oHbI 3-imKi ecebiHe MaHBI3IBI MIAPTTHI ADJIE/ILY/Ie KASbLIFaHIal KaJl-
IIbIHA KeITipyre bostaabt. Aruu, 6ipinm yimn gocka S1, So, S3 TOATBIPAMBI3, COCBIH So YKoHE S3-71aH KaJraH
JocTtapra 6ip KapObI3TaH TapaTaMbl3.

5-imki ecen (b; =1 (1 <i <m)) — 10 ynaii

b MaccuBiHiH 6apJIbIK 3J1eMEHTTEPI TeH OOIFaHIBLIKTAH, 0i3 TEK CATHIN aJaThIH KapObI3 CAHBIHA MOH OepeMmis.
Kanrma kapObI3 caThIl aJaTbIHBIMBI3IEI TeKCepin, 3 iIKi ecebiHeH MaHBI3IbI XKaraaiiabpl Tekcepin, 4 imxKi
ecebiHIeri el KayanThl KAJIIbIHA KeJITIPCeK »KEeTKITIKTI.

6-imuki ecen (Kocwkimmia mrekreysep »Kok) — 18 ymaii

3-imki ecebinen 6i3 KaHima KapObI3 CATBHIN Ay KEPEKTIiriH kKoHe b cypbITajgraH MAacCUBIHIE CATBII ajIy
KaxkKeT KapObI3 OeJtiMimecin Oiremis. 4-imki ecebinen 6i3 Gesrii 6ip KapObI3 KUHAFBI 00JICA, XKAyaIIThI
KaJiail KaJIlibIHa KeJITipy KepeKTiria 6ijemis. Ockl mrentiMiep/ii OipikTipy apKbLIbl TOJBIK, MMMl ajIyFa
00J1a,/1bI.
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Problem E. KamnutTtep

1-imki ecen

Bapnwik a; 1 6onranabikTan, opbip cypayra »kayan 1; — [; + 1 6o/1a1b1, OY/1 HHTEPBAJ Y3bIHIBIFBI.

2-imkKi ecen

Opbip J0c Hacka J0CTap CUSKTHI KOMIIMTTED *KULIHTHIFBLIH aJIaThIHABIKTAH, 9P JOCTLIH YKUHAFbI UHTEPBAJI
KUBIHTBIFbIHA TeH, CoHbIMEH Karap, OipiHI JTOCKa KOMIIUT OeplireHHeH KeiiiH 6acKa JocTap KOMIIUTTIH,
6ip TYypiH aja aJaThIHBIH KaMTaMacbhI3 €Ty VIIiH WHTepBaJ HpedUKCIHIAETT KOMIUTTED YKUBIHTBIFBI OCHI
peUKCTeH KeHiHri 9JIeMEeHTTEp YKUBIHBIHA TeH 0OJIYbl KEPEK.

OcpbLiajimma, »KOrapbla aTajaraH TaJalThl KaHaraTTaHIbLIPATHIH OIpIHIN KOMIUT MPeUKCIH AllIKO3IiKIeH
TaH/Iay JYPBIC CTPATErus JIell KOPBITLIHILI 2Kacayra 6oJiaabl. KaxkerTi mpedukceri Tanmay mporecin «cexi-
py» zem ataiMbi3. Exai Oy uaesHbl OCHI iIKi ecen VIiH icke acbIpyra 60J1aIbl.

3-imki ecen

Op cypay YIIiH 9pTYPJIi KOMIIMTTED CaHbIHA OAMJIAHBICTHI €Ki menriM 001ybl MyMKiH. Erep koMmmuTTiH 6ip
raHa Typi 6ojca, onga o 1-imki ecebingerigeii.

OiiTIiece, apaJjbIKTa KOMIUTTEP/IH eKi Typi rara Oosiybl MyMKia. Bi3 opbip no3uniust yimmin keseci oprypJi
KOMIIUTTIH, €H >KaKblH OPHBIH aJIJIbIH aJla eCcenTeil ajaMbI3 »KOHE OHbI 2-iIKi ecenTiH IIeNiMiH OHTai-
JAHABIPY VIIiH maiigasana agaMmbis. Byt enni O(ans) TiiHge OpblHAAIAIBI, MYHIA ans cypayra yKayall
6ostagpl. Jleremmen, Oy ThIM Oasy, COHIBIKTAH €KLIK KOTEPYIi cypaysapra Kayal 0epy VIIiH maiimzasia-
Hyra 6osasl, 6y onapabt O(log(n)) iminge mentyre MyMKIHZIK Gepesi.

4-1mKi ecen

Cypay apaJbIFbIHBIH Y3bIHJIBIFBI Tak, OoJica, xKayail 1 601a,1b1, cebebi Gipereit OpbIH ajaThiH Kefibip 3/eMeHT
6ostasibl. OffTIece, NHTEPBAIBIH OIPIHIN KAPTHICHIHIAFBl KOMIIUTTED KUBIHTHIFBI €KIHII KAPTHICHIHBIH
JKUBIHTBIFBIHA TeH OOJIFaH XKarmaiiga raHa Kayail 2 60J1ybl MyMKiH. ARPBIKIIA 3//eMeHTTED/IiH CAaHbIH CAHAY
- O(n-log(n) +q-log(n))) iminme cermentTep arambin HeMece QEHBUK aralllblH NailTaJIaHbII OPBIIIAYTa
Gos1aThIH Oesrisii Moacese.

5-imki ecen

Kommmrri 6ipinmm mocka GeprenHen Keifin 6i3me Oipjeil Mocese KaJFaHBIH eCKepiHi3, Oipak »KaHa apa-
JibIKTa. OHBIH YCTiHE, 9P HOCTBIH, KOMIIMT YKUHAFBI NMHTEPBAJI *KULIHTBIFbIHA, TEH, OOJIFaHIbIKTaH, SPTYPJIi
KOMIIUTTEP/IIH CAHBI €Keyl YIIiH je 6ipmei.

Enpai 4 mosunusichblHa asKTaJaThiH IpedUKCTiH Kayalbl perinae prefAns; aHbIKTalbIK. AIIKO3IiK cTpa-
TErusiCHIH KOJIJIaHa OTBIPHII, erep (7, ] nHTepBabiHiars 6ipereil KomunTrepsiy canbl |1, i|-n1arsiven 6ip-
neit 6oIaTHIH el KAKbIH COJI j OPHBIH Taba aicak, prefAns; = pref Ans;+1, erep [1, j] nHTE€pBAILIHAATEI
6ipereit kKommTTepAiH canbl [1,4] GoiibHima 6ipeit 6osica, oifriiece o 1-re Ten Gosasbl. OpOip npedukce
yiin 6ipereit kommnuTrep/in canbia O(n) apKbLIbl ecenrreyre 6osmaapl, at j opabie O(log(n)) iminge opbip
KOMITUTTIH €H OH KaKTarbl maiijia 60aysiH std :: set immiHAe cakTay apKbLIbl TabyFa 601 IbL.

6-iIKi ecen

Bis 2-imki ecebinin Oipmeit memiMia maiaatana agaMbl3, Oipak a3mal e3repTy/iep eHrizeMis. ApaabIKTarbl
Gipereit KommuTTepain canbl 100-HaH Ko GoJMaybl YINH, cypaylarbl Oipereii KoMmuTTepiiH canbl K
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boJtraHIa cypay/apra Kayar oepyre 6oJia sl Opoip 4 yimiH 6ipereil KoMIUTTEPIiH canbl K -Fa TeH 60J1aThiH
KeJieCl eH KaKbIH MMO3UIUSHBI aJlJIbIH aJla ecelTey YKeTKUIKTI, OHbl eKi KepceTKimTi maiigasanbin O(n)
OpBIHJIayFa OoJtabl XKoHe dfs »KoHe eKUIIK OpBIHIAHBI3. Cypay/iapra XKayall 0epy VIIIH i3/1ey HemMece eKiIiK
korepy. Hormxkecine 6y O(n-D+q-log(n)) nemece (n-D-log(n)) opblHnasybiHa 6ailIaHbICTBI AsIKTAIAJIb,
MyHIa D - opTypJii TOTTIIEPIiH CaHBI.

7-1IKi ecen

Biz SQRT onraitianapipysin kosganaMbi3. Cypay WHTepBAJIbIHIARbI Gipereil KOMIUTTEP/IIH CAHbI \/N-HAH
a3 zen ecenreiiik, ouga O(n - /n + ¢ - log(n)) yakpITbiHga GapiIblk OCBI Cypaysapra kayal 6epy Vi
6-1IKi ecenTiH, MENIIMIH Haiga/IaHa ajJaMbI3.

Backa xarjaiira kesjerin 6oJsicak, ¥)ayall /1 MoHIHEH yJIKeH GoJMaybl Kepek, cebebi opbip joc kemine
\/n ssemenTTEepl 6ap MHTEPBAJILI AT

Bipaz R opbiagal, R HO3UIUSICHIHIA asKTaJaTbIH OapJIblK, cypay/apra kayal Oepeiiik. ArbiMjgarsl R
yinin 6i3 next; maccusin cakraiimbrs. Our 6ipereii sj1eMeHTTEP/IiH CaHbl [i, R| nHTepBaJbIHIAFbIMEH Gipeii
BoaThIH KeJlecl eH YKaKblH ITO3MIUsHBl KAMTH/IbI (OY/I MacCUB JIOCTAPBIMbBI3 aJIaThIH KOMIIUTTEDIH HH-
TepBaJIJIapbl TYPAJIbl AKIaPATThl cakTaiiibl). By MaccuBTiH KoMeriMeH 613 Kesieci HHTEpBAJIFa «CeKipe»
aJIaMbI3 YKoHE KayalTbl eH Kobl /N «CeKipy» apKbLibl Taba ajgaMbl3.

OnHako HaM HY»KHO OOHOBUTH 9TOT MACCHUB, KOTJA MbI yBeandubaeM R. JIJist 5TOro HamMm HY»KHO 3aMETUTh,
uTo next; Oy/IeT U3MEHSTHCA TOJBKO I MO3UIMIA TOCJIE HMPEJbIYINEro BXOXKIEHUS ap41. i Takmx
MTOBUIAI MBI JOJI>KHBI TPUCBOUTDH next; = R+ 1. Ecan Mbl 6y1eM oOHOBISTE 9TU 3HAUEHUS U OTCJIE?XKUBATH
VHUKAJIbHBIE UHCJIa C UCHOJIb30BaHueM pasyiokenus SQRT, Mbl cMoxkeM TOMyduTh next; n KOJTIECTBO
VHUKaJIbHBIX dnces Ha unrepsase [i, R + 1] 3a O(1). B nesiom Mbl ostydaem perieHre, Koropoe paboraer
3a O(q-v/n+n-n).

Jerernmen, 6i3 R kebefiTKeH Ke3me OYI MACCHUBII KAHAPTYBIMBI3 Kepek. O ymiiH next; api1 asibl-
HFBI OPBIH QJIFAH COH, FaHa IMO3UITUsIAD VIIMiH e3repeTiHiH eckepyiMmiz kepek. MyHnnail mo3urusijiap yIImin
next; = R+1 TaraitblHIaybIMBI3 Kepek. Erep 6i3 ockl MoHtep/ai xKaHapThin, SQRT 1eKoMIIO3UIUSICHIH aii-
JlaIaHbI Gipereil caHmap/bpl bakplLIaiiTeiH Gosicak, next; xone O(1) iminzeri [i, R 4+ 1] uaTEepBaIbIHAAFBI
Gipereii canmap canbia anambis. 2Kammel, O(q - /n + n - y/n) imidge xKyMmbic icTeATIH memimal aaambl3.

8-imki ecen

Conrbl iIIKi ecenTi ey yImH 6i3 6acKa Tociaal KoJigaHaMbl3. BeJin a »KoHe »KeHy aJrOPUTMi apKbLIbI
memnteitik. solve(L, R) pekypcuBTi yHKIUSACHIH aHbIKTaiiMbl3, Oy dyukims [; < M xone M < r; 6o-
JIaTBIHAM ¢ OapJIbIK, Cypay/IapblHbIH KayabblH Tabaabl, MyHga M = [#] [L, R] coJ xKaK, yKapThIChIHJIA
opHaJIacKaH cypayiap yiriH solve(L, M) pekypcupTi makpipambl3, 6acka cypaynaap yiia solve(M + 1, R)
KOJIJaHAMBI3.

Enpai [L, R] cost )KarblHIarbl Cypay bl OeJIri OH »KAaKKa TOyeJICi3 eKeHiH OaiikaraHbIMbI3 »KeH. MyHBI Ke-
necijeit asyra 6osapt: [l;, M| xubihbl [I;, ;] 2KublabivMeH Gipgieii 6osica, 6i3/1iH alKe3 KO3Kapac cypay/iblH
OH JKarbIHa KapaMaCTaH «CEKipyJIep» yKacalThIHBIH ecKepiHi3 ( oH Kakka ykcac). Conmaii-ax, [l;, M| xubl-
HbI [l;,r;] KUbIHBIHAH KilTipek 60JIca, COJI YKAKTaFbl «CEKIpYJIep/i» ejieMeil, OH »KaKTarbl «CeKipyJep/ii»
KOJIIaHyFa 60JIaIbl.

Enni [L, M| cyddurcrepi men [M + 1, R] npedukcrepi yrnin moceseni gepbec miere amambi3. By ecemn
5-imki ecenke ykcac. CoHpbl OeJiiM yImiH 6i3 COHFBI «CEKIpYIi» COJI »KAKTa »KOHE COHFBI «CEKipyli» OH
JKAKTa CaKTaybIMbI3 KEPEK, COHBIMEH Karap «Cekipysep» caubl MeH [l;, M| xoue [M + 1,r;] Goiibiamia op
TYPJi 37eMenTTep. By MoHep H-immki ecenTiy, memntiMine KilmkeHe e3repTyJIepMeH OHall caKkTaiaabl, 6ipak
013 oHBI std :: set opHbIHa "eKi KepceTKimTi"maiigasany apKblIbl KbUIIAMBIPAK, YKacail aJIaMbl3.

Kasran courbl 6eJIiK - COJT 2KaKTarbl COHFBI «CEKIPY» KOHe OH KaKTarbl COHFBI «CeKipy». Bi3 6y «cekipy-
Jiepi» OipikTipyiMi3 Kepek, oiTKeH Keiie oap *KapaM/ ibl HHTEPBAJIIbI KyPaiiibl, OyJI 2Karmaiiga cypayra
JKayall YIFalThLIYbl KEPEK.
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Problem F. AnuxaH >xaHe oky

By ecemnr merTeri HykTeieH TebemepIiH Keibip iMmKi *KUbIHBIHA JEeHiHTT k-TIThI €H, VJIKeH KalllbIKTBIKTHIH,
KOCBIH/IBICBIH €CEIITEY/IeH YKOHE OHBI COJI IeTTeri 0apblk OyTiH HyKTeep OOUWbIHIITA KOCy1aH Typaabl. Ochb
Tebesep KUbIHBIH MaHbI3IbI Teberep jem aTaiMbi3. Conpaii-ak u-I1aH v-ra JefiHri eH KbICKa KAIBIKTHIKTHI
d(u,v) men Gemrineitik. n Hefikcrpa amropurmepin opbip Tebemen O(n(n + m)logm) yakbIThiHIA iCKe
KOCYy apKbLibl d(u, v) GapJIbIK KYITHIK €H KbICKa KAIIBIKTHIKTAP/Ibl AJIJbIH ajia ecernrey ere oHail, Oy ere
OHAM. YKBLIJIAM. MOCEJIEHIH, IeKTeyIepiMeH.

1-tom (S =1) — 8 ynaii

By ceinak To6biHIa 1001 6ip Tebe MaHbI3bl (OHbI A Jen aTaiimbi3), conabikTal k = 1 xone 6i3re (u, v, w)
KBIPBIHJIAFbI 6aPJIbIK HYKTeIepleH A MaHbI3IbI TebOeCiHe TefiHr KAITBIKTHIKTAP/IbIH KOCBIHIBICHIH €CENTeY
Kepex.

(u,v,w) KpIpblHIAaFrbl x HyKTeciHen A Ttebecine
JeiiHri eH KBICKa KO KaHJal O0Jybl MYMKIiH i !
eKeHIH KapacTbIpaiibiK. d(x,u) = «, colaH Keiin ' !
d(z,v) = w — « jen Gesriseiiik. Oberre,

d(x,A) = min(d(z,u) + d(u, A),d(x,v) + d(v, A))
= min(a + d(u, A),w — a + d(v, A)). d(u, 4)

Erep 6y GyHKIUSIHBI KOOPAMHATAJIBIK, 2KA3BIKTHI-
KTa cajcak, ouna = oci o mouin ([0, w] uaTEpBa-
abHA) xkoHe y ocl d(xz, A) moui Gouca, oHzma 1-ra
TeH, eHici Oap KeciHigeH koHe —l-ra TeH KeJjeci
KeCiH/Ii/IeH TypaThiH OOJIIKTIK ChI3BIKTHIK (DYHKIIH- ‘: !

AHBI aJIYBIMBI3 KEPEK.

Byx byHKIUAHBIH IIBIHBI : ,

d(z,u) + d(u,A) = d(z,v) + d(v,A) 6Gomna- ,: =’ :,
THIHJAW T HYKTECi €KeHIH eCKepiHi3, HeMece, )
SKBHBATCHTIIIC | Puc. 1: f(a) = d(z,A) dysxnusiceinbiy rpaduwuri,
MyHIaFbl T - (u,v,w) HYKTecinge d(u,x) = « 6o-
_d(v,A) +w —d(u, A) jgarbiH HyKTe. 2Kayar - Oy OeJIKTIK CBISBIKTBIK
«= 2 ' GYHKIUIHBIE OyTiH HYKTeIepIeri MoHIEepiHiH KO-

CBIHJIBICHI.

Congpikran, 6i3 O(1) yakpIThIHIA OCbI OOJIKTIK
CBIBBIKTHIK, (DYHKITUSIHBIH O0APJIbIK, OYPBIMITHIK HYK-
TeJIEPIH 2KOFrapbLIarbl (OPMyJIAHBI KAl FaHa ecer-
Tey apKbLJIbl OHAl aJia ajJaMbI3 YK9HE TeK KAXKeTTi KOCHIHJIBIHBI Ta0y FaHa KAJIaJibl. KAIIBIKThIKTAD. MyHbI
opOip CBI3BIK CEIMEHTIH 0OJIeK KapacThIPy 2KOHE KOCapJiaHraH CaHayIbl MyKUIT OHJIEy apKbLIbl OHAM 2Ka-
cayra Gosapl. Bip cerment ymin (Lg, Ly) — (Rs, Ry) aeiiin 6i3 cou ykak IeTKi HYKTeHI yKOrapbl KoHe
OH, ’KaK IeTKi HyKTeHi jeHresnekreil ajambis. Cojan KeiiiH, erep CbI3bIK oceTiH 6oJica (sFHU OHBIH, eHici
1), xkayan kesecigeit 60J1a/br:

Ry Ry—L

- 3 ’ a:_Lx a:_Lx 1
> (Ly+z—Ly)=Ly- (Re— Lo+ 1)+ Y x:Ly-(Rz—Lm—i—l)—i—(R )(}; +1)
=L, =0

ot oceramait hopMyIAHBI CHI3BIK, KEMY Ke3iHze aayra 00J1aIb.

Kopeirbinabuiait kese, opbip cypay yimmin 6i3 »Korapblia aTajarad OeJIKTIK ChI3BIKTHIK, (DYHKITUSHBIH IITbI-
HBIH TaOybIMBI3 KEPEK, OHBI €Ki KOJIIBIK CerMEeHTKe OOJIiI, OJIap/blH OpKAHCHICHIHA KayaluTapabl CAHAII,
OJIap/ibl KOCBII, KarkeT OOJIFaH Karjaii/ila Kocap/jaHraH CaHAy bIH Oip O6JIriH aJiblll TACTaybIMbI3 KEPEK.
By O(n(n+m)log m+q) tininge xxymbic icreiii, efitkeni 6apibik ecenreysiep O(1) imiHge opbiHaIabl.
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2-tomt (n,q < 100,L = 1) — 8 ymaii

By ceiHak TOOBIHIA N YKOHE ¢ IMIEKTEYJIepl oTe a3 KoHe 0APJIbIK, KbIPJAAPIbIH, Y3bIHIBIFLI 191 1 Kypaiiabl.

By imki ecen yimin 6i3 TeK eKi »Karaaiibl KapacThIPYBIMbBI3 KepeK: £ = U koHe x = v. OJiapIblH opKaii-
CBICHI VIIMiH 0i3 6apJ/IbIK MaHBI3ILI TOOETEPIl coiiKkec 1 Hemece v TebeciHe MeiiHri KAIlbIKTHIK OOMBIHIIIA,
CcypbITal, k-1l eH, VJIKEH KAIIBIKTBIKTHI ajlybIMbI3 KepeK.

Tonpik acumuroruka O(n(n + m)logm + gnlogn) Gomampr.

3-ron (n, L < 100,q < 10%) — 12 ynaii

Bys ceirak TOOBIHIA M 1mIEri o1l Jie KilllkeHTall, 6ipak, KbIPJAPBIHBIH Y3bIHIALEFEL eHai 100 keTyl MyMKiH
(Gipax oJIi Jie eTe a3) KoHe cypayJiap CaHbl a3 ¢ < 103.

Mynait mekTeyaep 6ap/blK, MyMKiH GOJIATBIH T HyKTe/Iepi apKbLIbl KafiTaJlaHaThIH YKoHe aJlIbIHFBI iMIKi
Mocesieierijieil Tikeseil MaHbI3Abl HyKTejepre k-1 KallbIKTBIKTHI TabaThIH Oady menriMre okeneni. Ecke
canaitblk, d(z, A) = min(a + d(u, A),w — a + d(v, A)), connpikTan opbip x HyKTeci yIIiH ochlaH 6ap-
JILIK KAIIBIKTBIKTBI €CelTell aJaMbl3. HYKTe. MaHBI3Abl HYKTeIepl KOPCETIHI3 KoHe COJT MOHIEP/Ii aHbIK,
cypbIliTay apkKbLIbl kth eH y/IKeH KAIbIKTBIKThI aJIbIHbI3.

Tosbik acumnroruka O(n(n + m)logm + gLnlogn) Gomamup.

4-ton (m=n—1,u; =i,v; =i+ 1,k; =1) — 10 ynaii

Byu chinak Tobbingaret 6i3aiH rpad 6aMOyk (esemiHe emkaHgail mekTeyiaep koK) 1 — 2 — ... = n
»kone kj = 1, arnm Gizai x-Ten MaHbI3Abl TeOeIep/il ilminen eH aablc Tebe FaHa KbI3BIKTBIPAJIbL.

(1,7 4+ 1, w) KbIPbIH KAPACTBIPBII, OFAH & HYKTECIH
OekiTeilik. & HYKTECiHEeH eH ajbIC MaHBI3IbI TOOEH] i
Taby ymria 1,2,...7 apacbIHIarbl €H COJI >KakK, €H i 1.0 i,,. :
MaHbI3Ibl TeOeH] 2KoHe ¢ + 1,7 + 2,...,Nn apacbiH- '
JIaFbl €H OH JKaKTarbl MaHbI3Ibl TOOEHI KapacTbl-
pybIMbI3 Kepek. Oyap T TapjaybiHa TOye I 60JI-
MaraHJbIKTaH, 613 osiapbl OAPJIbIK MAHBI3/IbI TO-
Gesiep/i KUBIHIA CAaKTay KOHE COJI YKUBIHTHLIKTAH
MHUHAMYM JK9HE MaKCHUMyM MOHJIEpP/l aity (Heme-
ce rinTi 1-jan —iii).n, ONTKEH] KaJIIbl IeKTeyIep
pykcar erisren). OCbl €H COJ JKOHE OH JKaK €H
MaHBI3JbI | >KoHe 1 TebeyepiH Taybli, 0i3 KaifTa-
JaH OOJIIKTIK ChI3BIKTHIK (DYHKIIUSIHBI AJIAMbBI3:

f(a) = max(d(z,i) + d(3,1),d(z,i+ 1) + d(i + 1,7))
= max(a + d(i,l),w — a+d(i + 1,)). 0

]
/’ dii, 1)+ w

Ecke camaitbIk, 1071 OChIHIAM KYPBLIbIC OIpiHII KO-
CaJIKbI TAIICBIPMaJa Maiiaa OOJIIbl XKoHE OPTaHFbI
OYPBINIT HYKTECIH TabyIbl KOCIAFAH A, J9JI OChLIall
IIeITiIe .

Puc. 2: f(a) = d(z,A) dyukuusicbinbiy, rpadumuri,
myHzuarsl ¢ — (4,7 + 1,w) mykrecinge d(i,z) = «
GonaTbIHIAl, | JKoHe T COliKecCIHIe eH, COJI XKOHE OH,
JKak MaHbI3 16l TeOesep. 2Kayarr - 6y 661K TIK ChI3bI-
KTBIK, (PYHKIUSAHDBIH OyTIH HyKTeJIepAeri MoHICPiHiH
KOCBIH/IBICHI.

Byn cemHAK TOOBI VIMIH TOJBIK ACHMIITOTHKA,
O(n(n +m)logm + qlogn) 6omabr.

5-ton (m=n—1,k; =1) — 15 ynaii

Byn ceinak To6biHga 613/ rpad arann (OHBIH ©J1-
meMiHe emKaHuail ImeKTeyaep XkKoK) koHe k; = 1 Gobin Tabblragsl, Oy MaHbI3IbI TeOeaep/IiH imminie
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6i3/11 z-TeH eH ajbic TeOe FaHa KbISBIKTHIPATHIHBIH OiIaipesi.

(u, v, w) KBIPBIH KAPACTBIPBII, OFAH & HYKTECIH OeKiTeilik. & HYKTeCiHeH eH ajblc MaHbI3bl TobeHi Taly
VIIiH 613 v 1K arallbIHIAFEl U HYKTECIHEH €H aJIbIC MaHbI3/Ibl TOOEH] »KoHe v iIIKi aralllbIHIarbl ¥ HYKTEeCI-
HEH €H aJIbIC MAHBI3Ibl TOOEHI FaHa KapaCThIPYBIMBI3 KEPEK, OUTKEHI €H aJIbIC KOJI T U HeMeCe U apKbLIbI
imKi aralrThld coiikec eH ajbic Tebecinae ereni. MyHol icrey yiuin 6i3 A 6apJiblK MaHbI3 oLl TOOEIEPIH Kaii-
TaJIall, oJIap/blH ekl imKi Tebecinin KaiichbichiHa ekeHin Tekcepyre Gomapt (erep d(u, A) +w = d(v, A),
A w ImKi aramblHa KaTBIP YKOHE KepiciHIe) KoHe COJI iIMIKi aralliThlH, €H aJjiblc TeDeCiH ColKeciHIe
KaHapTHIHBI3. Ochbl €Ki TeOEH] TallKaHHAH KeiiH IIemiM ajblHFbl 4 1Ki ecenreriieil OpbIHIaIa bl

Tosbik acumnroruka O(n(n + m)logm + gn) 6omapl.

6-tom (k; = 1) — 24 ymnaii

By cbinak TobbIHIAa OpOIp  HYyKTeci il 6i3 eH, aJIbic MAHBI3/IbI TOOCH] FaHa KAPACTBIPYBIMBI3 KEPEK.

(u,v,w) KabbIPFachblH KOHE OHJIAFbI T HYKTECIH
KapacThIpaiiblK. 3 CypeTiHje & MOHIH u-JIaH V-
ra KbUUDKBITKAHIA T HYKTeCiHeH A MaHBI3IbI TO-
Oecine JeffiHri KaIBIKTBIK KaHIail O0TaThIHBIH €C-
ke Tycipeitik. Byn 1 kesbey cbi3bikTan OacTta-
Jibitl, —1 Kejbey CBI3LIKIICH asgKTaJaThlH OOJIIKTIK
CBIBBIKTHIK, (DyHKIMA. Bapibik MaHbI3IbI TebeIep-
m Ai, ..., A; nen Genrineitik. Erep 6i3 opbip A;
VIIiH ochIHIal rpaduK ChI3aThIiH OoJIcak, bisre Tek
d(z, A;) KAIIBIKTBIKTAPBIHBIH YKOFAPFbI IIEriHer]
HYKTeJIEPl KapacTbIpy Kepek ejli.

d(u, A;) > d(u, Aj) xoene d(v,A;) > d(v, Aj;) 6o- .
JaTblH A; KoHe Aj eki Tebeci OoJica, eCKepiHi3. Tatw 4y | ‘ | div, Ay)
onga d(x,A;) kecreci opraman d(z, Aj) kecreci- “ '
HEH acblll TYCe/li, COHIBIKTaH A; eemMeyi MyMKiH.
Manpi3asl mykresepai d(u, Ay) > ... > d(u, 4;) s
bostareiagail perrefiik. Coman KeiliH »KOrapblIarbl

eckepry apkpuisl d(v, A1) < ... < d(v,4;) ana- Pyc. 3: Aq, ..., A; GapabIK MaHbBI3ILI TeOeaepi YImiH
MbI3. Ocbl KasiraH TeOeIep/Iin 9pPKafChIChl HOTH- d(z, A;) KambIKTHIKTapbIHbH rpaduri. 2Koraprsi
JKEHIH, »KOraprbl 1erine Oenrijii 0ip coMaHbl KOCa-  qekapa KbI3bLI TyclieH Gesrinenren. Kayar - 6yTin
TBHIHBIH KOPy OHail. By »karjaiijia onapabin 66/1K-  pykreepmeri GOMKTIK —CHI3BIKTHIK, GYHKIIUSTHBIH,
Tepi jou ocbinpail (Ay, ..., A;) periven perrenesi. 2KOFaprbl MEeKapaChIHBIH, MOH/IEPIHIH, KOCHIH/IBICHI.

;
dle, Ay)

- -
diw, Azl

1 | w | div, 43

Ocnbl Tebesiepi »KoHe OJIAPbIH, COUKEC PETiH ajry

VIOH ajgbIMeH opbip v Tebeci VIIH OapiblH Ka-

IIBIKTHIFBI OOMBIHITA, ¥ JEHiH KeMy peTiMeH CypbInTaFan 6apJblK Tebeep s TiziMin ecenrey kepek. My-
HbBI O(n2 logn) yakpiThinga xKacayra 6omaasl. Erep 6i3me mynmait Tisim 6osca, oHma 6apIblK, €H KOFapbl
yraiiiap/el ajy yim# 6i3 u Tebeci yIImiH aJIblH ajia eCernTe/INeH Ti3iM apKbLIbl KAWTAJIAIL, TOHEC KOPIYCThI
i3zey ayiropuTMiHze OpBIHIAFaHIail Tebemep JecTeciH cakTail ajaMbI3. XKA3BIKTBIKTATBI HYKTEIEP.
2Koraprbl mmekapaHbiH, OapJIblK, OYPHINITHIK HyKTeIEePiH a1y YImiH 613 opbip A; yImiH eH Korapbl HYKTeIep i
skoHe A; ¥oHe A;i1 chi3basapbIHBIH KUBLIBICYBIH ecenreyimiz kepek, o O(l) = O(n)-ma TobFbIMEH

OPBIHIAJIAJIBI.

AKBIpBIHJIA, MAKCAT (DYHKIIUSICHIHBIH, YKOFAPFBI IIeKaPaChIHBIH, 6aPJIbIK, OYPBIIITHIK, HYKTEIEePIiH eCemTell,
6i3 1 imki mMocesecinerieii opeker kacail ajaMbi3 (opbip KoJ1 GesiMINeciHIe KayalnThl gepbec ecemnTerr,
KOCapJIaHFaH CaHay/ bl OHJICHI3).

Kammsr acuvmroruka O(n(n + m)logm + n?logn 4 gn) Gonazapr.
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7-ton (KOChIMINA IIeKTeyci3) — 23 ymaii

By coinak TOOBIH/A elKaHIall KOCBIMINA IIEKTeYIep KOPCeTiIMereH, COHIBIKTaH 0i3 6apJblK MoceseHi
IIeNnTyiMi3 Kepek.

(u,v,w) KBIPBIH YKOHE OHJAFbI & HYKTECIH KapacTelpaiibiK. (A1, ..., A;) MaHbI3BI Tbeep Aemik. AJ-
JBIHFBI 1IIKI ecenTe »KacaraHIail, oJlapIAblH OpKANCHICH YIIiH IpaduKTep CaJaiblK, Oipak Oy >Karmaiima
TOMEHT1 Tebesiep/i aJblll TacTail aJiMaliMbI3, OUTKEHI oJ1ap 9JIi Jie YKayallKa yec KOCa aJIaJibl.

T MOHIH U-JIaH U-Fa KBbLIKBITATBIH 00JICaK, k €H yIKeH MoHI O0/TIKTIK ChI3BIKTHIK, (DYHKIIUSA PETIHIE Y3/IIKCi3
KO3FaJIaThIHBIH eCKepiHi3. MyHbI Keifbip rpadukTep/Iin KUbLIBICY HYKTEJIEepIHIe *KoHe OChl IpadUKTEPIiH
Tebesiepinie 6y MOHHIH KaJiall ©3repeTiHiH KapacThIPy apKbLIbI TeKcepyre 00Iaibl.

Bip kaparanma, 6y 6TIKTIK ChI3BIKTHIK (DYHKITH-
SIHBI TiKeJell u-J1aH v-ra JefiiH aHbIKTay eTe KUbIH : i
6osybr MyMmKiH. 2Kenigery yirin 6i3 [0, w] apasibi- ' / v, A
FBIH op0ip A; Y Tebesepiis, £-KoopuHaTaIaphbl s 5
ApKBLIbI 0eJIeMi3 K9He X YIIiH aJIBIHFAH iMKi WH-
TEPBAJIJIAP/IbI CHIIIBIPHIIT AJIAMBI3.

CkaHepJiey CBISBIFBIHBIH, Oip iIIKi MHTEpBaJIBIHIA
cbI30asiap KaJgaii kepinerinin kepeiiik. bizge 1 kes-
Gey t cbI3bIKTApBI 2koHe ¢ ymria —1 kejgbey n — t
CBI3BIKTAPBI OOJIybI Kepek. OJiberre, 6i3re eH Kobi /

1 en xorape! k »xone eq ko6l —1 en kKorapul k en s 4)
2KOFapbl CHI3BIKTAP KAXKeT, OUTKEHI TOMEHT] CBhI3bI-

i, Ay)

KTap emkaman kth makcumymra bIKITaa eTmeiii.
moH. O(nlogn) yakbITBIH/A CBI3BIKTHI CKaHEpJEy
kezinge 1 kebeyi 6ap ChI3BIKTAD YKUHAFBIH 2KOHE _ |
—1 enici 6ap CBIBBIKTAp >KMHAFBIH CAKTAIl, k €H P2 TR = R
2KOFaPBI ChI3BIKTAP/IBI a1y APKbLIBI OCHI CHI3BIKTAP-
Bl aJIaMbI3. OpOip KUBIHTHIK,. OpOip iIMKi mHTepBaJI
yirin O(k +log n) yaxpiTbiaga (KUBIHIB COHBIHAH Puc. 4: Aq,..., A; 6apiblKk MaHBI3IbI TEOEIEP] YIIiH
izney). Bysr 6isre kemy periMeH CypBIITAJIFaH €H d(z, A;) KalIBIKTBIKTApBIHbIH rpaduri. k = 2 ymin
K601 1 eH Kell k CBI3BIKTAPLIHBIH, BEKTOPBLIH KOHE k-l KaIbIKTBIK (DYHKIMACHL KBISBLI TYCIIEH, CKa-

—1 enici 6ap k CBI3BIKTAPBIHBIH BEKTOPBIH Oepesi. HEPJCY ChISLIFLIH ety oxkuranapel koK Tycre. zKay-
al - OYTiH HyKTeaepaeri KbI3bLI O0IIKTIK ChISBIKTHIK,

byHKIMST MOHIEPIHIH KOCHIHIBICHI.

(v, A)

Enpi ocel iniki nnTepBasia k-mi MakCcuMyM yHK-
musicblt O(k) yakbITBIHJIA TOJBIFBIMEH KypyFa 6o-
JIATBIHBIH KOPCETEMI3.

AuiibiMeH 613 OHBIH €H, COJI YKaK HYKTeCiH TabybIMbI3 KepeK. Byir 1 ykoHe —1 KeJi0ey ChI3BIKTAPBIHBIH, COJT
JKaK, CKaHepJIey ChbI3bIFBIHBIH, OOJIIM CBISBIFBIMEH KHUBLIBICYJIAaPhl apachlHAarbl k-th eH yikeH MoH OOJIBII
mbiraspl. Oubl O(k) yakpIThIHIA GIPIKTIPY CypbInTaybl apKbUibl Tabyra Gosajbl, efiTkeHi 6i3 6y KoJl-
Jlap/bl KeMy periMen BekTopJsapia cakraiimbid. Keitinipek mrermimie 0i3 ockl BekTopJsiapasiH, () Herizin-
Jeri mHIeKCTeyiH KoJgaHaMmbi3. kth Makcumymbl TeMeHIeHTiH jth »KonmbiHaH GacTasabl Jlen ecenTeilik
(j = 1 6omarsin exinmi imki naTepBasgarsl 7 cyperin Kapaus3). Ot KUBII ©TeTiH GipiHII 6Cy ChI3BIFBI
1 = k—j—1 ecy cbI3bIrbl OOJIATBIHBIH KOPY OHall. CoHall-aK, © COJIJIaH OHFa Kapail XKbIJKbIFaH Ke3je k-th
MaKCHUMYM KOJJIAP/IbIH PET1 ¢ OCETIH XKOHE j KEMETIH 6Cy YKOHE KEMY ChIZBIKTaphl apAChIH/Ia aybICATHIHBIH
oHall Kepyre 6osaiabl. Bizain Gacrankbl CHI3BLIFBIMBI3 KOTepijice e coJiail aiiTyra Gosaubl. OcbLiaiimia,
6i31e Kas3ipri yakpiTTa eH Kobi 2k chi3pikTaphl 6ap daxTiMen OipiKTipiireHse, OChl iIIKi HHTEPBaJ YIIiH
k-1m1i MakcuMaJIbl MOHIHIH GOJIIEK CBI3BIKTHIK, (DYHKIUSCHIHBIH GapiblK, OypsiThiK HyKTesgaepin O(k)
YaKBITBIHIIA CcajyFra 00IaIbl.

OpOip imKi HHTEpBAJIIAFE! k-1l MAKCUMYM (bYHKIIUSICBIHBIH HAKTHI (POPMACHIH TallKaHHAH KeiiiH, 6i3 oap-
JIbI 2Kail Fana OipikTipin, dyskusiabl 6ykia [0, w] uarepBasibiHga agambr3. OCblIaH KeiiH ajibIHFbL 1K
MocesIeIerijieit opeKeTTI OPBIHIAY apKbLIbl 0i3 COHFBI KayalThl ecenreil ajambi3. COHBIMEH KarTap, op-
6ip ko1 kth makcnmmasaer dyuknugra 6ip per yiaec Koca aJaTbIHIBIKTaH, Oy GYHKIHUSIIa eH Kebi 2n
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cermenTTepi 6osapl (6ipak Oyu 6i3aiH menriMiMi3 YIiH MaHbI3/bI €MeC).
Tonwix acumuroruka O(n(n + m)logm + gn(k + logn)) 6omasr.
Yari nremrim

ABTOPJIBIK, VITLIIK TIHerntimM il Kejteci ciiaremesieH Tabyra 0oJiaIbr:

https://gist.github.com/dxtvzw/3d6604238d1£267cef28b88ce9£93849
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3apaya D. ApOys3bil
HaBaiite nnsa ymobcTBa cpasy OJd BcexX MoA3a/iad oTcevdeM cJydaii, korga n +m < K,
TaK KaK 3JIeCh OTBET —1, MOTOMY YTO Ka>KJbIil APYT AOJI2KEH MOJIyYUTh XOTs ObI 110 OJHOMY

apby3y.

IMonzagaga 1 (m =0, a; = a;41 (1 <7< n)) — 9 6anmoB

Tak kKax Bce a; paBHbl, jaBaiite onpejaenum ducyio = a[l]. B manHoil nojzasade 10cTaTro9HO pABHOMEPHO
pacipeiesnThb Bce n ap0dy30B 1o K Jpy3baM, Torna pasjada OyaeT CIPaBeJInBOi, IOTOMY YTO Pa3HUIA
apby30B MEXKJIy JIIOOBIME JBYMs JPY3bsMHU He Oojiee T, a cyMMa apOy30B OCTAJBHBIX Jpy3eil He MeHee
2-x, u3-3a N > 3. DTO MOXKHO JIETKO CJIe/IATh K IPHUMEDY TaK: CHadaJa Pa3/ja/iM BCeM JIPy3bsM 10 | 7 |
ap0y30B, a 3aTeM pa3/aTh JAPy3bsaM ¢ HoMepamu oT 1 10 n mod K 1o ogHomy apOys3y.

IHonzanaua 2 (a; = a;41 (1 <i<n), bj=>bj11 (1 <j<m)) — 19 6anmos
DTy moA3aTaTy MOYKHO Pa30UTh HA TPU CJIyHas:
1. Ecniu K < n, To pelienne TOYHO TaKOe 2Ke, KaK U B rojzasade 1.

2. Eciim K = n+ 1, 1o pa3gaeM 1epBbIM 1 APY3bsM 1O oJHOMY apOysy a1, a (n+ 1)-y apyry by. Ecam
0Ka3aJsioch, 4To by > n - ay, Torja nepejaeM l-y apyry emie oguH apbys b (ecim B 9TOM ciydae
m = 1, o orBer —1). B 0benx ciayuasix paszpada OyJeT ClpaBeinBoii.

3. Eciiu K > n+2, To pa3maem epBbIM N IPY3bsiM 10 OJTHOMY apOy3y a1, & OCTaJbHbIM K —n Jpy3bsaM
o ojgHOMYy ap0Oy3y b. Torma pasmada OymeT cupaBeInBOil, TOTOMY UTO €CTh XOTs ObI 2 IpyTra C aq
u X0oTs1 O6b1 2 npyra ¢ by.

ITonzagaga 3 (HeobsizaTesnpHO BBIBOAUTH pa3gady apOy30B) — 24 6aJii0B

Perenne namnoil monzamadun JejaeT BeCOMBIN BKJaJ B perienue moJHoi 3amadu. [lycrs Mbl Kynumm y
IIPOJABIIA ¥ HEKOTOPBLIX apOy30B, U MOJIYyYIN/IN HOBLIM MaccuB apOy30B ¢ u3 n + v apoyz30s. Teneps xoTum
y3HATh, MOKHO JIM CJIeJIaTh CIPABEIJINBYIO pasjady TEKyIuM HabopoMm apOy30B.

Vmeeporcdenue: Ecm 2 - mazC < Y1 ¢;, mo otBer ecth (marC — MAKCHMATIBHOE YHC/IO B MACCHBE
¢). HazoBem jrannOe ycioBue 2enepanvhot.

Jloxasameavcmeo: Ecmu 2 - maxC > 371" ¢;, 1o orBera mer, moromy uro marC > Y 11V ¢; — maxC
[IPOTUBOPEYNUT CIIPABEIJINBOI pasiade. VHade, MBI IOKAzKEM, UTO JOCTATOYHO UMETh 3 Apy3eil s Cclpa-
BEJUIMBOI pa3jadu, a ecjid Jpy3eil 60JIbIe, TO 9TO HUIEro He MOXKeT ucrnopTutTh. Ilycts y Hac 3 mpyra.
Onpegenum S; — cyMmMma BecoB apOy3oB i-ro japyra. JlapaiiTe cHadaja oTCOPTUpYeM apOy3bl B IOPSIKE
HeyObiBanust. OrmaauM apbys ¢pi, (TO ecTh onuH apby3 ¢ MAKCHMAJIbHBIM BECOM) HepBOMY Apyry. Te-
[epb HAYHEM pa3/iaBaTh apOy3bl ¢ HOMepaMu OT 1 1o n+v—1 10 0JJHOMY CJIeBa HAIIPABO JBYM OCTABIITIMCS
JIPY3bsIM 10 TAKOMY AJTOPUTMY: i-it apOy3 oTIa UM 2-y JIpyry, ecjid B JTaHHBI MOMeHT Sy < S3, nHade,
ormaauMm 3-y npyry. [Tocse Takoit pasgadn Oymer BepHO, uTo |Sy — S3| < maxC, moToMy 9TO KOTJia MBI
oTIaeM i-it apbys3 2-y Apyry, TO Iepej Iepemadoii ObL1o So < S3, a mocie nepegadn He MOXKeT ObIThb
Sa + ¢; > S3+ maxC, noromy uro ¢; < maxC (n HAOOOPOT, ecm Mbl OTHaeM 3-y Apyry). B KoHie BbIii-
ger Tak, uro S; = maxC, a |Sy — S3| < maxC. Teneppb ocranoch jmib j10Kka3arh, 9ro S; < So + S3,
Sy < S1+ S3 1S3 < S+ S Ilo usHauaabHOMY yCjI0BHIO MBI 3HaeM, 4To marC < Z?:Jrf ci — maxC,
mosroMy S1 < S9 + S3. Tak kak ciaydam miasa So u S3 aHAJOIMYHBI, JaBaiiTe cauTarhb, 9T0 S3 > So, U
JIOKaKeM [paBUILHOCTD it S3. Tak kak |S3 — Sa| < maxC, 1o S3 < Sy + maxC, 410 U JIOKa3BIBAET
cupapeyuByio pasgady. OcraibHbiM K — 3 Ipy3bsaM MOXKHO OTIaBaThb II0 OJHOMY apOy3y us Ss min
S3 Tak, 9Tobbl So u S3 He ocTaauch mycThiMu. OUeBUIHO, UTO eciu So u S3 YIOBJIETBOPSIIOT YCJIOBHUIO
CIIpaBEJINBO pa3aadu, To ouH apby3 u3 S Wil OfuH apby3 u3 S3 He MOT'YT He Y/IOBJIETBOPSATH YCIOBUIO.

Ocrajioch HAWTH MUHAMAJIbHOE KOJIMIECTBO 3JIEMEHTOB U3 MACCUBA, b, TIOJIYINB KOTOPBIX, Y HAC BBIIIET
MaCCHB ¢, KOTOPBI yIOBIETBOPsIET TeHepaabHOMY yeaoBuio. OreeT 0, eciid MACCUB @ U TaK YIOBJIETBOPSIET
remepajbHOMYy ycjoBuio, u n > K. WHade, maBaiiTe oTcOpTHpyeM MacCHUB b 110 HEeyOBIBAHHIO, U OyIeM
nepebupaTbh MAaKCUMAJIBHBIA b;, KOTOPOro XOTUM B3ATh. OUEBUIHO, YTO CAMBII ONTUMAJIBHBIN CJIeIyIOIIni
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3JIEMEHT MaccuBa b, KOTOPOro Mbl BO3bMeM — b;_1, IIOTOMY YTO €CJIM JJIEMEHT He MeHseT MaKCUMYyM,
TO JJIsi TEHEPAJIBHOTO YCJIOBHUsI JIYUIle, YTOOBI CyMMa CTaja KaK MOXKHO OoJjibie. Takum obpasomM, eciin
MBI 3aUKCHPOBAIN MaKCUMAaJbHBIN b;, TO OyleM HATH CIpaBa HAJEBO IIOKA IeHepajbHOe YCJIOBUE He
BBITIOJIHSIETCS, UM Y HAC MeHbIe apby3oB, ueM K. Bwixoaut, Mbl HailjileM Jijist ¢ MAKCUMAJbHBINA TaKON
J, 9TO ecj KynuM apOysel bj, bji1,...,b;, ToO MOXKHO OyzeT cienaTh cupaBeJIuByIo pasjaady. Hecnoxno
[OHSATDb, YTO j MOXKHO HAUTU OUHAPHLIM NOUCKOM WA MeMOJom 06YT yrxa3amened, TOTOMY UYTO €CJIH j
HoxXo T, TO j — 1 ToKe noyoiaer. B KoHIe u3 Beex MoAXOAsNsx ¢ — j + 1 BbIBeJeM MUHUMAJIBHBII (ec/in
HU OJIUH HE TOJXONT, TO —1).

INoxzamaya 4 (m = 0) — 20 GasioB

W3 momBajgadu 3 MbI 3HAEM IeHepaJIbHOEe YCJIOBHE, KOTOPOe OIIPEJIeJIsieT, CyIIeCTBYeT OTBET JIjIsi KOHKPEeT-
HOTO Habopa apOy30B Wad HeT. ECu OTBET CyIIEeCTBYET, TO €r0 MOYKHO BOCCTAHOBUTH TOYHO TaK Ke, Kak
HammcaHo B Jloka3aTe/ibCTBe TeHEPAIBHOIO yCJIOBUs B mof3aade 3. 1o ecTs, cHadasa 3anoJiHsieM S1, So,
S3 I TIepBBIX Tpex Apy3eil, a 3arem u3 So u S3 pasmgaeM 10 OIHOMY apOy3y OCTABIIUMCS JIPY3bs.

IMonzamaga 5 (b; =1 (1 < i< m)) — 10 6asnoB

Tak Kak Bce 3JIeMEHTBI MacCUBa b paBHBI, HAM BaXKHO TOJIBKO KOJMYECTBO apOy30B, KOTOPBIX MbI KYIIIM.
JocTtaroano nepebparh CKOJIBKO apO0y30B MbI KYIIUM, IIPOBEPUTH T'e€HEPAJbHOE YCJIOBUE U3 MTOI33Ia9H 3 U
BOCCTAHOBUTBH OTBET, KaK B moj3ajgade 4.

IMonzagaya 6 (Her momoiaHuTebHBIX orpaHuvenunii) — 18 6asuioB

N3 nonzagadqn 3 Mbl 3HAEM CKOJIBKO apOy30B HYXKHO KYIHUTb U IOJIOTPE3OK apOy30B, KOTOPLIX HY2KHO
KyIUTh B OTCOPTUPOBAHHOM MaccuBe b. M3 mopzamadn 4 Mbl 3HAEM KaK BOCCTAHOBJIMBATH OTBET, €CJIH Y
HAC eCTh KOHKPEeTHBI Habop apOy30B. OObeIMHUB 3TH PEIIeHNs], MOXKHO IOJIYINTh IIOJHOE PEIIeHNe.
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3apava E. KoHdeTbl

Ilonzanaua 1

IlockombKy Bce a; paBHBI 1, OTBETOM Jjist KaXKJOTO 3ampoca Oyaer r; — l; + 1, 9470 siBjsieTcs JJITMHOMN
WHTEPBAJIA.

Ilonzanaua 2

B cBsi3m ¢ TeM, 9TO KaXKIBIA APYT MOTydIaeT TOT yKe HabOp KOHMET, YTO U JAPYTHe APYy3bsi, HADOP KarKI0I0
Jpyra paBeH Habopy uHTepBaja. Kpome Toro, 4Tobbl 06ecrednThb, ITOOBI IOCE TOTO, KaK KOH(METhI OBLIN
OTJIAHBI TIEPBOMY JIPYTY, APyTHUe APY3bsi MOIJIU HOJIYIUTh TOT K€ TUTI KOH]eT, Habop KoudeT Ha mpedukce
MHTEpBaJIa [I0JIXKEeH OBbITh paBeH HabOpy 3JEMEHTOB II0C/Ie 9TOro IpeduKca.

Takum 0O6pa3oM, MOXKHO CIIeJIaTh BBIBO, UTO KaIHO BBIOMpATh MEPBBIH MpeduKkc KOHMET, KOTOPHIi
VJIOBJIETBOPSIET BBIIIEYKA3aHHOMY TPEOOBAHUIO, SIBJIETCA JTOIYCTUMOI cTparerneii. /lapaiiTe Ha3oBeM Ipo-
mecc BbIOOpa HeoOxomumoro mpedukca "mperkroMm". Temepb 3Ty UIEI0 MOXKHO PEAIM30BATH IS 3TOU
10/138,1a 1.

Iloazagaua 3

JUtst KasKIoro 3ampoca MOXKET OBITh JBa PeIleHns B 3aBUCHMOCTH OT KOJHUYECTBA PA3JIUIHBIX KOHQET.
Ecnu ectb TOMBKO OJiMH THII KOHQET, TO 9TO TO XK€ camoe, YTo U B moazajgade 1.

B nporuBHOM ciiydae Ha mHTEpBaJje MOXKET OBITH TOJILKO JiBa THIA KOoHMeT. MOoXKHO MpeaBapuTebHO
BBIYUCIUTD OJIMZKAKAIIYIO MMO3UITUIO CJIEAYIONEeHl pa3andHoil KOH(METHl jIsi KarKJA0W MO3UITMU U WCIIOJIb-
30BaTh 9TO JIJIsl ONTUMU3AIMK peltenust moa3agaqu 2. Teneps 910 Oymer padorars 3a O(ans), rue ans -
oTBeT Ha 3ampoc. OJHAKO 9TO CJIUIIKOM MeJIEHHO, [I09TOMY JIJIsT OTBETA Ha, 3aIllPOCHI MOYKHO HCIIOJIb30BATh
GuHAPHBIIT 110/beM, ITO 103BOIUT pentaTh ux 3a O(log(n)).

Ilonzanaua 4

Ecsm jymina nnTepBasia 3ampoca HedeTHa, OTBET PaBeH 1, HOTOMY 4TO Gy/eT KaKOH-TO 9JIEMEHT, KOTOPbIi
BCTPEYAETCsI YHUKAIBHO. B IIPOTUBHOM Cilydae OTBET MOXKET OBITH 2 TOJILKO B TOM CJlydae, ecu Habop
koH(ET Ha NEPBOii IOJIOBIUHE HHTEpBaIa paBeH Habopy BTopoii mososuHbl. [lojgcuer KomdecTBa pasiimd-
HBIX 9JIEMEHTOB - 9TO M3BECTHAsl 3a/ada, KOTOPYI0 MOXKHO BBIIOMHHUTL 33 O(n - log(n) + ¢ - log(n))) ¢
HCIOJIb30BaHUEM JlepeBa 0Tpe3KoB i jepeBa Denpuka.

Iloazagaua 5

BameTuM, 9TO IOCJIE TOro, KaK KOH(EThl ObLIN OTHAHLI IIEPBOMY JAPYLy, y HAC OCTAETCs Ta 2Ke 3ajada, HO
JjIst HOBOTO mHuTepBaJjia. KpoMme Toro, mockoibkKy Habop KOoH(MET KaxKI0ro Apyra paBeH Habopy HHTEpBaJa,
KOJIMYECTBO PAa3/IMYHBIX KOH(ET OJUHAKOBO I 00OUX.

Tenepsb onpenenum prefAns; Kak oTBeT /it TpedUKCa, 3aKaHIUBAIOIIETr0Cs B MO3UIAN 1. VICIomb3yst
2KAIHYIO CTPATETHIO, €CJIM MBI MOXKEM HAWTH OJIMKAMIIYIO JIEBYIO IO3UIMIO J, T KOJUICCTBO YHUKAJIBHBIX
koHder Ha uHTEpBaJe (j,7) Takoe ke, Kak Ha [1,i], To prefAns; = prefAns; + 1, ecim KosimdecTBo
YHUKAJbHBIX KoH(deT Ha uHTepBase [1,j] Takoe ke, Kak Ha [1,i]. B mporuBHOoM citydae oH Oymer paBeH
1. KosmmuecTBO yHUKAJIbHBIX KOH(MET JJIsi KayKI0ro npeduKca MOXKHO BbUucauThb 32 O(n), a MO3UIuio j
mozkHOo Haiith 3a O(log(n)), XxpaHs camoe IpaBoe BXOXK/IEHIE KaxK/0il KOHbeTs B std :: set.

Iloazagaua 6

MbI MOXKEM KCIIO/IB30BATH TO K€ PEIIeHne U3 MOJI3aJ[adu 2, HO CJIeJ1aTh HeOOIbIny 0 Mogudukamnmo. [lo-
CKOJIBKY KOJIMYECTBO YHUKAJBLHBIX KOH(MET Ha WHTepBaJie He MOXKeT ObITh 6osibiie 100, MOXKHO OTBEYATH
Ha 3aIPOChI, KOIJIa KOJIMIECTBO YHUKAJIBHBIX KOH(ET B 3ampoce paBHo K, Hezapucumo. [locrtaTodno mpes-
BapUTEIbHO BBIYUCIATD JIJIsT KaXKJIOT0 ¢ CJICIYIONLYIO OJIMZKAMNIITYIO TTO3UIUIO, T/ KOJMIECTBO YHUKAILHBIX
kouder Gyer paBao K, 9410 MOXKHO ciesiarh 3a O(n) ¢ UCHOIB30BAHUEM JIBYX yKazaTeJieil, 1 BBIIIOJIHUTH
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dfs u GuHApHBII TONCK WM OMHAPHBIN HOIbEeM IIJIsT OTBETA Ha 3alpPOoChl. B pesysbrare 5T0 OyIET BHIIOJ-
ueno 3a O(n - D + q - log(n)), wmu (n - D - log(n)) B 3aBECHMOCTH OT peaju3anu, rje D - KOJInIecTBO
Pa3INIHBIX KOH(DET.

Ilonzagaua 7

Mpr cobupaemcst ucnobzoBaTh ontuMuzaluio SQRT. TIpeamnomokum, 9T0 KOTUIECTBO YHUKATBLHBIX KOH-
der Ha MHTEpBaJe 3aIPOCa MEHBIIe, YeM 4/N, TOrIa Mbl MOYKEM HCITOJIb30BATh PEIleHrne U3 moa3aiain 6
JyUIst OTBeTa Ha Bee 9TH 3anpockl 3a O(n - y/n + q - log(n)).

Yro Kacaercst JIPYroro cjrydasi, OTBET He MOYKET ObITH OOJIbIIE /7, TIOTOMY YTO KazKJIblil APYT Oy daeT
UHTEPBAJI C [0 KpaiiHeil Mepe /N 3J1eMeHTOB.

Ilapaiite 3adukcupyeM HeKOTOpoe R, 1 OTBETHM Ha BCE 3aIIPOCHI, KOTOPhIE 3aKAHINBAIOTCS B TO3UITIH
R. g texymero R mMbl OyeM moiepKuBaTh MaccuB next;. OH 6yaeT comepKarh CJIEIYIONIYIo OInKaii-
IIYIO HO3UIUIO, Il KOJIMYIEeCTBO YHUKAJIBHBIX 9JIEMEHTOB TaKoe JKe, Kak Ha uHTepsaJe [i, R] (sTor Maccus
XpaHuT HHMOPMAIIMIO 0 HHTEPBaIaX KOHMET, KOTOPBIE MOJIYIal0T HAIIN JAPY3bs). VICIoNb3yst 95TOT MacCuB,
MBI MOKeM "TIPBITHYTh"K CJie/lyomeMy UHTepBaLy U HaiiTu oTBeT He Gojiee ueM 3a /N "mpbRKKOB".

Omnako HaM HYKHO OOHOBUTH 9TOT MACCHB, KOT/Ia MbI yBeqwmamBaeM R. JI7s 9TOoro Ham HYXKHO 3a-
METUTH, 9TO nert; 6yIeT U3MEHAThCST TOJBKO JIJIs MO3UIUH TTOC/Ie MPEIBIIYIIero BXOXKIEHUsT ag 1. st
TaKUX IMO3UIUN MBI JOJKHBI IpucBouTh next; = R 4+ 1. Ecin Mbl 6ymaeM OOHOBIATDL 3T 3HAYEHUS U
OTCJIE’KUBATDH YHUKAJBHBIE YNCTIA ¢ UCTIOb30BaHneM pasjoxkenus SQRT, Mbl cMoxkeM MoOaydnTh next; u
KOJIMYECTBO YHUKAJIBHBIX dnces Ha uarepsade [i, R+ 1] 3a O(1). B niesiom Mbl ostydaem peresne, KOTopoe

paboraer 3a O(q - /n+n-+/n).

Iloazagaua 8

Jlnst pererust mocsieHER moa3a adun Mbl OyJieM HCIOJIb30BaTh Apyroil moaxoi. Jlasaiite pemum ee c
nomornpio agropurma "Pasmensiit u BracrByit". Mbl onpenernsiem pekypcuBnyto dyuknuio solve(L, R),
oTa PYHKIUA HAXOAUT OTBET I BCEX 3AIIPOCOB %, TakuxX 4to l; < M u M < r;, tne M = [#] st
3aIPOCOB, KOTOPBIE HAXOAATCS B JIeBOii nosioBune L, R], Mbr 6yjieM peKkypcuBHO BBI3bIBATH solve(L, M),
JUIsL JIDYTUX 3alPOCOB MbI OyJieM ucnosib3osars solve(M + 1, R).

Tenepb HAM Hy>KHO 3aMETUTb, YTO YACTh 3alIPOCA, KOTOpas HaXoauTcs B Jieoii yactu [L, R], nesa-
BUCHUMA OT IPABOil YacTu. DTO MOKHO IOJIyUUTh CJIELYIOMMM 00pa30oM: 3aMeTuM, 9To ecju Habop [l;, M|
TaKoil ke, Kak HaboD [l;, r;], HAII Ka HBIH MOAXOJ ciesiaeT "IPBIKKY ' HE3aBUCUMO OT IIPABOil YacTu 3a-
npoca (aHajoruvHo Jyisi npasoit yactu). Kpome toro, ecin nabop [l;, M| menbine, uem Habop [l;, 15|, Mbl
MOXKEM UTHOPUPOBaTh "MPBIKKK'C JIEBOI CTOPOHBI U UCIOJIB30BaTh "TPBIKKE'"C IPaBOil CTOPOHBI.

Tenepb MbI MOYKEM PEIIUATD 3a/iady He3aBrucuMo st cyddukcos [L, M| u npedurcos [M + 1, R]. Dra
3aJ1ava aHAJOTMIHA moja3ajgade 5. Jljis mociieiHell jjerajm HaM HY»KHO XPaHUTH IMOCJIeIHUN "TIphIKOK "¢
JIEBOI CTOPOHBI U TTOCaeHIN "IPBIZKOK " ¢ MpaBoii CTOPOHBI, a TAKKe KOJIMIECTBO "MPBHIKKOB" 1 KOJIMIECTBO
pasIMYIHbIX jeMeHToB Ha [l;, M| u [M + 1,7;]. DTn 3HaUeHUs: JIErKO XPaHITCS C IIOMOIIBIO HEOOIIBIINX
U3MEHEHU B PeIeHnn To3a8a9u 5, OHAKO MBI MOYKEM CJIEJIATh 3TO HEMHOTO OBICTpee, UCTOIL3Ys " 1Ba
ykazarejs"BMecTo std :: set.

[Tociieiass eraib, KOTOpas OCTAaeTCs, 3TO HocjaeHuil "IphKOK " ¢ J1eBoii CTOPOHBI U IHOCIeIHUHA "TIpDI-
ok '"c mpaBoit croponbl. HaM HY»KHO 06beJIMHATE 3TH "TIPBIKKU MOTOMY 9TO WHOIJIA OHU 0Opa3yioT Jo-
MyCTUMBIIT MHTEPBAJ, B 9TOM CIydae OTBET Ha 3AITPOC JOJIKEH ObITH YBEJIUIeH.
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3apava F. AnnxaH n y4eba
OTa 331898 3aKII09aeTCsI B BBIYUCICHUN CyMMBI k-TO HanOOJIBIIEr0 PACCTOSTHUSA OT TOYKK Ha pebpe 10
HEKOTOPOro IOAMHOYKECTBA, BEPIINH U CyMMUPOBAHUY €€ II0 BCEM IEI0UNCICHHLIM TOYKaM Ha 9TOM pebpe.
HazoseM 3T0 1I0JIMHOXKECTBO BEPIINH BaxKHbIMU BepimnHaMu. O003HaAYUM TaKzKe KpaTdaiiliee pacCTosHue
or u 0 v uepe3 d(u,v). IlpeaBapuresbHO BBHIUMUCIUTL BCE MONAPHbIE Kpardaiiimue paccrosuus d(u,v)
JIOBOJIBHO IIPOCTO, 3aIlyCTUB aJropuT™Mbl n leiikerper u3 kax1oit Bepumnet 3a O(n(n + m)logm) Bpems,
YTO JOCTATOYHO OBLICTPO. ¢ OIPAHUYCHUSIMU IIPOOJIEMBL.

I'pynna 1 (S = 1) — 8 6asioB

B s70ii TecToBOil TpyIIe BakHA POBHO OjHa BepinHa (HazoseM ee A), mostomy k = 1 u HaM HYXKHO
BBIYUCJIUTH CYMMY DACCTOSHUI OT Beex Tovdek pebpa (u, v, w) 10 3Toit BayKHO BepriuHbl A.

HapaiiTe pazbepemMcsi, KaK MOXKET BBITVISIIETH
KpaTJaimuii myTh oT Touku r Ha pebpe (u, v, w)
1o sepmuabl A. O6osHaunm d(z,u) = «, Torja
d(z,v) = w — a. OueBnmo,

d(z,A) = min(d(z,u) + d(u, A),d(x,v) + d(v, A))
= min(a + d(u, A),w — o+ d(v, A)).

Ecsmm Mbl Hapucyem 5Ty GYHKIMIO Ha KOODJIMHAT-
HOIi IIJIOCKOCTH, TJIe OChb & IIPeJicTaBiisieT coboil 3Ha-
vqenne « (Ha maTepsase [0, w]), a ock y mpecTaB-
asier coboii 3nauenne d(x, A), TO MBI JIOJXKHBI 110-
JIy9UTh KyCOYHO-TTHHEHHYIO (DYHKIIUIO, COCTOSIILY IO
U3 OTPE3Ka C HAKJIOHOM, PaBHBIM 1, U CJIE/YIOIIEro
3a HUM OTpe3Ka C HAKJIOHOM, PaBHBIM — 1.

Samerum, 9TO  IIUKOM  3TOM dyHK-
MK sABJIsIeTCs ~ TodKa &,  Takasg  9To
d(z,u) + d(u,A) = d(z,v) + d(v,A), wm, Puc. 1: l'padux dbyuxmun f(a) = d(z, A), rne v —
9TO TO YK€ CaMoe, rTouka Ha (u,v,w) Takas, 4to d(u,r) = a. OrBeToOM
ABJIAETCH CYMMa 3HAYCHUN 9TOU KYCOYHO-JIMHEHHONI
o = d(v, 4) + w — d(u, A)' yHKIE 1O IEIBIM TOYKAM.

2

CrenoBare/ibHO, MBI MOXKEM JIEI'KO TOJIYIUTH BCE

YIVIOBBIE TOYKH ITOI KyCOUHO-TNHEHHOI dyHKImn 3a BpeMs O(1), mpocTO BHIYHUCINB IPUBEICHHYIO BBIIIE
dopMyIy, U €JIMHCTBEHHOE, UYTO OCTAJIOCh CJI€JIATh, 9TO HAWTUH UCKOMYIO CYMMY PaCCTOSTHHUI. DTO MOYXKHO
JIETKO CIeJIaTh, PACCMATPUBAs KaxKIbI CEIMEHT MPSIMOIl OTIEJILHO M TINATEILHO 00pabaThIBasl IBOMHOM
cuer. /s oxmoro orpeska (Lg, Ly) — (Ry, Ry) MBI MO’KeM OKDYIVINTH JIEBYIO KOHEYHYIO TOUKY BBEPX 1
[PaByi0 KOHEYHYI0 TOUYKy BHU3. Torma, ecsm JimHUs BOCXOJsiasi (T.e. ee HAKJIOH paBeH 1), orser Oyjer
BBITVIAIETD TaK:

R Rx—L

= ‘ Ry, — L) (Ry — L, +1
> (Ly+z—Ly)=Ly (Re—La+1)+ Y x:Ly-(Rz—Lx—l—l)—l—( >(2 ).
=L, =0

Ty ke bopMyLy MOXKHO IIOJIyYUTb, €CJU JIMHUS HUCXOJIAIIAS.

IToxBomsa uTor, 7y KasK0ro 3aIlpoca HaM HY2KHO HaWTH MUK yIOMSAHYTON BbINIE KYCOYHO-JTMHEHHOMN
byHKIMN, pa3leuTb ee Ha JIBa OTPE3Ka MPAMON, MOCUUTATH OTBETHI HA KAaXKJIOM U3 HUX, CJIOXKUTH UX U
Ipy HEOOXOJAMMOCTH BBIYECTh YaCTh JIBOWHOrO cueta. Jto paboraer B O(n(n + m)logm + q), mockoabKy
BCe BbIYUC/IeHUs BhINOJHsIOTC B O(1).

I'pymma 2 (n,q < 100, L = 1) — 8 6aJioB

B sroii TecToBoii rpyIie orpaHuYeHus HA N U ¢ JOBOJILHO MAJIbl, & JJINHA BeeX pebep paBHA POBHO 1.
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st sroii mojzasadn HaM Hy»>KHO PaCCMOTPETh BCEro JiBa Cilydast: @ = u U ¢ = v. JIusa Kax/10ii u3
HIUX HaM Hy?KHO OTCOPTHPOBATH BCE BayKHbIE BEPIINHBI I10 PACCTOSHUIO JI0 COOTBETCTBYIONIEH BEPIIUHBL U
WK ¥ U HOJIyIUTH k- HamboJIbIllee PacCTOsIHUE.

[Monmas acumnroruka oyaer O(n(n + m)logm + gnlogn).

Ipymna 3 (n, L < 100,q < 10%) — 12 6anos

B sT0it TecToBoil rpylie orpaHuyeHne Ha N IMO-IPEXKHEMY HEBEJIUKO, HO JJINHA PeOep Telepb MOYKeT
nocrurarh 100 (HO Bce paBHO JIOCTATOYHO MaJia), a KOJMIECTBO 3AlPOCOB HEBEHMKO ¢ < 103.

Takue orpaHnveHus IPUBOJAT K MEJIJIEHHOMY DENIEHUIO, KOTOPOe IIepedupaeT BCe BO3MOXKHBIE T TOUKA
U HaAXoJUT k- PAacCTOSHEE JI0 BaXXHBIX TOUYEK HAIPSIMYIO, KAK U B Ipeblayiieil nojaz3amnade. Hamomuum,
qro d(xz, A) = min(a + d(u, A),w — a + d(v, A)), H03TOMY JIJIsT KAXKJION TOYKU T MbI MOKEM BBIYHCIUTD
BCE PACCTOSIHUS OT ITOM TOYKHU. YKAXKUTE HA BaKHbIE TOYKU U MOJIyduTe k-e HAMOOJIbIIee PACCTOsIHUE,
SBHO OTCOPTUPOBAB 3TU 3HAUCHUSI.

[Mommas acummroruka 6yaer O(n(n + m)logm + gLnlogn).

I'pynnma 4 (im=n—1,u; =i,v;, =i+ 1,k; = 1) — 10 6aJ10B

B sroit TecroBoii rpymme Haimr rpad npeiacrabisier coboii 6amOyk (6e3 orpaHuveHuii Ha €ro pasmep)
1—2— ... = nmnk; =1, 9To 03HaYaeT, ITO HAC HHTEPECYeT TOJBKO CcaMas JIAJbHsAA BepIINHa OT T
CpeJiu BaXKHBIX BEPIIIUH.

Pacemorpum pebpo (4,7 + 1, w) u 3adukcupy-
eM Ha HeM TOYKYy x. UTOOBbI HalTH CaMyIlO Iajib-
HIOIO BaKHYIO BEPIINHY OT TOYKU T, HaM, O9YE€BU/I-
HO, HY?>KHO PacCMaTpUBATh TOJHLKO CaMyIO JIEBYIO

BaXKHYIO BepIuHy cpean 1,2,...% U caMyro Ipa-
BYIO BaXKHYIO BepiuHy cpemu ¢+1,1+2, ..., n. [lo-
CKOJIbKY OHM HE 3aBUCAT OT BBHIOOPA X, Mbl MOYXKEM
IIPOCTO HaiTH MX, COXPAHUB BCE BayKHbLIE BEPIITITHBI
B HAOOPE U MOJIyIUTh MUHUMAJIHLHOE U MaKCUMaIb-
HOE 3HAYCHUE U3 9TOro Habopa (WIH Jarke IMPOCTOo
nepebpaB Bce BepHIUHBL OT 1 J10 M, MOCKOJIBKY 00-
Iye orpaHrvdennst 9To no3BossioT). Haiins stu ca-
MBI€ JIEBYIO U CAMYIO [IPABYIO BaXKHBIE BEPIITUHBI [ 1
7, MBI CHOBA TIOJIy9aeM KYyCOUYHO-JIMHEHHYIO (PYyHK-
[IHIO:

]
/’ dii, 1)+ w

N

f(a) = max(d(z,) + d(i,1),d(z,i + 1) + d(i + 1, 7))

= max(a +d(i, 1), w —a+d(i + 1,)). Puc. 2: 'paduk bysxmun f(a) = d(z, A), rne x —
Touka Ha (7,7 + 1,w) rakas, uro d(i,z) = a, [ n
r — camasl JieBasi M caMasl IpaBasi BayKHbIE€ BEPIIU-
HBI COOTBETCTBEHHO. OTBETOM SIBJISIETCS CyMMa, 3HA-
qeHuil 9TON KyCOUHO-JTNHEHHON (DYHKIINK II0 IEIBIM

HanomunmM, 9T0 1109TH Takas »Ke KOHCTPYKIIUSI
HosIBUJIAChL B IepBOil Moj3aJaue U pelaercs TOou-
HO TaK ke, 3a UCKJII0YeHNEeM HaXOXKJICHUs CPeIHeil
YIJIOBOH TOYKMU.

[TonHas acHMITOTHKA JIJIsA 9TOI T€CTOBOIT TpyTI-
ubl 6yzer O(n(n + m)logm + glogn).

TOYKaM.

I'pymma 5 (m=n—1,k; = 1) — 15 6aoB

B sroit TecToBoit rpymnme nam rpad mnpezicrasisier coboii gepeBo (6e3 orpaHuueHUili HA €ro pasmep) u
k; =1, a 9T0 3HAYUT, YTO HAC MHTEPECYeT CPEJM BaXKHBLIX BEPIIMH TOJLKO caMasl JaJjlbHssl OT X BepIInHA.

Pacemorpum pebpo (u, v, w) u 3adukcnpyeM Ha HeM TOUKY x. UT0OBI HAWTH CaMyTo JAIbHIOK BaXKHYIO
BEpIIUHY OT &, HaM, OYE€BHUHO, HY>KHO PACCMATPUBATH TOJIHKO CAMYIO JTAJBHIOI BaXKHYIO BEPIITUHY OT U B
MOJIIEPEBE U M CAMYIO TAJIHHIOI0 BAXKHYIO BEPIIUHY OT ¥ B TIO/JIEPEBE U , TIOCKOJIBKY CAMBIN JAJTLHUI My Th
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OT T TPOXOIUT JINOO depe3 u, OO Yepe3 v J0 COOTBETCTBYIONIEH caMOil JajbHell BEPIIUHBI O/IEPERA.
J1j1s1 9TOr0 MBI MOXKEM IepebpaTh BCe BasKHbIE BEpIIMHBI A U NPOBEPUTDH, B KAKOM U3 J[BYX IIOJJICPEBLEB
oun Haxojgarest (ecau d(u, A) +w = d(v, A), A JeKUT B NOIJEPEBO 4 U HAOOOPOT) U COOTBETCTBYIOIIUM
06pa3oM OGHOBUTH CAMYIO JIAJILHIOK BEPIIMHY B 9TOM Hojjepese. ITociie HaX0XkKeHNs: 9TUX JIBYX BEPIIIH
peleHre MPOUCXOAUT TOYHO TaK Ke, KaK U B IPeAblIyIel moa3aaade 4.

[Mommas acumnroruka 6yaer O(n(n + m)logm + gn).

I'pynma 6 (k; = 1) — 24 6anna

B sT0it TecTOBOII rpyI1IIie s KaXK 01 TOYKH T HAM HY2KHO PaCCMOTPETH TOJIBKO CAMYIO JAJTLHIOI BaXKHYIO
BEPIIIIHY.

Pacemorpum pebpo (u, v, w) u TOUKY T HA HEM.
BcnomanM Ha prucyHKe 3, KaK BBITJISIIAT PACCTOSI-
HUE OT TOYKHU I JIO BayKHOI BepIuHbl A, KOrga Mbl {
epeMeIaeM T U3 % B ¥. DTO KyCOTHO-JTNHEHHAST iy
byHKIMS, KOTOpas HAYMHAECTCS JIMHUEH ¢ HAKJIO-
HOM 1 m 3aKaHUMBAaeTcCs JUHUEN ¢ HAKJIOHOM —1. .
O6o03naunm 4depes Aq, ..., A; Bce BasKHbIE BEPIIH- /\
obl. Eciam ObI MBI pucoBaju Takoi rpaduk s /
KayKI0ro A;, HaM HYKHO OBLITO 6B pACCMATPUBATD
TOJIBKO TOYKU Ha BerHeﬁ I'paHuIle BCEX ITUX pac-
crosinmii d(x, A4;).

3aMeTuM, UTO €CJIU CYIIECTBYIOT JBE BEPIIH-

ool A; n A; rakwe, uro d(u,A4;) > d(u,Aj) u !
d(v, A;) > d(v, Aj), Torma rpacduk d(z, A;) Beerma ‘
pesocxoauT rpaduk d(z, A;), mosromy A; MOXKHO !
HE VUUTHIBATh. PacrosiozKuM BayKHbIE TOUKU TaK, d(n, Ay)
a100br d(u, A1) > ... > d(u, A;). Torga mo 3ame-
JaHuio Bele noiaydaeM d(v, A;) < ... < d(v, A;).
ﬂeFKO BUIETH, YTO KazKJad N3 3THUX OCTAaBIINXCHA
BepIIH 6y/IeT BHOCUTH HEKOTOPBIH BKJIJ B TIO-
JIydEeHHYIO BepxHIO Tpanuity. IIpm srom ux ya-
cTH OYAyT YyIOPSIIOYEHBI TOYHO B OJIHOM TIOPSIJIKE
(A1,..., 4)).

Y1065 TOIYINTh 9TH BEPITTMHBI H COOTBETCTRY-
IOI.U,I/II?I UM IOPsAJO0K, HaM HY2KHO IIpeJIBapUTE/IbHO BBIYUC/IUTDL JJIs Ka)K,ILOfI BEPIINHBI U CIIMCOK BCEX BEP-
IITIH, OTCOPTHPOBAHHBIX TI0 HX PACCTOSHHIIO JI0 U B TIOPAIKe yOBIBAHIA. DT0 MOXKHO cenath 3a O(n? logn)
BpeMenn. e y Hac ecTb TaKO# CIUCOK, TO JIJIst TOJIYIE€HUS BCEX CTAPIIUX TOYEK Mbl MOXKEM IIPOCTO Tepe-
6upaTh 3apaHee PACCUNTAHHBIN CIUCOK JJIsT BEPIIWHDI U W MOEPKUBATH CTEK BEPIMNH, KAK ITO CJIETAHO
B QJIFOPUTME TIOUCKA BBIMYKJIOH 000JOYKH MHOXKECTBA BEPIIMH. TOYKH HA TJIOCKOCTH.

Yr00b! OJIyIUTh BCE YIJIOBbIE TOYKN BEPXHEH IPAHUIIBI, HAM HY2KHO BBIYUC/IUTD IPAMDUKHI TUKOB IJIsI
kaxkoro A; u nepecevyenus: rpadukos A; u A;;1, aro nosHocrsio genaercs 3a O(l) = O(n) Bpemennu.

Haxower, BbIquc/inB Bce YIJIOBbIE TOYKHM BEPXHEH TIDAHUIBI I1€/1€BONH (DYHKIIUU, MBI MOXKEM C/Ie/IaTh
TO K€ caMoe, 4TO W B mojzajade 1 (BBIYMCIUTHL OTBET HE3ABHCHMO Ha KAaXKJIOM MOJOTPE3Ke JIMHUH U
obpaboraTh ABOIHOII cerT).

O6mas acummroTnka 6yner O(n(n +m)logm +n?logn + gn).

;
dle, Ay)

p i
-
E il anan Lannd
il

o

- -
diw, Azl

dfw, Ay) div, Ay

1 | w | div, 43

Puc. 3: I'pacduk paccrosiauii d(x, A;) 11st Bcex BaxK-
HbIX Bepru Aq, ..., A;. Bepxuss rpanuna Bbigeste-
Ha KpacHbIM. OTBETOM SIBJISIETCS CyMMa 3HAYEHUI
BEpXHEl IpaHUIbl KyCOYHO-JUHEHHON (DYHKIUHU II0
IEJIBIM TOYKAaM.

I'pynmna 7 (6e3 monoIHUTEIBHBIX OrpaHnYeHunit) — 23 6asiia

B 310i1 TecTOBOI rpyIe He 3aaH0 HUKAKNAX JOMOJTHATEIbHBIX OPPAHNICHNUI, TO9TOMY HAM HY?KHO PEITATh
3a/1a1y TEJTUKOM.

Paccmorpum pebpo (u, v, w) u Touky x Ha Hem. Jlomycrum, (Aq, ..., A;) — Baxubie Bepiunbl. Hapu-
cyeM rpadbl s KaxKI0i M3 HUX, KAK MBI 9TO JIEIAJU B IPEABLAYINEH moa3asade, HO B 9TOM CJIydae Mbl
He MOXKEM yJIAJIsITh HU3IINE BEPINUHBI, TAK KAK OHU BCE PABHO MOI'YT BHECTH CBOil BKJIAQJ| B OTBET.
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ObparuTe BHUMAHUE: €CJIM MbI IIEPEMECTHM T U3 U B ¥, MAKCHUMAJbHOE 3HAUeHUE k OyJIeT HEelIPEepPBIBHO
epeMeIaThcst KaK KyCOUYHO-IuHelHas pyHKImA. B 9T70M MOXKXHO yOeIUThCsI, pACCMOTPER, KAk MEHSETCSI
9Ta BeJIMUYMHA B TOYKAX IIEPEceueHrs] HEKOTOPBIX TPa(pUKOB M B BePIINHAX STUX I'PadpUKOB.

Ha mepBbIit B3rJIs)T MOXKET OBITH OYEHB CJIOYKHO
[IPOCJIEINTH 3TY KYCOIHO-JIMHEHHYIO (DYHKITUIO Ha-
OpsSMYIO OT u 10 v. Jist yrporenus: pazodbeM HH-
repBas [0, w], UCHOIB3Ysl T-KOOPIMHATHI BEPIINH
JUIST KaXKI0ro A;, U IMpoBeeM PasBepTKY IO IOJIy-
YEHHBIM TIOJIUHTEPBAJIAM JIJIST X.

JlaBaiiTe MOCMOTPUM, KaK BBITJISIASIT IpaduKN
Ha OJ[HOM TIOJMHTEPBAJIE CTPOKY PA3BEPTKU. Y HAC
JIOJI?KHBI OBITH JIMHUY ¢ ¢ HAKJIOHOM 1 1 JinHUM n—t
¢ HaKJIOHOM — 1 Jiyist HeKoToporo t. OU4eBUIHO, HAM
HY»KHO He 0oJjiee k caMbIX BBICOKHX JIMHUN C Ha-
kjoHoM 1 u He 6osiee k CaMBIX BBICOKUX JIUHUH C
HaKJIOHOM — 1, ITOCKOJIBKY HUKHUE JINHUU HUKOTIA !
He OyJIyT BHOCUTD BKJIaJ B k-0€ MaKCHUMAJIbHOE 3Ha- Hsihs)
geHne. Mbl MOXKEM TIOJIyYUTh 9TU CTPOKHU, TOIIEP- I
KuBas HaOOp JIMHUI ¢ HAKJIOHOM 1 1 HAOOp JTUHUH -/
¢ HAKJIOHOM —1 BO BpeMms HaIlleil CTPOKM CKAaHU-
poBanust 3a Bpems O(nlogn) n noayvas k cambix
BBICOKIX CTPOK M3 Kaxk10ro nabopa. 3a O(k+logn) Puc. 4: I'paduk paccrosinmii d(x, A;) 11t Bcex Bazk-
BPEMs JUIs KayK/I0ro MoJMHTepBaia (1epebop MHO-  gprx BepiiuH Aq, ..., A;. k-s1 QYHKIUST pPACCTOSTHUSI
KecTBa ¢ ero Komna). Taxum 06pazoM, MBI HOMY- jist k = 2 BbLIesIeHA KPAaCHBIM, COOBITUS PAa3OUEHUS
“aeM BEeKTOp n3 He Gostee k mHumit ¢ HAKJIOHOM 1 M crpoku pasBeprku — cunuM. OTBETOM SIBJISIETCSI CYM-

BEKTOp 13 He Oostee ueM k jmHuil ¢ HAKJIOHOM —1, \a spadenmii KPacCHOH KyCOYHO-JIMHEWHON (hyHKITIN
npudeM oba OHM OTCOPTHPOBAHBI B MOPAJKE YObI- 110 [esIbiM TOUKAM.

BaHMA.

7

1] _rf(ej. Aq)

Tenepb MBI TIOKa2KEM, ITO MOYKHO TIOJTHOCTBIO MTOCTPOUTD k-10 (PYHKITHIO MAKCUMYMa, Ha, 3TOM TIO/IMH-
tepsase 3a O(k) BpeMsl.

CravaJjia HAM HYKHO HAUTH €ro CAMYIO JIEBYIO TOUKY. DTO OKa3bIBACTCs k-0¢ MAKCUMAJIHLHOE 3HAMEHUE
cpeln IepecevdeHnit JUHUE ¢ HaKJIoHOM 1 m —1 ¢ JieBoii JinHUEH pa3liesa CTPOKH pa3BepTKu. Ero MoxkHo
HaiiTu 3a Bpemsi O(k) ¢ HOMOIIBIO COPTUPOBKY CJIMSIHUEM, TOCKOJIbKY MbI XPAHUM 3TH CTPOKU B BEKTOPAX
B nopsijike yooisanus. Jlasiee B pereHun Mbl OyJieM UCIIOJIb30BATh UHJEKCAIIUIO STUX BEKTOPOB HA OCHOBE
0. Ipeamonoxum, 910 k-ii MAKCUMYM HAYMHAETCsI HA HUCXOJAIIEH j-i JinHUU (CM. PUCYHOK 3 Ha BTOPOM
nojuHTepBase ¢ j = 1). Jlerko BujeTh, 4To mepBasi BOCXOJsIlas JMHUs, KOTOPYIO OH Iiepeceder, Oyjier
1 = k — j — 1 Bocxomgmeit yimaneii. Takke JIETKO 3aMETUTH, UTO MOPSJIOK JIMHUN k-r0 MaKCUMyMa, [IpU
JIBU2KEHUN X CJIEBa HAIIPABO OYIET Ie€pPeOBAThCS MEKIY BOCXOISNINMU M HUCXOSAIAMHI JIUHUSIMUA C yBe-
JINYEHUEM ¢ U yMeHbIleHreM j. To ke camMoe MOXKHO CKa3aTh, €CJIM HaIlla CTapTOBasi JUHUS UJET BBEDX.
Takum 0O6pazoM, B COYETAHUU C TE€M, UTO HA JAHHLIN MOMEHT y HAC umeercs He Oojee 2k jimHuii, Bce
YIJIOBBIE TOYKH KYCOUHO-JIMHEHHON DYHKIMH k-0 MaKCHUMAJIbHOIO 3HAYEHUS JIJIsi STOTO IOAUHTEPBAJIA
moryT 6biTh nocrpoenst 3a O(k) Bpemst.

Haiing rounstit Bu k-it GyHKIMN MaKCUMyMa, Ha KaXKJIOM HOJUHTEPBAJIE, Mbl MOYXKEM IIPOCTO 00be IH-
HUTb UX U 0JTy4nThb dyHKImio Ha BceM naTepBasie [0, w]. [Tocse sroro, npojenas To ke camoe, ITO U B
HPEJIBLIYINEN 110/13a/1a4€e, Mbl CMOYKEM BBIYUCIUTH OKOHYATEbHBIN OTBET. boJiee TOro, ocKo/IbKy KaxK/1ast
JINHUST MOYKET BHOCUTH BKJaJ B k-10 (DYHKIMIO MakcUMyMa He Oojiee OJHOrO pasa, Ta (PYyHKIUs OyIeT
cojiepxkaTh He 6oJiee 2n OTPE3KOB (HO 9TO HE UMeET 3HAUEHUSsI JIJIsl HAIIETO PEIleHH s ).

[Mommas acumnroruka 6yaer O(n(n + m)logm + gn(k + logn)).

MoaenbHoe pelieHune

ABTOpCKOE MOJIe/IbHOE pellleHre MOYKHO HaWTH 110 CJIe/lyIonlell CChLIKe:
https://gist.github.com/dxtvzw/3d6604238d1f267cef28b88ce9f93849
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