4-ecen

Myranim okymmbsurapra 10 oprypJi on cas b6epi. Cepreit eki canHaH TypaThie 0apJ/IbIK 45 XK YIITHI AJIBIIT, 0P KYIITAFbI
CaHJAP/BIH KOCBIHIBICHIH ecemredi. CoHmga oapablH immiHae e3apa TeH 6ec KOChIHAL Tabpuiran. IleTs exi camman
TYpaThiH 0APJIBIK 4D YKYIIThI JIbIIL, 9P KYITAFbl CAHAAPIbIH Kobelrinmicia ecenreni. [lers anran kebeiTinpiiepuin
ITiHIe eH KOl JereH e Herreyl o3apa TeH 00JIybl MyMKiH?

2Kayabni. 4.

HTemryi. Bec xymrarsl caHgapabiH KOCBIHIBICH 25-Ke TeH OOJICHIH. 25-Ke KOCBIHABLIA Oip caH eki per Kezjece
AJIMANTHIHBL affKbIH, OUTKEH] Kepl Kargaii/ia cosl KynTap/arbl eKiHIl caHaap Ja TeH 60y Kepek, aj OJ MyMKIiH
emec. ConmnikTan bec KocbiH b Hepiaren 10 canHbIH opKaiickichl 6ip Gipaen kezmecemi. Jlemek, op KymTarbl exi
caHHBIH Oipeyi s-TeH Kili, eKiHITici s-TeH yikeH 00JIybl KepeK. S-TeH Killli CaHJapibl 6Cy PeTIMeH Ti3il Ka3aibiK:
a1 < ag < az < a4 < az. OJapably KynTapbl VIOiH Je 28 = a1 + a9 = a2 + a9 = a3 +ag = a4 + a7 = a5 + ag
KOCBIH/IBICBIH 2Ka3cakK, 6apJbiK 10 caH/bl peTTen IbiFa ajaMbi3: a1 < a2 < a3 < a4 < a5 < ag < a7 < ag < ag <
< aiop-

Eni, erep exi canman KypaJraH KYITarbl CAHIAPIHIE KoOeHTiHIici t2-Ka Ter 60aaThH b KeOeiTiH I TabbIICHIH.
Omnja, )KorapbIAarbigaii, ockl b ykynTarbl 10 cCAaHHBIH apachlHIa op caH 19 Oip perTeH ke3necedi. Erep osapabiy
imminge t-nam xinm cangap by < by < by < by < bs cangapb 607Ca, AT KAIFAHIAPE! VI t2 = bibig = babg = bsbg =
= byb7 = bsbg, 6osca, oHma by < by < by < by < by < bg < by < bg < by < byg cammapni 6apabik 10 6epiaren cangap,
ecy perimen Tizigin xa3purran camgap 6omansl. Bipak Oyt karmaiina 6apabik ¢ yimin a; = b; TEHITI OPBIHIAIA TR
IIa, OCBLIAH a1 + a1g = ag + ag XKoHE a1a19 = G209 €KeHi mbiraabl. OCBIIAH a1 = a9 KOHE g = a1 €KEeHi IIBIFaIbl,
aJI OJT ecem IMaPThIHA KANMBIIBEIK,. Hemek, IleTs asran kebefTinmimep iy inmHge eH o3apa TeH KoOeHTiHiIep caHbl
4-TeH apTHIK €MeC.

Tlers anram kKebeiiTinmiepain imminge 6ipaeit 4 xkebefiTiai TabbLTaThIHIAN MbIcAT KeaTipeitik. 1 < k < 5 yimin
x1 = 0,9 koHe Xop = 2 — o1 OosichH, an 1 < k < 4 bonranyia Togr1 = ﬁ boscoin. OchIiraH Koca T + To9 = X3 +
+x4=T5+T6 = T7+T8 = Tg+T19 = 2 KOHE Tox3 = T4T5 = TT7 = TgTg = 1 TeHikTepl opbiHasiaibl. 0 < x < 1
bosranga T < ﬁ < 1 ekeHl a¥iKbIH, COHABIKTAH T < X3 < T5 < 7 < g < 1 < 219 < 28 < g < T4 < T2, JEMEK
OCBLIal KypacTeipbliral 6apabik 10 can opTypJi 6o1a s,

Baramay cxemachbl

O3zapa TeH 6ec KOCBIH/IBIIA op caH Oip-Oip/eH KeJeTiHl KOPCETIICE: ...ttt 0 ymait
Bipneit xkebefiTinainep canbl 4-TeH apPTHIK, €MEC €KEHITT KOPCETIMCE: © . \vtttt ettt et e ettt ieee e 3 ynait
4 6ipyeit KOOEUTIHIL YIIIH MBICATT KEIITIPCE! ..t vttt et ettt e e e et e et et et a e e e 3 ymait
B0 E S 181571110 7 yuait

Mpgicas KeqTiprenme Cangap dPTYPIIl €KEHI TOMEIEHOECE: - .ttt ettt ettt et e eee e —1 ymait



H-ecen

m X n Kecreci 6epinren, MyHIa mn canbl 6-ra Oemiresgi. Bya kecreme Ke3 kenren 1 X 3 mHemece 3 X 1 esrmeMi
TIKTOPTOYPLIIITEl JCcoAak Jell, aja Ke3 Kearen 1 X 2 memece 2 X 1 esmmeMal TIKTOPTOYPBIIITH JOMUHO eIl aTANBIK,
Kecreni x)oakrapMeH TOCEN MIBIKKAH. OP YKOJAKTHIH €Ki YIibifbl 0Ip JOMUHOMEH, aJl YIIHII ySIIbIFbl €KIHIII
ITOMWHOHBIH Oip YAIIBIFBIMEH YKAOBLIATHIHAAN €Til, OChI TOCEYIIH YCTIHEH TAKTAHBI Tarbl 13 JOMUHOJAPMEH TOCET
mbEyra 60MaTeIHBIH Jasenaeris. (Tecey kesinge TiKTOpTOYPHIITAD KECTEHI TOJBIFBIMEH Kabalbl, aa O6ip Gipin
JKAITARTHI )

HTemryi. 2KaambLibIKThl cakTail OTBIPHII, 171 CAHBI XKYIT CaH jen ecenTeilik. Exi karmall KapacTbipailbiK.

1-2karmaii: n — xKy1 can. Bacrankbl KecTeHi emeMaepi 2 X 2 6o1aThiH mapisLiapra 6eseitix. OHga op KOIaKTa
KaHa 12 eKl Kepil ysaibik 61p mapibiia xkaraabl. Ochl ekl y4aIIbIKThI JOMUHOMEH »Kabaibik. EHl ap mapiibiia,
KeJIeci yi MyMKIHTIKTIH 6ipeyl opbiHgasran: 1) oHbIH GapJ/IblK YAIIBIKTAPbl TOMIHOMEH KaOBLTFAH; 2) €Ki KOpIri
YSIIBIKTAP JIOMUHOMEH Ka0blLIFaH, ajl KaJraH ekl yamblk sxabbuimarad. Ouapibl xkaHa JOMUHOMEH kabaitbik; 3)
MIAPIIBIIAFBl TOPT YAIIBIKTBIH €MIKANCBICHL JOMUHOMEH KabbliMarad. OuiapibiH OapJibIFbIH €Ki 2Kara JOMUHOMEH
xkabambI3.

Ochiait KacaJIBIHFAH TOCEY eCell TapThiH KAHAFATTAHIBIPATHIHBIH OaliKay FaHa, KaJilbl.

2-:karmaii: n — rak caH. Byt karmaiiga m X (n—1) TikTepTOYPHINIEIH 2 X 2 MapIbLIapbiHa 66JIeilik Te, aj KaaraH
Oeutiria, graEM M X 1 TIKTOPTOYPHIMBIH 2 X 1 qoMuHOTapbIHA Oeseitik. o xKoraphlaarbiaait, op *KOTaKTa KaHIait
ITa eKl KOpII YAIIBIK HeMece 2 X 2 oJIIMeM/Il IMapIbiaa, HeMece 2 X 1 TIKTepTOYPHIIbIHIa KaTblp. ConapiKTaH 6i3
1-xkarmaiigaroinait 6isre Kepex Teceymi XKacail aaaMbl3.

Baranay cxemachl

M HEMECE N CaHJIAPbIH HAKTHI CAHFA TEHECTIPIIL IIEIIIITEH €CEIII vttt eee e 0 yrait
Teceymi ambivan 6acTar, COHBIHIA KEPEK HOTHIKE ATIMACA. -« v« v e nnneee et e eee et e e e e e e aee e 0 ymait
Tebesepi xoakTap 6OJATHIH, OPi €cemn MAapThl OPBIHIAJIATHIHIAM €Ki YKOJAKTH KOCATHIH VI JOMUHOHBI YKaba
aJaTBIHAAN, Tpad eHTIZIM OHBI KAPACTBIPFAH KEBIE. o vttt ettt et e e e ettt ettt ettt 0 ymait
2Korapbiiarel KapacThIpbLUIFaH rpad €Ki KAPHAKTHI €KEHIH JIOJIETIIIECE. vt vttt e et e e e 0 ymait

FEcenti m memece n CAHBIH JKYIT JIEIT AJTBITT TITETITCE « « + vttt ettt e e e et et et e ettt e e e ans 4 ymait



6-ecen

ABC yuibypsbiibiabiH, Meguadagapbl G Hykrecinge Kublibicaibl. Anret GAB, GAC, GBA, GBC, GCA, GCB
OYPBIMITAPLIHBIH, IITHIe KEMIH/IE YIIeyiHiH opKafChIChl (-aH KeM eMeC. (-HbIH KAH/Iail €H YIKeH MOHIHe OCBIHIAM
JKaruail opblHAaJIa, aJlalibl?

-1 1 2
2Kayabbl. o« — arcsin —= = arctg—= = arccos /5.
Y V3 5V2 3

ITermyi. oy = arcsin % Jen bearineiik.

AjiibiMeH OeplIreH KayalTbl KaHAFATTAHIBIPATHIH YINOYPBIIKa Mbicaia kearipeitik. ZC = 90°, AC = 2 u
BC = /2 6onarsm Tik6ypoimrs: ABC ymbypsinsi kapacTteipaiisik. Ouga ZBAC = ag. M xone N mykTesnepi,
cotikecinme, AB xone AC kabbIpragapbiabiy opranaps! 6omcein. ANCB ~ ABCA, eittkeni /N BC = ag. MAC
vy peitisl TerOyiipa, couapiktan L MCA = ZMAC = «gp. Conbiaga, ZMCB = 90°—/ZMCA = 90° — g > «p.
Couna GBC, GC A xone GC B GypuIITaphl (ig-7TaH KEM €MeC.

Enpi ke3 xearen yumOyphITa KAPACTHIPBLIBIT *KATKAH aJIThl OYPBINITHIH €H KOTl JeTeHIe eKeyl ao-JeH YIKEH
Hos1a anaroinbin gosenneiiik. GAB, GBC xone GCA OypLIITapLIHLIH e KOl JereHe bipeyi rama og-IeH VIKeH
eKEeHIH JpJIesIIeliK, aa KAJraH VIl OyPoIIT VIMH 1971 OCBLIAN TYXKBIPBIMIAP OPBIHIAIAJIbI.

Kepi xopubik, staun /GAB xone /GBC Gypoimmapsbl ap-AeH yaker Goschra. OHIa 0apabiH opKafChICh
180° — cp-men ki, efiTkerHi oaapablH, KOCbIHAbICH 180°-Tan Kimi. CoHABIKTAaH 0Cbl €Ki OYPbILITHIH 9PKAACHICHIHBIH,

; 1
CHUHYCHI SIn g = \[—TeH VJIKEH.
3

K mykreci BC-ubig oprack: 6oscekr. Ormga KA = 3KG. Backa X)arbiHaH, CHHYCTap TeopeMachl DOWBIHIIIA,

KA sinLKBA< 1 . KB sinZKGB < 1
= QJT OCBLIAM = .
KB sin/KAB ~ sinag’ A 7 KG sin/ZKBG ~ sinag
Ocbruan
KA KA KB 1
3= = . <=3
KG KB KG sin“ag
CoHFbl TeHIIKTep KAHIIBLILIK Oepel.
Baranay cxemacshl
1. Tek 2Kayam KaHA KEITIPLIICE . . ..ottt ettt et e e e e e e e ettt e e et e aeeee s 0 ymaii.

2. ZKayanuen Koca ecern napTblH KAHAFATTAHABIPATBIH YIHIOYPBIIT MbICAJIbI KeJITipiice (moseseyimen): 2 ynaii.

3. a-HbIH eH yaKeH MoHI 30°-TaH VIKEH €KEHI JOTEITIMEHCE ... 'rte et ettt e e e ie e e eiteeeaanenns 0 ymaii.



3amaua 4

Vuaurens Bbiaan gersM 10 pasindsHbIX HOJOKATETBHBIX ancei. Cepéxa BbIYUCTUI Bee 45 UX MOMapHBIX CYyMM;
Cpeju HUX HAILIOCh NATh PaBHBIX dnces. Ilera Beraucsun Bece 45 ux nomapHbiX npousseenuii. Kaxoe naubosbiiee
KOJIMYECTBO U3 HUX MODJIM OKA3aThCs PABHBIMAY

OrtBer. 4.

Pentenmne. Ilycrs cpean momapHBIX CYMM BCTPEYACTCA IATh Pa3 ducao 2s. OUeBHIHO, OJHO W TO K€ UHUCIO0 He
MOXKET BCTPEYAThCS B JBYX CyMMAax, PABHBIX 25 (BTOpbIE CraraeMble TOT/A TOXKE JIOJKHBI ObLIM OBl COBIAJIATS).
[losToMy B IITH CyMMaX, PaBHBIX 28, BCTPEYAIOTC 0 OMHOMY pa3y Bee 10 uncen. B KaxX 01 U3 HUX OHO CaraeMoe
MEHBITIE S, & APYroe O0JIbIne. YNOPII0UNM CJIAraeMble, MEHBINNE S, MO BO3PACTAHUIO: a1 < a2 < az < a4 < as.
3amuceiBag 28 = a1 +aig = a2 +ag = az+ag = a4+ a7 = a5+ ag, TOJYIaeM YIOPII0IEHHE BCEX TECITH UCXOMIHBIX
uucesI: a; < ag < az < ag < as < ag < ay <ag < ag < apg.

Eciu u HeKoTOpoe Ipom3BejieHne t2 BCTPEUaeTCs CPe/IH NOMAPHBIX [IPOU3BEIeHHH IATh Pa3, TO AHAJOTHIHBIM
06pa3OM KaXK0€ U3 JeCHATH YUCEJ BCTPEYAeTCs POBHO B OJHOM U3 LSATH IPOU3BeneHuil, paBubix t2. Eciu gucia,
MeHBIIIe ¢, B 3TUX MPOM3BEJCHUSIX CyTh by < by < b3 < by < by u t? = bibig = babg = bgbg = byby = bsbg, TO
b1 < by < bz < by < by <bg <by <bg < by < big — TakXKe ynopsaodeHne UCXoanbix uncea. Ho rorma a; = b; upn
BCEX i, TO €CTh a1 + ajpg — az + ag M aja1g — aga9. OTCIO/ILEL cjIeayer, 4To a1p = a2 u ag = a10, IpoTUBOpEYNE.

IIpumep, B KOTOPOM paBHBI YeTHIPE TPOU3BEJIEHNSI, CTPOUTCS, HarpuMep, Tak. llomoxum 1 = 0,9, o = 2 —
—xop—1upn 1 <k <b5uaxgpy) = i mpu 1 < k < 4. Tlpustom x1+2x2 = x3+24 = x5+ = T7+2g = xg+x19 = 2
U ToT3 = T4T5 = Texy = xgT9 = 1. IIoCKONBKY, 09eBUIHO, T < ﬁ <lmpm 0 <z <1, umeeM 1 < 23 < x5 <
<axr<zrg<l<zipg <y <x6 < Ty < T2, TO €CTh Bce nocTpoentbie 10 uuces aeficTBUTENIBHO PA3IUYHDI.

Cxema olieHUBaHUS

JlokazaTeIbCTBO TOTO, UTO B O PABHBIX CYMMAaX BCTPEYAIOTCSI BCE YUCIIA IO OTHOMY Pa3y: .......... 0 6anmoB
JlokazaTeabCTBO TOTO, UTO PABHBIX MPOU3BEICHUI HE 00166 4: ... .. e 3 basra
IIpuMep 4 PABHBIX MPOMBBEIMEHIMI . . ..ottt ettt ettt e e e e e e et e e et 3 basna
TIOMHOE POITIEHIE: . .. .ttt e e e e e e e e e e e e et e e e e e e ettt 7 6aJL10B

B npuMepe He TOKA3aHO, TTO TUCTA PABTTITHDBLL .. vttt ettt ettt et ettt e et et e e e —1 6aswt



3amaya 5

Janma Tabsuna m X n, rae mn geaurcd wva 6. B sroit Tabiune noaockoli HazoséM Jir000# npaMoyroabHuK 1 X 3
w3 X 1, a domunowkoti — a000i mpaMoyroabHuk 1 X 2 mam 2 X 1. Tabauny 3amocruan mosockamu. JlokakuTe,
YTO HOBEPX TOT0 3aMOIIEHUS TabJINIY MOXKHO 3aMOCTHUTH JTOMUHOIIKAMU TaK, 9TO B KAXKJOW MOJIOCKE JBE KJIETKH
Oy/lyT HAKPBITHI OHOM JOMUHOMKON n emé omna — apyroit. (Ilpu 3aMommennn npsMoyroEHIKA MOKPBIBAIOT BCIO
TabJINIly U He TEPEKPBIBAIOTCS MEXKIY COOOI.)

Peinenue. He orpanunuuBas o6ITHOCTH, TPEIIIOIO0ZKAM, UTO YACI0 M 4€THOE. PaccMOTpUM OTHIENBHO JIBa CiIydas,
B 3aBUCHUMOCTH OT YETHOCTH HHCJIA 7.

Cnyuaii 1: n 4étHo. Pazobbém Tabauily Ha KBaJApaTHKH 2 X 2. 3aMeTHM, UTO B KayKI0# TTOJOCKE HEKOTOPHIE TBE
COCEe/IHME KJIETKM JIE’KAT B OJIHOM KBAaJPATHKE, TTOKPOEM dTH KJETKW JOMUHOIIKON. Terepsb st KaxkJ0ro KBa/l-
paTHKa BBIMOJHEHA OJIHA M3 TPEX BO3MOMKHOCTEH: 1) BCE €ro KJIETKH MOKPBITHI JTOMUHOIIKAMHI; 2) Mapa COCEIHUX
KJIETOK TIOKPBITA JOMHHONIKON, a JIBe APyrHe KJIETKH He HOKPBITHI — IMOKPOEM HX HOBOH JOMMHOIIKOI; 3) BCe
JeThIpe KJIETKH He TMOKPBLITHI — MOKPOEeM WX JBYMsS HOBBIMHU JOMHUHOIIKaMU. HeTpyaHO BUAETH, UTO MOJyYIEHHOE
3aMOIIEHUE YAOBICTBOPSET YCIOBUK 3aaUNU.

Cnyuaii 2: n HeuéTHo. Pazobbem mpsiMoyrosbHuK m X (n — 1) Ha KBagpaTmKy 2 X 2, a OCTaBIIMiCS CTOIOEI]
m X 1 — Ha npsMoyronbaukn 2 X 1. CHOBa, B KaXK/10# MOJIOCKE HEKOTOPHIE IBE COCETHUE KJETKU JIEKAT B OJTHOM
KBRIPATUKE 2 X 2 WK TPAMOYTOJbHUKE 2 X 1, TOITOMY MBI CMOXKEM TOJIYIUThL TpebyeMoe 3aMOIIeHe AHATOTHIHO
TTEPBOMY CJIYYAIO.

Cxema orieHUBaHUIA

Paccymorpenne ciygueB, B KOTOPBIX M WK N IPUHAMAET KOHEUHOE GHCIO0 3HATCHHA: ........oovvn.... 0 6ajI0B

]__.[OHI)ITKI/I IIOLIaroOBOIO HOCTpoeHI/IH Tpe6yeMoro SaMomeHHH, KOTOpre HE HpI/IBeﬂI/I K HOHHOMy pelHeHI/HO: - 0
OaJLIOB

Bsenenne B paccmoTpenne rpada ¢ BEPIIMHAMU—TIONOCKAMHI B PEOPAMU, COETUHSIIONINMEA APl TOJOCOK, KOTO-
pble MOXKHO 3aMOCTUTH TpeMH JOMUHOIIIKaMM C CO6J’[IO,Z[€HI/I€M ch’[OBHHZ ........................................ O
6aJLI0B

JlokazaTeabCTBO TOTO, UTO Ipad, ONMUCAHHDBIN BBITIE, ABIAETC JBYAOIBHBIM | .« utee e e neneannn 0 6amioB

Pemenne 3agaun B TPeANOTOKEHTH, TTO M T 70 TETHBIE! .« et nttttt et ettt e e e e e eaieeens 4 basuia



3ama4da 6

Memuanbl Tpeyroabanka ABC nepecekarorca B Touke G. Cpenu mecru yriaos GAB, GAC, GBA, GBC, GCA,
GCB ecthb He MeHee TPEX, KAXKIBIN U3 KOTOPHIX HE MeHbITe «v. [Ipr KakoM HaubOIBINIEM (v 9TO MOTJIO TTPOM30HTH !

OtBer. o = arcsin —— = arctg—L- = arccos /2.
g 2 3

V3
Pemrenne. O603HawNM (g = arcsin —=.
0 V3

Jns Hagaja mperbsiBUM TPEYTOMLHUK, B KOTOPOM TPH W3 PACCMOTPEHHBIX VIJIOB HE MEHBINE (y. ITO OyeT
npsMOyTobHBI Tpeyrombunk ABC, B kotopom ZC = 90°, AC = 2 u BC = /2. Torna ZBAC = ag. Iycrs
M wu N — cepemunnt cropodn AB u AC' coorBercreenno. Ilpsmoyromsabie Tpeyrossauku NCB u BC'A 1ojnobHbI,
tak aro ZNBC = «qg. Tpeyrompauk M AC — pasuobeapennsiit, mostomy L MCA = LMAC = «y. Hakomerr,
/MCB =90°— ZMCA = 90° — ag > ap. Urak, kaxyapiit u3 yrnos GBC, GCA n GCB ne menbie ay.

Ocramoch 10Ka3aTh, 9TO B MPOU3BOJIHHOM Tpeyronbauke ABC MakCHMyM [Ba U3 pacCMATPUBAEMBIX IIECTH
YTJIOB MOTYT OKAa3aThCsl CTPOTO GOMbIe . MBI okaxkeMm, dTo MakcuMyM oaumu u3 yriaos GAB, GBC u GCA
MOYKET TIPEBBIMIATE (y; JJIsI OCTAJBHBIX TPEX YIJIOB PACCYKICHUE aHAJIOTHIHO.

[Ipeamonarast MpOTUBHOE, MOYKHO CUIUTATDH, ITO yriibl /GAB n /G BC ctporo 6osbine . Torma Kaxbiit w3
nux Menbine, geM 180° — ag, nbo ux cymma menbie 180°. [TosTromy crHyC KaxkKa0r0 m3 9TUX ABYX YIJIOB DOJIBIIIE,

: 1
qeM SIn oy = 7
3

IIycts K — cepennna BC, torma KA = 3KG. C apyroit CTOpOHBI, TI0 TeOpeMe CHHYCOB HMeeM

KA sinéKBA< 1 KB sin/ZKGB < 1
= AHAJIOTUIHO = .
KB sin/KAB " sinag’ KG sin/ZKBG ~ sinag
Orcrona
KA KA KB 1
3= = . <= — =3
KG KB KG sin“ag
DTO MPOTUBOPEYNE 3ABEPIIAET PEIEHNE.
Cxema orieHUBaHUA
1. TOMBKO OTBET ottt ittt ettt ettt e et e e e e e e e e e e e e e e e e 0 6asmoB.
2. Tpumep (c obocHOBaHMEM ), B KOTOPOM TPH yIJIa HE MEHbBIIE () = arcsin % ...................... 2 baJuna.

3. HokazaresbcTBO TOTO, uT0 HamboJibiee 3HadeHre o OoJibitre 30° ... ... i 0 6asm0B.



Problem 4

The teacher has given 10 disinct positive numbers to his students. Serge found all their 45 pairwise sums; five of
these sums are equal. Pete found all their 45 pairwise products. What maximum number of equal products can be
among Pete’s numbers?

Answer. 4.

Peinenue. Let 2s be the number that appears five times among the pairwise sums. One number obviously cannot
appear in two of these sums (otherwise the other summands in these sums are also equal). Therefore the five
sums equal to 2s contain each of the ten numbers exactly once. In each of these sums one number is less than
s and another is greater than s. Let the terms less than s, in increasing order, be a; < az < a3z < a4 < as.
Writing 2s = a1 + a19 = a2 + a9 = a3 + ag = a4 + a7y = a5 + ag, we obtain the ordering of all the ten numbers:
ap<ay<az<ag<as<ag<ay<ag <ag < ajg-

If some product 2, too, appears five times among the pairwise products, then, similarly, each of the ten numbers
appears exactly once in those five products. If the smaller factors in these products are by < by < b3 < by < b5 and
2 = b1b1g = babg = b3bg = bsby = bsbg, then by < by < bz < by < by < bg < by < bg < bg < byg is also an ordering
of the original numbers. But then a; = b; for all ¢, that is, a1 + a19 = a2 + ag and aja19 = agag. It follows that
a1 = ao and ag = ajg, a contradiction.

An example with four equal products can be constructed in the following way. Let 1 = 0,9, 2o = 2 — Top_1
for 1 <k <5 and zop41 = i for 1 <k<4. Then 21 +2x9 =23+ T4 = T5 + Tg = T7 + 8 = Tg + 19 = 2 and
TolTy = T4Ts = Texy = TgTg = 1. Since obviously z < ﬁ <lfor0<x <1, wehave 11 < 3 < x5 < 7 < Tg9 <
<1<z <zg <6<y <29, and the 10 numbers in this example are indeed distinct.

Marking scheme

Proof that the five equal sums contain every number exactly once: .......... ... .o .. 0 points
Proof that five products cannot be equal: . ... ... .. 3 points
Example of 4 equal products: ... ... 3 points
Complete sOlULION: ..o e 7 points

In the example, the numbers are not proved to be distinct: ........ ... ... ... —1 point



Problem 5

A table m x n is given, where mn is divisible by 6. In this table a stripe is any 1 x 3 or 3 x 1 rectangle, and a
domino is any 1 x 2 or 2 x 1 rectangle. The table is tiled with stripes. Prove that on top of this tiling the table
can be tiled with dominoes so that in each stripe some two cells are covered by one domino and the remaining cell
is covered by another domino. (The table is tiled by rectangles if the rectangles cover the entire table and do not
overlap with each other.)

Pemenue. Without loss of generality suppose m is even. Consider two cases depending on the parity of n.

Case 1: n is even. Partition the table into 2 x 2 squares. Note that in each stripe some two adjacent cells belongs
to the same square, let’s cover them by a domino. Now for each square there are three possibilities: 1) all it’s cells
are covered by dominoes; 2) one pair of adjacent cells is covered by a domino and other two adjacent cells are
uncovered — let’s cover them by a domino; 3) all it’s cells are uncovered — let’s cover them with two dominoes.
Clearly, we ontained the required tiling wih dominoes.

Case 2: n is odd. Partition the table m x (n — 1) into 2 x 2 squares and partition the rest m x 1 column with
2 x 1 rectangles. Again, in each stripe some two adjacent cells belongs to the same 2 x 2 square or 2 x 1 rectangle,
hence we can obtain the required tiling similarly to the case 1.

Marking scheme

Considering any cases where m and n have finite number of values: ............ ... ... .. ... ... ... 0 points
Unsuccessful attempts to construct the tiling step by step: ... oo i 0 points
Introducing the graph with vertices—stripes and the edges connecting the stripes which can be tiled with two
0 o) 441410 Y= 0 points
Proof that the graph described above is bipartite: ...... ... . 0 points

Solution of the problem for even m and m: ... ... 4 points



Problem 6

The medians of a triangle ABC concur at point G. Among the six angles GAB, GAC, GBA, GBC, GCA, GCB
there are at least three angles each of which is at least a. Determine the largest o for which this is possible.

Answer. o = arcsin 1 = arctan L = arccos \/2
V3 V2 3

Pemenne. Denote oy = arcsin %

We start with presenting a triangle in which three desired angles are at least ag. Let ABC be a right triangle
with ZC = 90°, AC = 2, and BC = /2. Then /ZBAC = «ag. Let M and N be the midpoints of AB and AC,
respectively. The right triangles NCB and BC'A are similar, so ZNBC = «ap. The triangle M AC is isosceles, so
LIMCA=/MAC = «ap. Finally, ZMCB = 90° — ZMCA = 90° — a9 > a. Hence each of the angles GBC, GCA,
and GCB is at least ay.

It remains to prove that, in an arbitrary triangle ABC, at most two of the six angles can be strictly larger than
ap. We will show that at most one of the angles GAB, GBC, and GCA is larger than «ag; the argument for the
other three angles is similar.

Arguing indirectly, we may assume without loss of generality that /GAB and /G BC are both strictly greater
than ag. Then each of them is also less than 180° — «, as their sum is less than 180°. Therefore, the sine of either

angle is greater than sinag = %

Let K be the midpoint of BC'; then KA = 3K (G. On the other hand, by the sines theorem, we have

KA sin/ZKBA < 1 4. similar] KB sin/ZKGB < 1
= and, similar = .
KB sin ZKAB " sinag ’ ¥ KG~ sinZKBG " sinag
Therefore,
KA KA KB 1
3= =" .7 < =3
KG KB KG sin®ag
This contradiction finishes the proof.
Marking scheme
1. The answer Only: ... o e 0 points.
2. An example (with proof) with three angles greater or equal to ag = arcsin %: ................... 2 points.

3. Proof that the largest « is greater than 30°%: ... ... . 0 points.





