
4-åñåï

Ì´¡àëiì î©óøûëàð¡à 10 ºðò³ðëi î ñàí áåðäi. Ñåðãåé åêi ñàííàí ò´ðàòûí áàðëû© 45 æ´ïòû àëûï, ºð æ´ïòà¡û

ñàíäàðäû ©îñûíäûñûí åñåïòåäi. Ñîíäà îëàðäû iøiíäå °çàðà òå áåñ ©îñûíäû òàáûë¡àí. Ïåòÿ åêi ñàííàí

ò´ðàòûí áàðëû© 45 æ´ïòû àëûï, ºð æ´ïòà¡û ñàíäàðäû ê°áåéòiíäiñií åñåïòåäi. Ïåòÿ àë¡àí ê°áåéòiíäiëåðäi

iøiíäå å ê°ï äåãåíäå íåøåói °çàðà òå áîëóû ì³ìêií?

Æàóàáû. 4.

Øåøói. Áåñ æ´ïòà¡û ñàíäàðäû ©îñûíäûñû 2s-êå òå áîëñûí. 2s-êå ©îñûíäûäà áið ñàí åêi ðåò êåçäåñå

àëìàéòûíû àé©ûí, °éòêåíi êåði æà¡äàéäà ñîë æ´ïòàðäà¡û åêiíøi ñàíäàð äà òå áîëó êåðåê, àë îë ì³ìêií

åìåñ. Ñîíäû©òàí áåñ ©îñûíäûäà áåðiëãåí 10 ñàííû ºð©àéñûñû áið áiðäåí êåçäåñåäi. Äåìåê, ºð æ´ïòà¡û åêi

ñàííû áiðåói s-òåí êiøi, åêiíøiñi s-òåí ³ëêåí áîëóû êåðåê. s-òåí êiøi ñàíäàðäû °ñó ðåòiìåí òiçiï æàçàéû©:

a1 < a2 < a3 < a4 < a5. Îëàðäû æ´ïòàðû ³øií äå 2s = a1 + a10 = a2 + a9 = a3 + a8 = a4 + a7 = a5 + a6
©îñûíäûñûí æàçñà©, áàðëû© 10 ñàíäû ðåòòåï øû¡à àëàìûç: a1 < a2 < a3 < a4 < a5 < a6 < a7 < a8 < a9 <
< a10.

Åíäi, åãåð åêi ñàííàí ©´ðàë¡àí æ´ïòà¡û ñàíäàðäû ê°áåéòiíäiñi t2-©à òå áîëàòûí 5 ê°áåéòiíäi òàáûëñûí.
Îíäà, æî¡àðûäà¡ûäàé, îñû 5 æ´ïòà¡û 10 ñàííû àðàñûíäà ºð ñàí äºë áið ðåòòåí êåçäåñåäi. Åãåð îëàðäû

iøiíäå t-äàí êiøi ñàíäàð b1 < b2 < b3 < b4 < b5 ñàíäàðû áîëñà, àë ©àë¡àíäàðû ³øií t2 = b1b10 = b2b9 = b3b8 =
= b4b7 = b5b6, áîëñà, îíäà b1 < b2 < b3 < b4 < b5 < b6 < b7 < b8 < b9 < b10 ñàíäàðû áàðëû© 10 áåðiëãåí ñàíäàð,

°ñó ðåòiìåí òiçiëiï æàçûë¡àí ñàíäàð áîëàäû. Áiðà© á´ë æà¡äàéäà áàðëû© i ³øií ai = bi òåäiãi îðûíäàëàäû
äà, îñûäàí a1 + a10 = a2 + a9 æºíå a1a10 = a2a9 åêåíi øû¡àäû. Îñûäàí a1 = a2 æºíå a9 = a10 åêåíi øû¡àäû,
àë îë åñåï øàðòûíà ©àéøûëû©. Äåìåê, Ïåòÿ àë¡àí ê°áåéòiíäiëåðäi iøiíäå å °çàðà òå ê°áåéòiíäiëåð ñàíû

4-òåí àðòû© åìåñ.

Ïåòÿ àë¡àí ê°áåéòiíäiëåðäi iøiíäå áiðäåé 4 ê°áåéòiíi òàáûëàòûíäàé ìûñàë êåëòiðåéiê. 1 ≤ k ≤ 5 ³øií

x1 = 0,9 æºíå x2k = 2− x2k−1 áîëñûí, àë 1 ≤ k ≤ 4 áîë¡àíäà x2k+1 =
1
2k áîëñûí. Îñû¡àí ©îñà x1 + x2 = x3 +

+x4 = x5+x6 = x7+x8 = x9+x10 = 2 æºíå x2x3 = x4x5 = x6x7 = x8x9 = 1 òåäiêòåði îðûíäàëàäû. 0 < x < 1
áîë¡àíäà x < 1

2−x < 1 åêåíi àé©ûí, ñîíäû©òàí x1 < x3 < x5 < x7 < x9 < 1 < x10 < x8 < x6 < x4 < x2, äåìåê
îñûëàé ©´ðàñòûðûë¡àí áàðëû© 10 ñàí ºðò³ðëi áîëàäû.

Áà¡àëàó ñõåìàñû

�çàðà òå áåñ ©îñûíäûäà ºð ñàí áið-áiðäåí êåëåòiíi ê°ðñåòiëñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 ´ïàé

Áiðäåé ê°áåéòiíäiëåð ñàíû 4-òåí àðòû© åìåñ åêåíäiãi ê°ðñåòiëñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 ´ïàé

4 áiðäåé ê°áåéòiíäi ³øií ìûñàë êåëòiðñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 ´ïàé

Òîëû© øåøiì: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 ´ïàé

Ìûñàë êåëòiðãåíäå ñàíäàð ºðò³ðëi åêåíi äºëåëäåíáåñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . −1 ´ïàé



5-åñåï

m× n êåñòåñi áåðiëãåí, ì´íäà mn ñàíû 6-¡à á°ëiíåäi. Á´ë êåñòåäå êåç êåëãåí 1× 3 íåìåñå 3× 1 °ëøåìäi

òiêò°ðòá´ðûøòû æîëà© äåï, àë êåç êåëãåí 1× 2 íåìåñå 2× 1 °ëøåìäi òiêò°ðòá´ðûøòû äîìèíî äåï àòàéû©.

Êåñòåíi æîëà©òàðìåí ò°ñåï øû©©àí. �ð æîëà©òû åêi ´ÿøû¡û áið äîìèíîìåí, àë ³øiíøi ´ÿøû¡û åêiíøi

äîìèíîíû áið ´ÿøû¡ûìåí æàáûëàòûíäàé åòiï, îñû ò°ñåóäi ³ñòiíåí òà©òàíû òà¡û äà äîìèíîëàðìåí ò°ñåï

øû¡ó¡à áîëàòûíûí äºëåëäåiç. (Ò°ñåó êåçiíäå òiêò°ðòá´ðûøòàð êåñòåíi òîëû¡ûìåí æàáàäû, àë áið áiðií

æàïïàéäû.)

Øåøói. Æàëïûëû©òû ñà©òàé îòûðûï, m ñàíû æ´ï ñàí äåï åñåïòåéiê. Åêi æà¡äàé ©àðàñòûðàéû©.

1-æà¡äàé: n�æ´ï ñàí. Áàñòàï©û êåñòåíi °ëøåìäåði 2×2 áîëàòûí øàðøûëàð¡à á°ëåéiê. Îíäà ºð æîëà©òà
©àíäàé äà åêi ê°ðøi ´ÿøû© áið øàðøûäà æàòàäû. Îñû åêi ´ÿøû©òû äîìèíîìåí æàáàéû©. Åíäi ºð øàðøûäà

êåëåñi ³ø ì³ìêiíäiêòi áiðåói îðûíäàë¡àí: 1) îíû áàðëû© ´ÿøû©òàðû äîìèíîìåí æàáûë¡àí; 2) åêi ê°ðøi

´ÿøû©òàð äîìèíîìåí æàáûë¡àí, àë ©àë¡àí åêi ´ÿøû© æàáûëìà¡àí. Îëàðäû æàà äîìèíîìåí æàáàéû©; 3)

øàðøûäà¡û ò°ðò ´ÿøû©òû åø©àéñûñû äîìèíîìåí æàáûëìà¡àí. Îëàðäû áàðëû¡ûí åêi æà¡à äîìèíîìåí

æàáàìûç.

Îñûëàé æàñàëûí¡àí ò°ñåó åñåï øàðòûí ©àíà¡àòòàíäûðàòûíûí áàé©àó ¡àíà ©àëäû.

2-æà¡äàé: n� òà© ñàí. Á´ë æà¡äàéäàm×(n−1) òiêò°ðòá´ðûøûí 2×2øàðøûëàðûíà á°ëåéiê òå, àë ©àë¡àí
á°ëiãií, ÿ¡íè m× 1 òiêò°ðòá´ðûøûí 2× 1 äîìèíîëàðûíà á°ëåéiê. Äºë æî¡àðûäà¡ûäàé, ºð æîëà©òà ©àíäàé

äà åêi ê°ðøi ´ÿøû© íåìåñå 2× 2 °ëøåìäi øàðøûäà, íåìåñå 2× 1 òiêò°ðòá´ðûøûíäà æàòûð. Ñîíäû©òàí áiç
1-æà¡äàéäà¡ûäàé áiçãå êåðåê ò°ñåóäi æàñàé àëàìûç.

Áà¡àëàó ñõåìàñû

m íåìåñå n ñàíäàðûí íà©òû ñàí¡à òååñòiðiï øåøiëãåí åñåï: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 ´ïàé

Ò°ñåóäi àäûìäàï áàñòàï, ñîûíäà êåðåê íºòèæå àëìàñà: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 ´ïàé

Ò°áåëåði æîëà©òàð áîëàòûí, ºði åñåï øàðòû îðûíäàëàòûíäàé åêi æîëà©òû ©îñàòûí ³ø äîìèíîíû æàáà

àëàòûíäàé, ãðàô åíãiçiï îíû ©àðàñòûð¡àí êåçäå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 ´ïàé

Æî¡àðûäà¡û ©àðàñòûðûë¡àí ãðàô åêi æàðíà©òû åêåíií äºëåëäåñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 ´ïàé

Åñåïòi m íåìåñå n ñàíûí æ´ï äåï àëûï øåøñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .4 ´ïàé



6-åñåï

ABC ³øá´ðûøûíû ìåäèàíàëàðû G í³êòåñiíäå ©èûëûñàäû. Àëòû GAB, GAC, GBA, GBC, GCA, GCB
á´ðûøòàðûíû iøiíäå êåìiíäå ³øåóiíi ºð©àéñûñû α-äàí êåì åìåñ. α-íû ©àíäàé å ³ëêåí ìºíiíäå îñûíäàé
æà¡äàé îðûíäàëà àëàäû?

Æàóàáû. α = arcsin 1√
3
= arctg 1√

2
= arccos

√
2
3 .

Øåøói. α0 = arcsin 1√
3
äåï áåëãiëåéiê.

Àëäûìåí áåðiëãåí æàóàïòû ©àíà¡àòòàíäûðàòûí ³øá´ðûø©à ìûñàë êåëòiðåéiê. ∠C = 90◦, AC = 2 è

BC =
√
2 áîëàòûí òiêá´ðûøòû ABC ³øá´ðûøûí ©àðàñòûðàéû©. Îíäà ∠BAC = α0. M æºíå N í³êòåëåði,

ñºéêåñiíøå, AB æºíå AC ©àáûð¡àëàðûíû îðòàëàðû áîëñûí. △NCB ∼ △BCA, °éòêåíi ∠NBC = α0. MAC
³øá´ðûøû òåá³éiðëi, ñîíäû©òàí ∠MCA = ∠MAC = α0. Ñîûíäà, ∠MCB = 90◦−∠MCA = 90◦−α0 > α0.

Ñîíäà GBC, GCA æºíå GCB á´ðûøòàðû α0-äàí êåì åìåñ.

Åíäi êåç êåëãåí ³øá´ðûøòà ©àðàñòûðûëûï æàò©àí àëòû á´ðûøòû å ê°ï äåãåíäå åêåói α0-äåí ³ëêåí

áîëà àëàòûíûí äºëåëäåéiê. GAB, GBC æºíå GCA á´ðûøòàðûíû å ê°ï äåãåíäå áiðåói ¡àíà α0-äåí ³ëêåí

åêåíií äºëåëäåéiê, àë ©àë¡àí ³ø á´ðûø ³øií äºë îñûëàé ò´æûðûìäàð îðûíäàëàäû.

Êåði æîðèû©, ÿ¡íè ∠GAB æºíå ∠GBC á´ðûøòàðû α0-äåí ³ëêåí áîëñûí. Îíäà îëàðäû ºð©àéñûñû

180◦−α0-äåí êiøi, °éòêåíi îëàðäû ©îñûíäûñû 180◦-òàí êiøi. Ñîíäû©òàí îñû åêi á´ðûøòû ºð©àéñûñûíû

ñèíóñû sinα0 =
1√
3
-òåí ³ëêåí.

K í³êòåñi BC-íû îðòàñû áîëñûí. Îíäà KA = 3KG. Áàñ©à æà¡ûíàí, ñèíóñòàð òåîðåìàñû áîéûíøà,

KA

KB
=

sin∠KBA

sin∠KAB
<

1

sinα0
, äºë îñûëàé

KB

KG
=

sin∠KGB

sin∠KBG
<

1

sinα0
.

Îñûäàí

3 =
KA

KG
=

KA

KB
· KB

KG
<

1

sin2 α0
= 3.

Ñî¡û òåäiêòåð ©àéøûëû© áåðåäi.

Áà¡àëàó ñõåìàñû

1. Òåê æàóàï ©àíà êåëòiðiëñå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 ´ïàé.

2. Æàóàïïåí ©îñà åñåï øàðòûí ©àíà¡àòòàíäûðàòûí ³øá´ðûø ìûñàëû êåëòiðiëñå (äºëåëäåóiìåí): 2 ´ïàé.

3. α-íû å ³ëêåí ìºíi 30◦-òàí ³ëêåí åêåíi äºëåëäåíñå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 ´ïàé.



Çàäà÷à 4

Ó÷èòåëü âûäàë äåòÿì 10 ðàçëè÷íûõ ïîëîæèòåëüíûõ ÷èñåë. Ñåð¼æà âû÷èñëèë âñå 45 èõ ïîïàðíûõ ñóìì;

ñðåäè íèõ íàøëîñü ïÿòü ðàâíûõ ÷èñåë. Ïåòÿ âû÷èñëèë âñå 45 èõ ïîïàðíûõ ïðîèçâåäåíèé. Êàêîå íàèáîëüøåå

êîëè÷åñòâî èç íèõ ìîãëè îêàçàòüñÿ ðàâíûìè?

Îòâåò. 4.

Ðåøåíèå. Ïóñòü ñðåäè ïîïàðíûõ ñóìì âñòðå÷àåòñÿ ïÿòü ðàç ÷èñëî 2s. Î÷åâèäíî, îäíî è òî æå ÷èñëî íå

ìîæåò âñòðå÷àòüñÿ â äâóõ ñóììàõ, ðàâíûõ 2s (âòîðûå ñëàãàåìûå òîãäà òîæå äîëæíû áûëè áû ñîâïàäàòü).

Ïîýòîìó â ïÿòè ñóììàõ, ðàâíûõ 2s, âñòðå÷àþòñÿ ïî îäíîìó ðàçó âñå 10 ÷èñåë. Â êàæäîé èç íèõ îäíî ñëàãàåìîå

ìåíüøå s, à äðóãîå áîëüøå. Óïîðÿäî÷èì ñëàãàåìûå, ìåíüøèå s, ïî âîçðàñòàíèþ: a1 < a2 < a3 < a4 < a5.
Çàïèñûâàÿ 2s = a1+a10 = a2+a9 = a3+a8 = a4+a7 = a5+a6, ïîëó÷àåì óïîðÿäî÷åíèå âñåõ äåñÿòè èñõîäíûõ

÷èñåë: a1 < a2 < a3 < a4 < a5 < a6 < a7 < a8 < a9 < a10.
Åñëè è íåêîòîðîå ïðîèçâåäåíèå t2 âñòðå÷àåòñÿ ñðåäè ïîïàðíûõ ïðîèçâåäåíèé ïÿòü ðàç, òî àíàëîãè÷íûì

îáðàçîì êàæäîå èç äåñÿòè ÷èñåë âñòðå÷àåòñÿ ðîâíî â îäíîì èç ïÿòè ïðîèçâåäåíèé, ðàâíûõ t2. Åñëè ÷èñëà,

ìåíüøèå t, â ýòèõ ïðîèçâåäåíèÿõ ñóòü b1 < b2 < b3 < b4 < b5 è t2 = b1b10 = b2b9 = b3b8 = b4b7 = b5b6, òî
b1 < b2 < b3 < b4 < b5 < b6 < b7 < b8 < b9 < b10 � òàêæå óïîðÿäî÷åíèå èñõîäíûõ ÷èñåë. Íî òîãäà ai = bi ïðè
âñåõ i, òî åñòü a1 + a10 = a2 + a9 è a1a10 = a2a9. Îòñþäà ñëåäóåò, ÷òî a1 = a2 è a9 = a10, ïðîòèâîðå÷èå.

Ïðèìåð, â êîòîðîì ðàâíû ÷åòûðå ïðîèçâåäåíèÿ, ñòðîèòñÿ, íàïðèìåð, òàê. Ïîëîæèì x1 = 0, 9, x2k = 2 −
−x2k−1 ïðè 1 ≤ k ≤ 5 è x2k+1 =

1
2k ïðè 1 ≤ k ≤ 4. Ïðè ýòîì x1+x2 = x3+x4 = x5+x6 = x7+x8 = x9+x10 = 2

è x2x3 = x4x5 = x6x7 = x8x9 = 1. Ïîñêîëüêó, î÷åâèäíî, x < 1
2−x < 1 ïðè 0 < x < 1, èìååì x1 < x3 < x5 <

< x7 < x9 < 1 < x10 < x8 < x6 < x4 < x2, òî åñòü âñå ïîñòðîåííûå 10 ÷èñåë äåéñòâèòåëüíî ðàçëè÷íû.

Ñõåìà îöåíèâàíèÿ

Äîêàçàòåëüñòâî òîãî, ÷òî â 5 ðàâíûõ ñóììàõ âñòðå÷àþòñÿ âñå ÷èñëà ïî îäíîìó ðàçó: . . . . . . . . . . 0 áàëëîâ

Äîêàçàòåëüñòâî òîãî, ÷òî ðàâíûõ ïðîèçâåäåíèé íå áîëåå 4: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 áàëëà

Ïðèìåð 4 ðàâíûõ ïðîèçâåäåíèé: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

Ïîëíîå ðåøåíèå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 áàëëîâ

Â ïðèìåðå íå äîêàçàíî, ÷òî ÷èñëà ðàçëè÷íû: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . −1 áàëë



Çàäà÷à 5

Äàíà òàáëèöà m × n, ãäå mn äåëèòñÿ íà 6. Â ýòîé òàáëèöå ïîëîñêîé íàçîâ¼ì ëþáîé ïðÿìîóãîëüíèê 1 × 3
èëè 3× 1, à äîìèíîøêîé � ëþáîé ïðÿìîóãîëüíèê 1× 2 èëè 2× 1. Òàáëèöó çàìîñòèëè ïîëîñêàìè. Äîêàæèòå,
÷òî ïîâåðõ ýòîãî çàìîùåíèÿ òàáëèöó ìîæíî çàìîñòèòü äîìèíîøêàìè òàê, ÷òî â êàæäîé ïîëîñêå äâå êëåòêè

áóäóò íàêðûòû îäíîé äîìèíîøêîé è åù¼ îäíà � äðóãîé. (Ïðè çàìîùåíèè ïðÿìîóãîëüíèêè ïîêðûâàþò âñþ

òàáëèöó è íå ïåðåêðûâàþòñÿ ìåæäó ñîáîé.)

Ðåøåíèå. Íå îãðàíè÷èâàÿ îáùíîñòè, ïðåäïîëîæèì, ÷òî ÷èñëî m ÷¼òíîå. Ðàññìîòðèì îòäåëüíî äâà ñëó÷àÿ,

â çàâèñèìîñòè îò ÷¼òíîñòè ÷èñëà n.
Ñëó÷àé 1: n ÷¼òíî. Ðàçîáü¼ì òàáëèöó íà êâàäðàòèêè 2× 2. Çàìåòèì, ÷òî â êàæäîé ïîëîñêå íåêîòîðûå äâå

ñîñåäíèå êëåòêè ëåæàò â îäíîì êâàäðàòèêå, ïîêðîåì ýòè êëåòêè äîìèíîøêîé. Òåïåðü äëÿ êàæäîãî êâàä-

ðàòèêà âûïîëíåíà îäíà èç òð¼õ âîçìîæíîñòåé: 1) âñå åãî êëåòêè ïîêðûòû äîìèíîøêàìè; 2) ïàðà ñîñåäíèõ

êëåòîê ïîêðûòà äîìèíîøêîé, à äâå äðóãèå êëåòêè íå ïîêðûòû � ïîêðîåì èõ íîâîé äîìèíîøêîé; 3) âñå

÷åòûðå êëåòêè íå ïîêðûòû � ïîêðîåì èõ äâóìÿ íîâûìè äîìèíîøêàìè. Íåòðóäíî âèäåòü, ÷òî ïîëó÷åííîå

çàìîùåíèå óäîâëåòâîðÿåò óñëîâèþ çàäà÷è.

Ñëó÷àé 2: n íå÷¼òíî. Ðàçîáüåì ïðÿìîóãîëüíèê m × (n − 1) íà êâàäðàòèêè 2 × 2, à îñòàâøèéñÿ ñòîëáåö

m × 1 � íà ïðÿìîóãîëüíèêè 2 × 1. Ñíîâà, â êàæäîé ïîëîñêå íåêîòîðûå äâå ñîñåäíèå êëåòêè ëåæàò â îäíîì

êâàäðàòèêå 2× 2 èëè ïðÿìîóãîëüíèêå 2× 1, ïîýòîìó ìû ñìîæåì ïîëó÷èòü òðåáóåìîå çàìîùåíèå àíàëîãè÷íî

ïåðâîìó ñëó÷àþ.

Ñõåìà îöåíèâàíèÿ

Ðàññìîòðåíèå ñëó÷åâ, â êîòîðûõ m èëè n ïðèíèìàåò êîíå÷íîå ÷èñëî çíà÷åíèé: . . . . . . . . . . . . . . . . 0 áàëëîâ

Ïîïûòêè ïîøàãîâîãî ïîñòðîåíèÿ òðåáóåìîãî çàìîùåíèÿ, êîòîðûå íå ïðèâåëè ê ïîëíîìó ðåøåíèþ: . . . 0

áàëëîâ

Ââåäåíèå â ðàññìîòðåíèå ãðàôà ñ âåðøèíàìè�ïîëîñêàìè è ð¼áðàìè, ñîåäèíÿþùèìè ïàðû ïîëîñîê, êîòî-

ðûå ìîæíî çàìîñòèòü òðåìÿ äîìèíîøêàìè ñ ñîáëþäåíèåì óñëîâèÿ: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0

áàëëîâ

Äîêàçàòåëüñòâî òîãî, ÷òî ãðàô, îïèñàííûé âûøå, ÿâëÿåòñÿ äâóäîëüíûì : . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

Ðåøåíèå çàäà÷è â ïðåäïîëîæåíèè, ÷òî m è n ÷¼òíûå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 áàëëà
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Ìåäèàíû òðåóãîëüíèêà ABC ïåðåñåêàþòñÿ â òî÷êå G. Ñðåäè øåñòè óãëîâ GAB, GAC, GBA, GBC, GCA,
GCB åñòü íå ìåíåå òð¼õ, êàæäûé èç êîòîðûõ íå ìåíüøå α. Ïðè êàêîì íàèáîëüøåì α ýòî ìîãëî ïðîèçîéòè?

Îòâåò. α = arcsin 1√
3
= arctg 1√

2
= arccos

√
2
3 .

Ðåøåíèå. Îáîçíà÷èì α0 = arcsin 1√
3
.

Äëÿ íà÷àëà ïðåäúÿâèì òðåóãîëüíèê, â êîòîðîì òðè èç ðàññìîòðåííûõ óãëîâ íå ìåíüøå α0. Ýòî áóäåò

ïðÿìîóãîëüíûé òðåóãîëüíèê ABC, â êîòîðîì ∠C = 90◦, AC = 2 è BC =
√
2. Òîãäà ∠BAC = α0. Ïóñòü

M è N � ñåðåäèíû ñòîðîí AB è AC ñîîòâåòñòâåííî. Ïðÿìîóãîëüíûå òðåóãîëüíèêè NCB è BCA ïîäîáíû,

òàê ÷òî ∠NBC = α0. Òðåóãîëüíèê MAC �ðàâíîáåäðåííûé, ïîýòîìó ∠MCA = ∠MAC = α0. Íàêîíåö,

∠MCB = 90◦ − ∠MCA = 90◦ − α0 > α0. Èòàê, êàæäûé èç óãëîâ GBC, GCA è GCB íå ìåíüøå α0.

Îñòàëîñü äîêàçàòü, ÷òî â ïðîèçâîëüíîì òðåóãîëüíèêå ABC ìàêñèìóì äâà èç ðàññìàòðèâàåìûõ øåñòè

óãëîâ ìîãóò îêàçàòüñÿ ñòðîãî áîëüøå α0. Ìû äîêàæåì, ÷òî ìàêñèìóì îäèí èç óãëîâ GAB, GBC è GCA
ìîæåò ïðåâûøàòü α0; äëÿ îñòàëüíûõ òð¼õ óãëîâ ðàññóæäåíèå àíàëîãè÷íî.

Ïðåäïîëàãàÿ ïðîòèâíîå, ìîæíî ñ÷èòàòü, ÷òî óãëû ∠GAB è ∠GBC ñòðîãî áîëüøå α0. Òîãäà êàæäûé èç

íèõ ìåíüøå, ÷åì 180◦ − α0, èáî èõ ñóììà ìåíüøå 180◦. Ïîýòîìó ñèíóñ êàæäîãî èç ýòèõ äâóõ óãëîâ áîëüøå,
÷åì sinα0 =

1√
3
.

Ïóñòü K � ñåðåäèíà BC, òîãäà KA = 3KG. Ñ äðóãîé ñòîðîíû, ïî òåîðåìå ñèíóñîâ èìååì

KA

KB
=

sin∠KBA

sin∠KAB
<

1

sinα0
, àíàëîãè÷íî

KB

KG
=

sin∠KGB

sin∠KBG
<

1

sinα0
.

Îòñþäà

3 =
KA

KG
=

KA

KB
· KB

KG
<

1

sin2 α0
= 3.

Ýòî ïðîòèâîðå÷èå çàâåðøàåò ðåøåíèå.

Ñõåìà îöåíèâàíèÿ

1. Òîëüêî îòâåò . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ.

2. Ïðèìåð (ñ îáîñíîâàíèåì), â êîòîðîì òðè óãëà íå ìåíüøå α0 = arcsin 1√
3
. . . . . . . . . . . . . . . . . . . . . . 2 áàëëà.

3. Äîêàçàòåëüñòâî òîãî, ÷òî íàèáîëüøåå çíà÷åíèå α áîëüøå 30◦ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ.



Problem 4

The teacher has given 10 disinct positive numbers to his students. Serge found all their 45 pairwise sums; �ve of

these sums are equal. Pete found all their 45 pairwise products. What maximum number of equal products can be

among Pete's numbers?

Answer. 4.

Ðåøåíèå. Let 2s be the number that appears �ve times among the pairwise sums. One number obviously cannot
appear in two of these sums (otherwise the other summands in these sums are also equal). Therefore the �ve

sums equal to 2s contain each of the ten numbers exactly once. In each of these sums one number is less than

s and another is greater than s. Let the terms less than s, in increasing order, be a1 < a2 < a3 < a4 < a5.
Writing 2s = a1 + a10 = a2 + a9 = a3 + a8 = a4 + a7 = a5 + a6, we obtain the ordering of all the ten numbers:

a1 < a2 < a3 < a4 < a5 < a6 < a7 < a8 < a9 < a10.
If some product t2, too, appears �ve times among the pairwise products, then, similarly, each of the ten numbers

appears exactly once in those �ve products. If the smaller factors in these products are b1 < b2 < b3 < b4 < b5 and
t2 = b1b10 = b2b9 = b3b8 = b4b7 = b5b6, then b1 < b2 < b3 < b4 < b5 < b6 < b7 < b8 < b9 < b10 is also an ordering

of the original numbers. But then ai = bi for all i, that is, a1 + a10 = a2 + a9 and a1a10 = a2a9. It follows that
a1 = a2 and a9 = a10, a contradiction.

An example with four equal products can be constructed in the following way. Let x1 = 0, 9, x2k = 2− x2k−1

for 1 ≤ k ≤ 5 and x2k+1 = 1
2k for 1 ≤ k ≤ 4. Then x1 + x2 = x3 + x4 = x5 + x6 = x7 + x8 = x9 + x10 = 2 and

x2x3 = x4x5 = x6x7 = x8x9 = 1. Since obviously x < 1
2−x < 1 for 0 < x < 1, we have x1 < x3 < x5 < x7 < x9 <

< 1 < x10 < x8 < x6 < x4 < x2, and the 10 numbers in this example are indeed distinct.

Marking scheme

Proof that the �ve equal sums contain every number exactly once: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

Proof that �ve products cannot be equal: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 points

Example of 4 equal products: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 points

Complete solution: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 points

In the example, the numbers are not proved to be distinct: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .−1 point



Problem 5

A table m × n is given, where mn is divisible by 6. In this table a stripe is any 1 × 3 or 3 × 1 rectangle, and a

domino is any 1 × 2 or 2 × 1 rectangle. The table is tiled with stripes. Prove that on top of this tiling the table

can be tiled with dominoes so that in each stripe some two cells are covered by one domino and the remaining cell

is covered by another domino. (The table is tiled by rectangles if the rectangles cover the entire table and do not

overlap with each other.)

Ðåøåíèå. Without loss of generality suppose m is even. Consider two cases depending on the parity of n.
Case 1: n is even. Partition the table into 2×2 squares. Note that in each stripe some two adjacent cells belongs

to the same square, let's cover them by a domino. Now for each square there are three possibilities: 1) all it's cells

are covered by dominoes; 2) one pair of adjacent cells is covered by a domino and other two adjacent cells are

uncovered � let's cover them by a domino; 3) all it's cells are uncovered � let's cover them with two dominoes.

Clearly, we ontained the required tiling wih dominoes.

Case 2: n is odd. Partition the table m× (n− 1) into 2× 2 squares and partition the rest m× 1 column with

2× 1 rectangles. Again, in each stripe some two adjacent cells belongs to the same 2× 2 square or 2× 1 rectangle,
hence we can obtain the required tiling similarly to the case 1.

Marking scheme

Considering any cases where m and n have �nite number of values: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

Unsuccessful attempts to construct the tiling step by step: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

Introducing the graph with vertices�stripes and the edges connecting the stripes which can be tiled with two

dominoes: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

Proof that the graph described above is bipartite: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 points

Solution of the problem for even m and n: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 points



Problem 6

The medians of a triangle ABC concur at point G. Among the six angles GAB, GAC, GBA, GBC, GCA, GCB
there are at least three angles each of which is at least α. Determine the largest α for which this is possible.

Answer. α = arcsin 1√
3
= arctan 1√

2
= arccos

√
2
3 .

Ðåøåíèå. Denote α0 = arcsin 1√
3
.

We start with presenting a triangle in which three desired angles are at least α0. Let ABC be a right triangle

with ∠C = 90◦, AC = 2, and BC =
√
2. Then ∠BAC = α0. Let M and N be the midpoints of AB and AC,

respectively. The right triangles NCB and BCA are similar, so ∠NBC = α0. The triangle MAC is isosceles, so

∠MCA = ∠MAC = α0. Finally, ∠MCB = 90◦−∠MCA = 90◦−α0 > α0. Hence each of the angles GBC, GCA,
and GCB is at least α0.

It remains to prove that, in an arbitrary triangle ABC, at most two of the six angles can be strictly larger than
α0. We will show that at most one of the angles GAB, GBC, and GCA is larger than α0; the argument for the

other three angles is similar.

Arguing indirectly, we may assume without loss of generality that ∠GAB and ∠GBC are both strictly greater

than α0. Then each of them is also less than 180◦ − α, as their sum is less than 180◦. Therefore, the sine of either
angle is greater than sinα0 =

1√
3
.

Let K be the midpoint of BC; then KA = 3KG. On the other hand, by the sines theorem, we have

KA

KB
=

sin∠KBA

sin∠KAB
<

1

sinα0
and, similarly,

KB

KG
=

sin∠KGB

sin∠KBG
<

1

sinα0
.

Therefore,

3 =
KA

KG
=

KA

KB
· KB

KG
<

1

sin2 α0
= 3.

This contradiction �nishes the proof.

Marking scheme

1. The answer only: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points.

2. An example (with proof) with three angles greater or equal to α0 = arcsin 1√
3
: . . . . . . . . . . . . . . . . . . .2 points.

3. Proof that the largest α is greater than 30◦: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points.




