
Ìàòåìàòèêàäàí õàëû©àðàëû© XX Æºóòiêîâ îëèìïèàäàñû. Åñåïòåð áåðiëãåíi ìåí øåøiìäåði

1-åñåï

�ëiïïå n ºðiïòåí ©´ðàë¡àí. Áóûí äåï êåç êåëãåí åêi ºðiïòåí ©´ðàë¡àí ðåòòåëãåí ºðiïòåð æ´áûí àéòàéû©

(ì´íäà ñîë åêi ºðiï ºðò³ðëi áîëóû ìiíäåòòi åìåñ). Êåéáið áóûíäàð ºäåïñiç áîëûï êåëåäi. Ñ°ç äåï, ©´ðàìûíäà

ºäåïñiç áóûíû æî©, êåç êåëãåí ºðiïòåð òiçiìií àéòàìûç (ºðïòåð ñàíû øåêòi íåìåñå øåêñiç áîëóû ì³ìêií).

Êåìiíäå íåøå ºäåïñiç áóûí ñàíûíäà ´çûíäû¡û øåêñiç áîëàòûí ñ°ç òàáûëìàéäû?

Æàóàáû.
n(n+1)

2 .

Áiðiíøi øåøiì. Èíäóêöèÿ ºäiñi àð©ûëû, n ñàíû áîéûíøà, ºäåïñiç áóûíäàð ñàíû n(n+1)
2 ñàíûíàí êåì

åìåñòiãií äºëåëäåéiê. n = 1 áîë¡àíäà ºëiïïå áið, àéòàëû©, a ºðiïòåí ©´ðàë¡àí, ñîíäû©òàí æàë¡ûç ì³ìêií

áóûí aa áóûíû ºäåïñiç áîëóû êåðåê, °éòêåíi êåði æà¡äàéäà øåêñiç aaa . . . ò³ðiíäåãi ñ°ç òàáûëàäû.
n ºðiïòåí ©´ðàë¡àí ºëiïïåíi ©àðàñòûðàéû©. Êåìiíäå áið ºðiï ³øií ñîë ºðiïòåí áàñòàëàòûí áàðëû© áóûíäàð

ºäåïñiç áîëóû êåðåê, °éòêåíi êåði æà¡äàéäà ºð x ºðïi ³øií x-òåí êåéií æàçó¡à áîëàòûí ºðiï òàáûëàäû äà,

îñûëàé øåêñiç ñ°ç æàçó¡à áîëàäû. �àë¡àí n − 1 ºðiï ³øií, èíäóêöèÿ ò´æûðûìû áîéûíøà, êåìiíäå (n−1)n
2

ºäåïñiç áóûí ©´ðàñòûðó¡à áîëàäû, °éòêåíi êåði æà¡äàéäà, îñû n − 1 ºðiïòåðäåí øåêñiç ñ°çäi æàçà àëóøû

åäiê). Îñûëàéøà, æàëïû åñåïòi àë¡àí êåçäå, êåìiíäå (n−1)n
2 +n = n(n+1)

2 ºäåïñiç áóûí êåðåê. Äºëåëäåó êåðåãi

îñû åäi.

a1, a2, . . . , an ºðiïòåði ³øií øåêñiç ñ°ç òàáûëìàéòûíäàé,
n(n+1)

2 ºäåïñiç áóûí¡à ìûñàë êåëòiðåéiê. Îë ³øií

áàðëû© i ≥ j ³øií aiaj ò³ðiíäåãi áóûíäàðäû ©àðàñòûðàéû©. Îñû ºäåïñiç áóûíäàðäà êåç êåëãåí ñ°çäå ºðiïòåð

èíäåêñòåði ©àòà ò³ðäå °ñó ðåòiìåí îðíàëàñóû êåðåê, îñûëàéøà ñ°ç øåêñiç áîëà àëìàéäû.

Åêiíøi øåøiì. �ð a ºðïi ³øií aaa . . . ñ°çií æàçà àëìàó ³øií aa áóûíû ºäåïñiç áîëóû êåðåê. �ðò³ðëi a
æºíå b ºðiïòåði ³øií ababab . . . øåêñiç ñ°çií æàçà àëìàó ³øií ab æºíå ba áóûíäàðûíû êåìiíäå áiðåói ºäåïñiç
áîëóû êåðåê. Ñîíäû©òàí ºäåïñiç áóûíäàð ñàíû êåìiíäå n+ (n−1)n

2 = n(n+1)
2 áîëóû êåðåê. Îñû æàóàï©à ìûñàë

1-øåøiìäå ê°ðñåòiëãåí.

Áà¡àëàó ñõåìàñû. Åñåï òîëû©òàé øåøiëìåíãåí æà¡äàéäà

1.1. �ð aa ò³ðiíäåãi áóûí ºäåïñiç åêåíi àéòûëñà: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 ´ïàé

1.2. �ð ab æºíå ba ò³ðiíäåãi áóûííû êåìiíäå áiðåói ºäåïñiç åêåíi ê°ðñåòiëñå: . . . . . . . . . . . . . . . . . . . . . 1 ´ïàé

1.3. Êåìiíäå áið ºðiï ³øií ñîë ºðiïòåí áàñòàëàòûí áàðëû© áóûíäàð ºäåïñiç áîëóû êåðåê åêåíäiãi àéòûëñà:

1 ´ïàé

1.4. �äåïñiç áóûíäà ñàíû êåìiíäå n(n+1)
2 åêåíi äºëåëäåíñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 ´ïàé

II. Ìûñàë.

2.1. n(n+1)
2 ºäåïñiç áóûí ³øií ìûñàë (äºëåëäåóiìåí) êåëòiðiëñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 ´ïàé

2.2. n(n+1)
2 ºäåïñiç áóûí ³øií ìûñàë (äºëåëäåóñiç) êåëòiðiëñå Âåðíûé ïðèìåð n(n+1)

2 : . . . . . . . . . . . . . 2 ´ïàé

III.

3.1. Åñåï øåøiìiíå áiðäåé ºðiïòåðäåí ©´ðàë¡àí áóûíäàð æî© äåï ò´æûðûìäàëó . . . . . . .4 ´ïàéäàí àðòû©

áà¡àëàíáàéäû.

3.2. Åñåïò n ñàíûíà òà©òû ìºí áåðiï øåøiëñå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 ´ïàé

Áið òàðìà©òû iøiíäåãi ´ïàéëàð áið-áiðiìåí ©îñûëìàéäû.

Òîëû© øåøiì.

4.1. Òîëû© øåøiì . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .7 ´ïàé

4.2. Åñåïòi òîëû© øåøó ³øií òåê ìûñàëäû îðûíäàëàòûí äºëåëäåó ¡àíà æåòêiëiêñiç áîëñà . . . . . . 6 ´ïàé



2-åñåï
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Ω

Γ

δ

Ω æºíå Γ øåáåðëåði A æºíå B í³êòåëåðiíäå ©èûëûñàäû. Îñû øåáåð-

ëåðäi öåíòðëåði àð©ûëû °òåòií ò³çó Ω æºíå Γ-íû, ñºéêåñiíøå, P æºíå Q
í³êòåëåðiíäå ©èÿäû (ì´íäà P æºíå Q í³êòåëåði AB-íû áið æà¡ûíäà

æàòûð ºði Q í³êòåñi P -¡à ©àðà¡àíäà AB-¡à æà©ûíûðà© îðíàëàñ©àí). δ
øåáåði AB êåñiíäiñií D, àë Γ-íû T í³êòåñiíäå æàíàéäû (ì´íäà δ øå-

áåði æºíå P , Q í³êòåëåði AB-íû áið æà¡ûíäà æàòûð). PD ò³çói δ-íû
åêiíøi ðåò K, àë Ω-íû åêiíøi ðåò L í³êòåñiíäå ©èÿäû. ∠QTK = ∠DTL
åêåíií äºëåëäåiç.

Áiðiíøi øåøiì. Æàëïûëû©òû ñà©òàé îòûðûï, D í³êòåñi B í³êòåñiíå

©àðà¡àíäà A í³êòåñiíå æà©ûíûðà© áîëñûí. M í³êòåñi Γ øåáåðiíi AB
äî¡àñûíû (Q ©àìòûìàéòûí) îðòàñû áîëñûí. Àðõèìåä ëåììàñû áîéûí-

øà T , D, M í³êòåëåði áið ò³çóäi áîéûíäà æàòûð. Îíäà, áið æà¡ûíàí

DA · DB = DT · DM , åêiíøi æà¡ûíàí DA · DB = DP · DL, äåìåê DT ·
· DM = DP · DL, ñîíäû©òàí LTPM ò°ðòá´ðûøû iøòåé ñûçûë¡àí ò°ðò-

á´ðûø áîëàäû, îñûäàí ∠KLT = ∠QMT . δ øåáåði Γ-ìåí T í³êòåñiíäå

æàíàñ©àíäû©òàí, ∠TKD = ∠TQM , °éòêåíi TM ìåí îëàð¡à îðòà© æàíà-

ìà àðàñûíäà¡û á´ðûø õîðäàíû êåðåòií á´ðûø©à òå. Ñîíäà TKL æºíå

TQM ³øá´ðûøòàðûíäà òå åêi á´ðûøòàð òàáûëûï ò´ð, äåìåê îëàðäû

³øiíøi á´ðûøòàðû òå, ÿ¡íè ∠LTK = ∠MTQ, îòêóäà ∠LTD = ∠KTQ.
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Ω

Γ

δ

Åêiíøi øåøiì. 1-øåøiìäåãiäåé Γ øåáåðiíäåMQ êåñiíäiñi äèàìåòð áîë-

ñûí. Àðõèìåä ëåììàñû áîéûíøà M í³êòåñi TD ò³çóiíi áîéûíäà æàòûð.

Ñîë ëåììà áîéûíøà äà AB ò³çóií D, Ω øåáåðií L í³êòåñiíäå æàíàéòûí

©àéñiáið µ øåáåði òàáûëàäû. Γ, µ æºíå δ øåáåðëiðiíi ðàäèêàë öåíòði,

îíû X äåï àòàéû©, îë AB ò³çói ìåí Γ æºíå Ω øåáåðëåðiíå, ñºéêåñií-

øå, T æºíå L í³êòåëåðiíäå æ³ðãiçiëãåí æàíàìàëàðäû ©èûëûñó í³êòåñi

áîëûï òàáûëàäû. Äåìåê, XL = XT = XD, ºði X í³êòåñi TDL ³øá´ðû-

øûíà ñûðòòàé ñûçûë¡àí øåáåð öåíòði áîëûï òàáûëàäû. ß¡íè ∠DTL =
= 1

2∠DXL = 90◦−∠XDL = 90◦−∠KDB. Åêiíøi æà¡ûíàí ∠QTM = 90◦,

°éòêåíi MQ�äèàìåòð. Îñûäàí ∠QTK = 90◦ −∠DTK = 90◦ −∠KDB =
= ∠DTL.

Áà¡àëàó ñõåìàñû

Àÿ©òàëìà¡àí ñàíàóëàð øåøiìi (êîîðäèíàòà ºäiñi, êîìïëåêñ ñàíäàðäà,

â âåêòîðëàðäà, òðèãîíîìåòðèÿëû© ºäiñ, ò.ñ.ñ.): . . . . . . . . . . . . . . . . . . . 0 ´ïàé

1-øåøiìãå áåðiëåòií ´ïàéëàð.

1.1. T , D, M í³êòåëåði áið ò³çóäi áîéûíäà æàò©àíûí äºëåëäåñå:

0 ´ïàé

1.2. LTPM ò°ðòá´ðûøû iøòåé ñûçûë¡àíûí äºëåëäåñå: . . . . . . .3 ´ïàé

1.3. ∠TKD = ∠TQM íåìåñå TKQP ò°ðòá´ðûøû iøòåé ñûçûë¡àíûí

äºëåëäåñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 ´ïàé

2-øåøiìãå áåðiëåòií ´ïàéëàð.

2.1. T , D, M í³êòåëåði áið ò³çóäi áîéûíäà æàò©àíûí äºëåëäåñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 ´ïàé

2.2. µ øåáåðií åíãiçiï îíû òåê ©àðàñòûðñà: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 ´ïàé

2.3. δ (íåìåñå Γ) æºíå µ øåáåðëåðiíå T ìåí L í³êòåëåðiíäå æ³ðãiçiëãåí æàíàìàëàð AB ©èûëûñàòûíûí

äºëåëäåñå, íåìåñå îñû ò³çóäå TDL ³øá´ðûøûíà ñûðòòàé ñûçûë¡àí øåáåðäi öåíòði æàò©àíû äºëåëäåíñå:

3 ´ïàé

2.4. 2.3 òàðìà¡ûíäà¡û ò´æûðûï íà©òû àéòûëûï, áiðà© äºëåëäåíáåé, åñåï øàðòûí îñû ò´æûðûì¡à àëûï

êåëñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 ´ïàé

�ðò³ðëi øåøiìäåðäåãi æåêå àëûí¡àí ò´æûðûìäàð¡à áåðiëåòií ´ïàéëàð °çàðà ©îñûëìàéäû.

Æî¡àðûäà¡û àéòûë¡àí ò´æûðûìäàð òåê àéòûëûï, áiðà© äºëåëäåíáåñå . . . . . . . . . . . . . . . 0 ´ïàé



3-åñåï

Íàòóðàë d ñàíû òîëû© êâàäðàò åìåñ. Íàòóðàë n ñàíû ³øií s(n) àð©ûëû
√
d ñàíûíû åêiëiê æ³éåäåãi æà-

çûëóûíäà àëäû¡û n öèôðëàðäû àðàñûíäà êåçäåñåòií áiðëiêòåð ñàíûí áåëãiëåéìiç (ì´íäà åêiëiê æ³éåäåãi

³òiðãå äåéiíãi öèôðëàð äà åñåïòåëiíåäi). Áàðëû© íàòóðàë n ⩾ A ³øií s(n) >
√
2n− 2 áîëàòûíäàé íàòóðàë

A ñàíûíû òàáûëàòûíûí äºëåëäåiç.

Øåøói. Áiçãå êåëåñi ò³ñiíiê ©àæåò áîëàäû: åãåð ñàííû åêiëiê æ³éåäåãi æàçûëóû øåêòi áîëñà ºði k áiðëiãi

áàð áîëñà, îíäà ñîë ñàííû êåç êåëãåí åêiíi äºðåæåëåðiíi (á³òií ê°ðñåòêiøòåði áàð) ©îñûíäûñû ò³ðiíäå

æàçûëóûíäà êåìiíäå k ©îñûí¡ûø áàð. Øûíûìåí äå, ñàíäû åêiíi ºðò³ðëi äºðåæåëåðiíi ©îñûíäûñû ò³ðiíäå

êåëòiðói, ÿ¡íè åêiëiê æ³éåäåãi æàçûëóû, æàë¡ûç ò³ðäå ¡àíà. Åêiíøi æà¡ûíàí, åãåð åêiíi äºðåæåëåðiíi

æàçûëóûíäà åêi áåðäåé äºðåæå áîëñà, îíäà ©îñûë¡ûø ñàíûí àçàéòó¡à áîëàäû. Îíû áiç 2s + 2s = 2s+1

àð©ûëû æàñàéìûç; ñîíäà åðòå ìà, êåø ïå, ©îñûë¡ûøòàð ºðò³ðëi áîëàäû, ÿ¡íè ©îñûë¡ûøòàð ñàíû àçàé¡àí

êåçäå îëàðäû ñàíû êåìiíäå k áîëàäû.

m ñàíû [
√
d] ñàíûíû åêiëiê æàçûëóûíäà¡û ðàçðÿäòàð ñàíû áîëñûí, ÿ¡íè 2m−1 <

√
d < 2m.

√
d ñàíûíû

åêiëiê æàçûëóûíäà¡û áàñòàï©û n öèôðäû æàçàéû©:

√
d− 2m−n <

k∑
i=1

2si <
√
d

(ì´íäà òåñiçäiê ©àòà ò³ðäå áîëàäû, °éòêåíi
√
d ñàíû èððàöèîíàë ñàí). Òåäiêòi êâàäðàòòàï,

d− 21+m−n
√
d+ 22m−2n <

k∑
i=1

22si +
∑

1≤i<j≤k

2si+sj+1 < d

åêåíií àëàìûç. Îíû ñîë æà¡û d− 21+2m−n ñàíûíàí ³ëêåí, ñîíäû©òàí

d− 21+2m−n <

k∑
i=1

22si +
∑

1≤i<j≤k

2si+sj+1 < d.

Ñî¡û òåñiçäiêòi îðòàñûíäà¡û °ðíåê íàòóðàë d ñàíûíàí êiøi, ºði ñîë ñàííû d-äàí àéûðìàøûëû¡û

21+2m−n ñàíûíàí êiøi, ÿ¡íè n > 2m + 1 áîë¡àíäà îíû åêiëiê æàçûëóûíäà áiðëiêòåð ñàíû n − 2m − 1-
äåí àç. Åêiíøi æà¡ûíàí îë ñàí åêiíi äºðåæåíi ©îñûíäûñû ò³ðiíäå êåëãåí, àë ©îñûíäûëàð ñàíû k(k+1)

2 -ãå

òå. Æî¡àðûäà¡û ò³ñiíiê áîéûíøà k(k+1)
2 ≥ n− 2m− 1. Äåìåê, åãåð k ≤

√
2n− 2 áîëñà, îíäà

k(k + 1)

2
≤ (

√
2n− 2)(

√
2n− 1)

2
= n− 3

2

√
2n+ 1,

àë á´ë ñàí æåòêiëiêòi ³ëêåí n-äåð ³øií n− 2m− 1 ñàíûíàí êiøi. ß¡íè, æåòêiëiêòi ³ëêåí n ³øií k >
√
2n− 2

òåñiçäiãi îðûíäàëàäû. Äºëåëäåó êåðåãi îñû åäi.

Áà¡àëàó ñõåìàñû

1. �îñûíäûíû êâàäðàòû åêiíi äºðåæåíi ©îñûíäûñû ò³ðiíäå êåëãåí, àë ©îñûíäûëàð ñàíû k(k+1)
2 -ãå òå

åêåíi ê°ðñåòiëñå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ´ïàé

2. s(n) >
√
2n− C áà¡àëàóû ©àéñiáið ò´ðà©òû C ³øií àëûíñà . . . . . . . 5 ´ïàé (1 òàðìà©ïåí ©îñûëìàéäû).



XX Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå. Óñëîâèÿ è ðåøåíèÿ çàäà÷.

Çàäà÷à 1

Àëôàâèò ñîñòîèò èç n áóêâ. Ñëîãîì íàçîâ¼ì ëþáóþ óïîðÿäî÷åííóþ ïàðó, ñîñòîÿùóþ èç äâóõ íå îáÿçàòåëüíî

ðàçëè÷íûõ áóêâ. Íåêîòîðûå ñëîãè ñ÷èòàþòñÿ íåïðèëè÷íûìè. Ñëîâîì ÿâëÿåòñÿ ëþáàÿ (êîíå÷íàÿ èëè áåñ-

êîíå÷íàÿ) ïîñëåäîâàòåëüíîñòü áóêâ, â êîòîðîé íåò íåïðèëè÷íûõ ñëîãîâ. Íàéäèòå íàèìåíüøåå âîçìîæíîå

êîëè÷åñòâî íåïðèëè÷íûõ ñëîãîâ, ïðè êîòîðîì íå ñóùåñòâóåò áåñêîíå÷íûõ ñëîâ.

Îòâåò.
n(n+1)

2 .

Ïåðâîå ðåøåíèå. Äîêàæåì, ÷òî êîëè÷åñòâî íåïðèëè÷íûõ ñëîãîâ íå ìîæåò áûòü ìåíüøå n(n+1)
2 , èíäóêöèåé

ïî n. Ïðè n = 1 àëôàâèò ñîñòîèò èç îäíîé áóêâû a, è åäèíñòâåííûé ñëîã aa äîëæåí áûòü íåïðèëè÷íûì,

èíà÷å ñóùåñòâóåò áåñêîíå÷íîå ñëîâî aaa . . . .
Ðàññìîòðèì àëôàâèò èç n áóêâ. Õîòÿ áû äëÿ îäíîé áóêâû äîëæíû áûòü íåïðèëè÷íûìè âñå íà÷èíàþùèåñÿ

ñ íå¼ ñëîãè (â ïðîòèâíîì ñëó÷àå äëÿ êàæäîé áóêâû x åñòü áóêâà, êîòîðóþ ìîæíî íàïèñàòü ïîñëå x, äåéñòâóÿ
òàêèì îáðàçîì, ìîæíî íàïèñàòü áåñêîíå÷íîå ñëîâî). Îñòàëüíûå n − 1 áóêâ ïî ïðåäïîëîæåíèþ èíäóêöèè

äîëæíû îáðàçîâûâàòü íå ìåíåå (n−1)n
2 íåïðèëè÷íûõ ñëîãîâ (èíà÷å áåñêîíå÷íîå ñëîâî óäàñòñÿ ñîñòàâèòü óæå

èç ýòèõ n− 1 áóêâ). Òàêèì îáðàçîì, âñåãî ïîëó÷àåòñÿ íå ìåíåå (n−1)n
2 + n = n(n+1)

2 íåïðèëè÷íûõ ñëîãîâ, ÷òî

è òðåáîâàëîñü äîêàçàòü.

Ïðèìåð n(n+1)
2 íåïðèëè÷íûõ ñëîãîâ, äëÿ êîòîðûõ íå ñóùåñòâóåò áåñêîíå÷íûõ ñëîâ â àëôàâèòå a1, a2, . . . ,

an, äîñòàâëÿþò âñå ñëîãè âèäà aiaj ñ i ≥ j. Ïðè òàêèõ íåïðèëè÷íûõ ñëîãàõ â ëþáîì ñëîâå èíäåêñû áóêâ

äîëæíû ñòðîãî âîçðàñòàòü, è ñëîâî íå ìîæåò áûòü áåñêîíå÷íûì.

Âòîðîå ðåøåíèå. Äëÿ êàæäîé áóêâû a ñëîã aa äîëæåí áûòü íåïðèëè÷íûì, ÷òîáû íåëüçÿ áûëî íàïèñàòü

áåñêîíå÷íîå ñëîâî aaa . . . . Äëÿ äâóõ ðàçëè÷íûõ áóêâ a è b õîòÿ áû îäèí èç ñëîãîâ ab è ba äîëæåí áûòü

íåïðèëè÷íûì, ÷òîáû íåëüçÿ áûëî íàïèñàòü áåñêîíå÷íîå ñëîâî ababab . . .
Ïîýòîìó êîëè÷åñòâî íåïðèëè÷íûõ ñëîãîâ äîëæíî áûòü íå ìåíåå n+ (n−1)n

2 = n(n+1)
2 .

Ïðèìåð ñ òàêèì êîëè÷åñòâîì íåïðèëè÷íûõ ñëîãîâ ïðèâåä¼í â ïåðâîì ðåøåíèè.

Ñõåìà îöåíèâàíèÿ. ×àñòè÷íûå ïðîäâèæåíèÿ

1.1. Çàìå÷åíî, ÷òî êàæäûé ñëîã âèäà aa íåïðèëè÷íûé: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

1.2. Çàìå÷åíî, ÷òî õîòÿ áû îäèí èç ñëîãîâ ab è ba íåïðèëè÷íûé: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë

1.3. Çàìå÷åíî, ÷òî õîòÿ áû äëÿ îäíîé áóêâû äîëæíû áûòü íåïðèëè÷íûìè âñå íà÷èíàþùèåñÿ ñ íå¼ ñëîãè:

1 áàëë

1.4. Äîêàçàòåëüñòâî òîãî, ÷òî íåïðèëè÷íûõ ñëîãîâ íå ìåíåå n(n+1)
2 : . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

II. Ïðèìåð.

2.1. Âåðíûé ïðèìåð n(n+1)
2 íåïðèëè÷íûõ ñëîãîâ ñ äîêàçàòåëüñòâîì: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

2.2. Âåðíûé ïðèìåð n(n+1)
2 íåïðèëè÷íûõ ñëîãîâ áåç äîêàçàòåëüñòâà: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 áàëëà

III.

3.1. Ðåøåíèå çàäà÷è â ïðåäïîëîæåíèè, ÷òî íå ñóùåñòâóåò ñëîãîâ èç äâóõ îäèíàêîâûõ áóêâ, îöåíèâàåòñÿ

íå áîëåå ÷åì 4 áàëëàìè.

3.2. Ðåøåíèå çàäà÷è äëÿ êîíå÷íîãî êîëè÷åñòâà êîíêðåòíûõ çíà÷åíèé ÷èñëà n îöåíèâàåòñÿ . . â 0 áàëëîâ.

Áàëëû çà ÷àñòè÷íûå ïðîäâèæåíèÿ âíóòðè îäíîãî ïóíêòà íå ñóììèðóþòñÿ äðóã ñ äðóãîì.

Ïîëíîå ðåøåíèå.

4.1. Ïîëíîå ðåøåíèå çàäà÷è îöåíèâàåòñÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . â 7 áàëëîâ.

4.2. Ðåøåíèå çàäà÷è, êîòîðîìó äëÿ ïîëíîòû íå õâàòàåò òîëüêî îáîñíîâàíèÿ ïðèâåä¼ííîãî ïðèìåðà, îöå-

íèâàåòñÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . â 6

áàëëîâ.
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Îêðóæíîñòè Ω è Γ ïåðåñåêàþòñÿ â òî÷êàõ A è B. Ëèíèÿ öåíòðîâ ýòèõ

îêðóæíîñòåé ïåðåñåêàåò Ω è Γ â òî÷êàõ P è Q ñîîòâåòñòâåííî òàê, ÷òî îíè

ëåæàò ïî îäíó ñòîðîíó îò ïðÿìîé AB, ïðè÷¼ì òî÷êà Q ðàñïîëîæåíà áëèæå

ê ýòîé ïðÿìîé. Ïî òó æå ñòîðîíó îò AB âçÿòà îêðóæíîñòü δ, êàñàþùàÿñÿ
îòðåçêà AB â òî÷êå D è Γ â òî÷êå T . Ïðÿìàÿ PD âòîðè÷íî ïåðåñåêàåò δ
è Ω â òî÷êàõ K è L ñîîòâåòñòâåííî. Äîêàæèòå, ÷òî ∠QTK = ∠DTL.

Ïåðâîå ðåøåíèå. Áåç ïîòåðè îáùíîñòè, ïóñòü D ëåæèò áëèæå ê A ÷åì ê

B. Ïóñòü M � ñåðåäèíà äóãè AB îêðóæíîñòè Γ, íå ñîäåðæàùåé òî÷êó Q.
Ïî ëåììå Àðõèìåäà òî÷êè T , D,M ëåæàò íà îäíîé ïðÿìîé. Òîãäà, ñ îäíîé

ñòîðîíû, DA · DB = DT · DM , à ñ äðóãîé, DA · DB = DP · DL, òî åñòü
DT ·DM = DP ·DL, ïîýòîìó ÷åòûðåõóãîëüíèê LTPM âïèñàííûé, îòêóäà

∠KLT = ∠QMT . Òàê êàê δ êàñàåòñÿ Γ, òî ∠TKD = ∠TQM , êàê óãëû

ìåæäó ïðÿìîé TM è îáùåé êàñàòåëüíîé â òî÷êå T . Â òðåóãîëüíèêàõ TKL
è TQM íàøëèñü äâå ïàðû ðàâíûõ óãëîâ, ïîýòîìó, â íèõ ∠LTK = ∠MTQ,
îòêóäà ∠LTD = ∠KTQ.

Âòîðîå ðåøåíèå. Êàê è â ïåðâîì ðåøåíèè, ââåä¼ì òî÷êó M , äèàìåò-

ðàëüíî ïðîòèâîïîëîæíóþ òî÷êå Q â îêðóæíîñòè Γ è çâìåòèì, ÷òî îíà

ëåæèò íà ïðÿìîé TD ïî ëåììå Àðõèìåäà. Ïî òîé æå ëåììå, ñóùåñòâóåò

îêðóæíîñòü µ, êàñàþùàÿñÿ ïðÿìîé AB è îêðóæíîñòè Ω â òî÷êàõ D è L
ñîîòâåòñòâåííî. Ðàäèêàëüíûé öåíòð X îêðóæíîñòåé Γ, µ è δ � ýòî òî÷êà ïåðåñå÷åíèÿ AB è êàñàòåëüíûõ ê Γ
è Ω â òî÷êàõ T è L ñîîòâåòñòâåííî. Ñëåäîâàòåëüíî, XL = XT = XD. è X � öåíòð îêðóæíîñòè, îïèñàííîé

îêîëî òðåóãîëüíèêà TDL. Çíà÷èò, ∠DTL = 1
2∠DXL = 90◦ − ∠XDL = 90◦ − ∠KDB. Ñ äðóãîé ñòîðîíû,

∠QTM = 90◦ êàê îïèðàþùèéñÿ íà äèàìåòð, ïîýòîìó ∠QTK = 90◦ − ∠DTK = 90◦ − ∠KDB = ∠DTL.

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
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Ω

Γ

δ

Ñõåìà îöåíèâàíèÿ

Íåäîâåäåííîå ñ÷åòíîå ðåøåíèå (â êîîðäèíàòàõ, â êîìïëåêñíûõ ÷èñëàõ,

â âåêòîðàõ, òðèãîíîìåòðè÷åñêîå, è ò.ä.): . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

×àñòè÷íûå áàëëû ê ïåðâîìó ðåøåíèþ.

1.1. Äîêàçàíî, ÷òî òî÷êè T , D, M ëåæàò íà îäíîé ïðÿìîé: 0 áàëëîâ

1.2. Äîêàçàíî, ÷òî LTPM � âïèñàííûé ÷åòûðåõóãîëüíèê: . . .3 áàëëà

1.3. Äîêàçàíî ðàâåíñòâî ∠TKD = ∠TQM èëè âïèñàííîñòü ÷åòûðåõ-

óãîëüíèêà TKQP : . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà
×àñòè÷íûå áàëëû êî âòîðîìó ðåøåíèþ.

2.1. Äîêàçàíî, ÷òî òî÷êè T , D, M ëåæàò íà îäíîé ïðÿìîé: 0 áàëëîâ

2.2. Ââåäåíà â ðàññìîòðåíèå îêðóæíîñòü µ: . . . . . . . . . . . . . . . . 0 áàëëîâ

2.3. Äîêàçàíî, ÷òî êàñàòåëüíûå ê δ (èëè Γ) è µ â òî÷êàõ T è L ïåðå-

ñåêàþòñÿ íà ïðÿìîé AB, èëè äîêàçàíî, ÷òî íà ýòîé ïðÿìîé ëåæèò öåíòð

îïèñàííîé îêðóæíîñòè òðåóãîëüíèêà TDL: . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

2.4. Îäèí èç ôàêòîâ â 2.3 ÿâíî ñôîðìóëèðîâàí (íî íå äîêàçàí), è óòâåð-

æäåíèå çàäà÷è ñâåäåíî ê ýòîìó ôàêòó: . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

×àñòè÷íûå áàëëû ê ðàçíûì ðåøåíèÿì íå ñóììèðóþòñÿ ìåæäó ñîáîé.

Ëèøü ôîðìóëèðîâêè ôàêòîâ, óïîìÿíóòûõ âûøå, áåç ÿâíîãî äîêàçàòåëüñòâà îöåíèâàþòñÿ â

0 áàëëîâ.
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Íàòóðàëüíîå ÷èñëî d íå ÿâëÿåòñÿ òî÷íûì êâàäðàòîì. Äëÿ êàæäîãî íàòóðàëüíîãî ÷èñëà n îáîçíà÷èì ÷åðåç

s(n) êîëè÷åñòâî åäèíèö ñðåäè ïåðâûõ n öèôð äâîè÷íîé çàïèñè ÷èñëà
√
d (öèôðû äî çàïÿòîé òîæå ó÷è-

òûâàþòñÿ). Äîêàæèòå, ÷òî ñóùåñòâóåò òàêîå íàòóðàëüíîå A, ÷òî ïðè âñåõ íàòóðàëüíûõ n ≥ A âûïîëíåíî

íåðàâåíñòâî s(n) >
√
2n− 2.

Ðåøåíèå. Íàì ïîòðåáóåòñÿ ñëåäóþùåå ñîîáðàæåíèå: åñëè äâîè÷íàÿ çàïèñü ÷èñëà êîíå÷íà è ñîäåðæèò k
åäèíèö, òî ëþáîå ïðåäñòàâëåíèå ýòîãî ÷èñëà â âèäå ñóììû ñòåïåíåé äâîéêè ñ öåëûìè ïîêàçàòåëÿìè ñîäåðæèò

íå ìåíåå k ñëàãàåìûõ. Äåéñòâèòåëüíî, ïðåäñòàâëåíèå ÷èñëà â âèäå ñóììû ðàçëè÷íûõ ñòåïåíåé äâîéêè ñ

öåëûìè ïîêàçàòåëÿìè (òî åñòü äâîè÷íàÿ çàïèñü) åäèíñòâåííî. Ñ äðóãîé ñòîðîíû, åñëè â ïðåäñòàâëåíèè ÷èñëà

ñóììîé ñòåïåíåé äâîéêè åñòü îäèíàêîâûå ñëàãàåìûå, èõ êîëè÷åñòâî ìîæíî óìåíüøàòü, ïðîèçâîäÿ çàìåíû

âèäà 2s + 2s = 2s+1; ðàíî èëè ïîçäíî òàêèå çàìåíû çàêîí÷àòñÿ, è òîãäà âñå ñëàãàåìûå ñòàíóò ðàçëè÷íûìè,

òî åñòü è ïîñëå ñîêðàùåíèé èõ áóäåò íå ìåíüøå k.
Ïóñòü m � êîëè÷åñòâî ðàçðÿäîâ â äâîè÷íîé çàïèñè ÷èñëà [

√
d], òî åñòü 2m−1 <

√
d < 2m. Çàïèøåì ïåðâûå

n öèôð äâîè÷íîé çàïèñè ÷èñëà
√
d:

√
d− 2m−n <

k∑
i=1

2si <
√
d

(íåðàâåíñòâà ñòðîãèå, òàê êàê
√
d èððàöèîíàëüíî). Âîçâîäÿ â êâàäðàò, ïîëó÷àåì

d− 21+m−n
√
d+ 22m−2n <

k∑
i=1

22si +
∑

1≤i<j≤k

2si+sj+1 < d.

Ëåâàÿ ÷àñòü áîëüøå, ÷åì d− 21+2m−n, òàê ÷òî

d− 21+2m−n <

k∑
i=1

22si +
∑

1≤i<j≤k

2si+sj+1 < d.

Ñðåäíÿÿ ÷àñòü ïîñëåäíåãî íåðàâåíñòâà ìåíüøå íàòóðàëüíîãî ÷èñëà d íà ÷èñëî, ìåíüøåå 21+2m−n, òî åñòü

ïðè n > 2m + 1 â å¼ äâîè÷íîé çàïèñè íå ìåíåå n − 2m − 1 åäèíèö. Ñ äðóãîé ñòîðîíû, îíà ïðåäñòàâëåíà â

âèäå ñóììû k(k+1)
2 ñòåïåíåé 2. Â ñèëó çàìå÷àíèÿ èç ïåðâîãî àáçàöà ïîëó÷àåì k(k+1)

2 ≥ n − 2m − 1. Çíà÷èò,

åñëè k ≤
√
2n− 2, òî

k(k + 1)

2
≤ (

√
2n− 2)(

√
2n− 1)

2
= n− 3

2

√
2n+ 1,

÷òî ïðè äîñòàòî÷íî áîëüøèõ n ìåíüøå, ÷åì n − 2m − 1. Çíà÷èò, ïðè âñåõ äîñòàòî÷íî áîëüøèõ n èìååì

k >
√
2n− 2, ÷òî è òðåáîâàëîñü äîêàçàòü.

Ñõåìà îöåíèâàíèÿ

1. Çàìå÷åíî, ÷òî êâàäðàò ñóììû k ñòåïåíåé äâîéêè ïðåäñòàâëÿåòñÿ â âèäå ñóììû k(k+1)
2 ñòåïåíåé äâîéêè

1 áàëë

2. Äîêàçàíà îöåíêà s(n) >
√
2n− C ñ íåêîòîðûì ïîñòîÿííûì C . . . . . . . . . . . . .5 áàëëîâ (íå ñóììèðóåòñÿ ñ

ïðåäûäóùèì).



XX International Zhautykov Olympiad in Mathematics. Problems and solutions.

Problem 1

In an alphabet of n letters, a syllable is any ordered pair of two (not necessarily distinct) letters. Some syllables are

considered indecent. A word is any sequence, �nite or in�nite, of letters, that does not contain indecent syllables.

Find the least possible number of indecent syllables for which in�nite words do not exist.

Answer.
n(n+1)

2 .

First solution. We will prove by induction on n that the number of indecent syllables cannot be less than n(n+1)
2 .

For n = 1 the alphabet contains only one letter, say, a, and the only syllable aa has to be indecent, otherwise an

in�nite word aaa . . . exists.
Consider an alphabet of n letters. There is at least one letter such that all the syllables beginning with it are

indecent (otherwise for each letter x there is a letter that can be written after x; acting in this way we can write

an in�nite word). By the induction hypothesis, the remaining n− 1 letters form at least (n−1)n
2 indecent syllables

(otherwise there is an in�nite word made of those n−1 letters). Thus, in total we have at least (n−1)n
2 +n = n(n+1)

2
indecent syllables, q.e.d.

An example of n(n+1)
2 indecent syllables for which there is no in�nite word in the alphabet a1, a2, . . . , an is

the set of all syllables aiaj with i ≥ j. When all such syllables are indecent, the indices of letters in any word form

a strictly increasing sequence, and the word cannot be in�nite.

Second solution. For every letter a, the syllable aa should be indecent, otherwise an in�nite word aaa . . . exists.
Moreover, for any two di�erent letters a and b, at least one of the syllables ab and ba should be indecent, otherwise
there exists an in�nite word ababab . . .

Therefore, the number of indecent syllables is at least n + (n−1)n
2 = n(n+1)

2 . An example with this number of

indecent syllables is presented in the �rst solution.

Marking scheme

Partial progress

Part I. Lower bound.

1.1. Observation that every syllable of the form aa is indecent: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points.

1.2. Observation that at least one of the syllables ab and ba is indecent: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 point.

1.3. Observation that there exists a letter such that all syllables starting from that lettes are indecent: 1 point.

1.4. A complete proof that the number of indecent syllables is at least n(n+1)
2 : . . . . . . . . . . . . . . . . . . . . . . . 3 points

Part II. Construction.

2.1. A correct example of n(n+1)
2 indecent syllables, with proof: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 points.

2.2. An example of n(n+1)
2 indecent syllables, without proof: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 points.

Part III.

3.1. Solution made on the supposition that there are no syllables with two identical letters: at most 4 points.

3.2. Solution of the problem for a �nite number of particular values of n is worth . . . . . . . . . . . . . . . . . . . 0 points.

Points for partial progress inside one part are not to be added to each other.

Complete solution.

4.1. A complete solution is worth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 points.

4.2. If the construction lacks the proof in an otherwise complete solution, it is worth . . . . . . . . . . . . . . . 6 points.



Problem 2
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Ω
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δ

Circles Ω and Γ meet at points A and B. The line containing their centres

intersects Ω and Γ at points P and Q, respectively, such that these points lie

on the same side of the line AB and point Q is closer to AB than point P . The
circle δ lies on the same side of the line AB as P and Q, touches the segment
AB at point D and touches Γ at point T . The line PD meets δ and Ω again

at points K and L, respectively. Prove that ∠QTK = ∠DTL.

First solution. Assume without loss of generality that D is nearer to A than

to B. Let M be the midpoint of the arc AB of Γ that does not contain Q. By
Archimedes' lemma, the points T , D, and M are collinear. Then, on the one

hand, DA · DB = DT · DM , and on the other hand DA · DB = DP · DL,
that is, DT ·DM = DP ·DL, therefore quadrilateral LTPM is cyclic, hence

∠TLK = ∠TMQ. Since δ touches Γ, we have ∠TKL = ∠TQM as angles

between the line TM and the common tangent at point T . The triangles LTK
and MTQ have two pairs of equal angles, therefore ∠LTK = ∠MTQ, whence
∠LTD = ∠KTQ.

Second solution. As in the �rst solution, we introduce the point M opposite

to Q in Γ and notice that the points M , T , and D are collinear, due to

Archimedes' lemma. By the same lemma, there exists a circle µ tangent to AB
and to Ω at D and L, respectively. The radica; center X of the circles Γ, µ, and
δ is the meeting point of AB and the tangents to Γ and Ω at T and L, respectively. Hence XL = XT = XD,.and
thus X is the circumcenter of the triangle TDL. Therefore, ∠DTL = 1

2∠DXL = 90◦−∠XDL = 90◦−∠KDB. On

the other hand, ∠QTM = 90◦ by Tðales' theorem, and hence ∠QTK = 90◦ −∠DTK = 90◦ −∠KDB = ∠DTL.
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Marking scheme

Incomplete analytic solution (using coordinates, complex numbers, vectors,

trigonometry and so on) is worth 0 points

Partial points along the �rst solution.

1.1. Proof that T , D, and M are colinear: . . . . . . . . . . . . . . . . . . . . . 0 points

1.2. Proof that LTPM is cyclic: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 points

1.3. Proof that ∠TKL = ∠TQM or, equivalently, that TKQP is cyclic:

3 points

Partial points along the second solution.

2.1. Ptoof that T , D, and M are collinear: . . . . . . . . . . . . . . . . . . . . .0 points

2.2. Just an introduction of circle µ: . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

2.3. Proof that the tangents to δ (or Γ) and µ at T and L meet on AB, ot,
equivalently, proof that the circumcenter of TDL lies on AB: . . . . . 3 points

2.4. One of the facts in 2.3 is explicitly formulated (yet not proved), and

the problem is reduced to that fact: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

Partial points along di�erent solutions are not to be added to each other.

Just stating the facts mentioned above without direct proofs is worth no points.



Problem 3

Positive integer d is not a perfect square. For each positive integer n, let s(n) denote the number of digits 1 among
the �rst n digits in the binary representation of

√
d (including the digits before the point). Prove that there exists

an integer A such that s(n) >
√
2n− 2 for all integers n ≥ A.

Solution. We will make use of the following

Observation. If the binary representation of a number is �nite and contains k digits 1, then every representation
of this number as a sum of powers of 2 with integral exponents contains at least k terms.

Indeed, the representation of a number as a sum of powers of 2 with distinct integral exponents (that is, its

binary representation) is unique. On the other hand, if a representation of the number as a sum of powers of 2

contains equal terms, the number of terms can be reduced (by changes of the form 2s + 2s = 2s+1) until all the

terms are distinct.

Let m be the number of digits in the binary representation of [
√
d] (that is, 2m−1 <

√
d < 2m). Then for the

�rst n digits of the binary representation of
√
d we have the inequalities

√
d− 2m−n <

k∑
i=1

2si <
√
d

(the inequalities are strict, since
√
d is irrational).

Squaring this inequality we get

d− 21+2m−n < d− 21+m−n
√
d+ 22m−2n <

k∑
i=1

22si +
∑

1≤i<j≤k

2si+sj+1 < d.

The middle part of this inequality is less than the positive integer d by a number smaller than 21+2m−n, that is,

for n > 2m + 1 its binary representation contains at least n − 2m − 1 digits 1. On the other hand, it is a sum of
k(k+1)

2 powers of 2. It follows from the above observation that k(k+1)
2 > n− 2m− 1. If k ≤

√
2n− 2, then

k(k + 1)

2
≤ (

√
2n− 2)(

√
2n− 1)

2
= n− 3

2

√
2n+ 1,

which is less than n− 2m− 1. Thus k >
√
2n− 2 for large enough n, q.e.d.

Marking scheme

1. An observation that the square of a sum of k powers of 2 is a sum of k(k+1)
2 powers of 2: . . . . . . . . . . 1 point.

2. The inequality s(n) >
√
2n−C is proved for some constant C:5 points (not additive with the above point).




