Mamemamuxadan xaswxapasvyy XX 2Koymiroe osumnuadacu. Ecenmep bepiazeni men wewimoeps

1-ecen

OJiitiiie 1 9pinTeH KypajFaH. Bywh Jern Ke3 KeJreH eki opillTeH KypaJifaH PeTTeNreH opinrep >KyOblH aiTailbik,
(MmyHIa cout exi opim opTypJii Goysl MiHgeTTi emec). Keitbip 6ysiamap adenciz 6ombin kesemi. Co3 ael, KypaMbIH/Ia
ozenci3 OybIHBI XKOK, KE3 KeJIreH opinrep Tizimin aifftambr3 (oprrep caHbl HIEKTI HEMECe IeKci3 GoJiybl MYMKiH).
Kewmimge merre omerciz 6yblH CAHBIHIA Y3bIHIBIFLI IIIEKCI3 0OJIATHIH CO3 TAOBLIMANIHI?

(n+1)
XKayaber. =5
n(n+1)

Bipinmi memim. Wuaykmms sici apKplibl, n caHbl OOMbIHIIA, dENCi3 OybIHIAD CaHbl — 5 — CaHbIHAH KeM
eMecTiriun mosenmeitiik. n = 1 Gosranga dJinme 6ip, alfTaablK, ¢ 9PINTEH KypPajraH, COHILIKTAH KAJIFBI3 MYMKIiH
6yBIH aa OyBIHBI 9JIETICI3 O0TYBI KEPEK, 6MTKeH] Kepi XKaraaiiga meKkci3 aaa . .. TYpiHAer co3 TabbLIaIb.

N OPIITEH Kypa/Fan ainnenHi kapactoipaiibik. Kemimge 6ip opin yirin cost opinTen facTasaTsbia 0apabIK OyBIHIAD

a7ienci3 BoJIybl Kepek, OfTKeHl Kepi Karjaaiiga op « opIl VIMH x-TeH KeiliH xa3yra 00JaThiH opin TabbLIajbl ja,
(n—1)n
2
a7enciz 6yblH KypacThIpyra 6oj1aibl, edTKeHl Kepi Karmaiija, ockl n — 1 opinTepieH IMeKci3 co3/1i Ka3a aJiyIibl
. o . . n—1)n n(n+1
enik). OchbLiaiima, Kaambl ecentTi aaral Ke3/e, KeMiHe % +n= %

OCBI e]Ii.

OCBLITAM TIeKci3 o3 ka3yra Oosaapl. Kagran n — 1 opin yurie, HHAYKIUS TYXKBIPBIMbBI OOWBIHIIA, KEMiHJIE

omerniciz Oywra kepek. Hasenney keperi
. . . . - - n(n+1) . . - .
ai, a9, ..., G OPITITEP] VIIH IIEKCi3 €63 TAOBLIMANTHIHIAM, —5— dzernci3 Oybinta Mbicas Kejrripeitik. O yiia
OapabIK 4 > j YIIH a;a; TypiHgeri OybslHAap/pl KapacThlpaiiblK. Ochl o/iencis OybIHiapia Ke3 KeIreH Co3/1e opilTep
WHAEKCTEP] KaTaH TYpJe 6Ccy PeTiMeH OpHAJacCyhbl KepeK, OChLIalINa co3 meKci3 60 aaMais.
Exiumr oremriM. Op a opri yImiH aaa ... CO3iH Ka3a ajMay VIIiH aa OYBIHBI 9/elci3 HoJybl KepeK. OpTyp/i a
xoHe b opimrrepi yrmiu ababab . . . 1ekci3 cezim xaza aamay yirin ab xoue ba OybiHIapLIHBIH KeMiuge 0ipeyi smerncis
. . -1 1
6oybl Kepek. COHILIKTAH 5/IeMCi3 OYBIHAAD CAHBI KEMIHIE 1+ (n 3 n _ n(n; )
1-mmreriimMe KopceTiLATE .

6oysl Kepek. OChl Kayamka MbICAJT

Baranay cxemacoi. Ecen TosibIkTail mienriiMeHreH »karaaiiga

1.1. Op aa TYpiHIAET] OYBIH DIETICI3 EKEHI AMTBITICAL .. et tttt et ettt ettt et e et e a e e aee 0 ymait

1.2. Op ab xoue ba TypiHgeri OYBIHHBIH KeMitae Oipeyl oJIeTci3 eKeHl KOPCETIICE: ... vuvrennee e an. .. 1 ymait

1.3. Keminze 6ip opin yimi# coJt opinTeH HacTaaaTbiH 6apJblK OVBIHIAD 9/1€TCi3 D0IYBl KEPEK €KEH T afiThIIca:
1 ymait

1.4. Onemnci3 OybIHga CaHbI KEMiHIE % EKEHI JIOJIEIIIEHCE. © vttt e ettt eee et et iiee e et 3 yrai

II. MsicaJ.

2.1. w o/Ienci3 OybIH YIMIH MBICA (IOIEIIEYIMEH) KEMTTIPIICE: « .ttt ittt 3 ymait

2.2. % ozerci3 OybrH ymin Mbican (mosrengeycis) kearipince Bephbiit mpuvep w: ............. 2 ymaii

111.

3.1. Ecen memivine 6ipgeit opinTepaen KypaJfad OybIHIAD YKOK, Jell TYKBIPBIMIAIY . ... ... 4 ymnaitjaaH apTHIK
DaraaHbaM b

3.2. Ecent n caHbIHA TAKTBI MOH OEPIIT THEIITIIICE . ..ttt ettt ettt et et e e et et e e 0 ymait

Bip TapmakThiH immingeri ynaiisiap 0ip-6ipiMeH KocbLIMaliabI.

ToubIK 1mermrim.

O O o625 < 1 1115 7 ymait

4.2. Ecenrti TOMIBIK, IIEITy VIMH T€K MBICAIIBIH OPLIHIAJIATHIH IJeIaey FaHa KeTKLIKci3 6oaca ... ... 6 yrai



2-ecen

Q xone I' menbepiiepi A >xkone B nykrenepinge kublibicaibl. Ockbl menbep-

JIEPJIIH TEeHTPJIep]l apKBLIBL 0TeTiH Ty3y (2 xome ['-ubI, coitkecinmre, P xome () P
HykTesepinae kKusapl (MmyHga P oxone ) mykrenepi AB-mbin 6ip xarbiaia
xKatelp opi Q mykreci P-ra kaparanga AB-ra >KaKbIHBIDAK OPHAJACKAH). O Q
menbepi AB xeciugicin D, an I-abr T HyKTeciHme KaHaiiabl (MyHIa § IIeH-
Bepi xome P, Q mykrenepi AB-mbH 6ip KarbiHga KaThp). PD Ty3yi §-#bI
exiumm per K, an Q-wbl exinmnd per L mykrecinge kusiapl. ZQTK = ZDTL Q
EeKEHIH JIDJIeJIIeHI3.

Bipiurmi mentiMm. 2KaanbiaeikTel cakTait oTeiphin, D HyKTec B HYyKTeciHe K
Kaparagga A mykreciHe KakbplHbIpak Goscoin. M mykreci I menbepimin AB 5
JOFACBHIHBIH () KAMTBIMAHTBIH) OPTACHl OOJICHIH. ApxuMes jgeMMachl GORBIH-
ma T, D, M nmykrenepi 6ip Ty3yxaiH Ooiibiayga Katbip. Onpa, Oip yKarblHAH
DA-DB = DT - DM, exiumii xarbisan DA - DB = DP - DL, aemex DT -
-DM = DP - DL, counpiktan LT PM TeptOypbIbl imTeil ChI3bIIFAH TOPT-
6ypoir 6omaabl, ockigan LK LT = ZQMT. § menbepi [-men T vyKTeciHIE
swanackauasikTal, /T KD = /TQM, etitkeri T'M MeHn olapra opTak *KaHa-
Ma apachlHAaFbl OyphIT XopnaHel Keperid Oypeoimka TeH. Couga T K L xoHe
TQM ymbyphITapbiaIa TeH €Ki OypBITap TabbLIBIT TYP, JEMEK OTapIbIH M
yimiami 6ypeimrapsel TeH, stan ZLTK = /ZMTQ, orkyna ZLTD = ZKTQ.

Exinnr memim. 1-memivaerigeit I' menbepinge M Q) kecinmici muamerp 60.1-
P cbiH. Apxume/ jemMack! Goitbramra M aykreci T'D Ty3yiHiH 60HBIHA XKATHID.

A
S

Con memma boitbrama ga AB Tyayin D, Q) menbepin L wyKTecinge KaHaNTHIH
0 Kaiicibip p menbepi Tadbuiaabl. ') p xxone § menbep iipinin pajukas 1MeHTpi,
oubl X gen araiieik, o1 AB Ty3yi men ' xkone () mmenbepiepine, cokecin-
me, T' :xoue L mykTesepinme XKYpri3liren kKaHaMajJapAblH KUBLIGLICY HYKTeEC
Q 6osibin Tabbutagel. Jdemexk, XL = XT = XD, opi X mykreci T DL ymbypoI-
r IITbIHA CHIPTTA CBI3BLIFAH IeHOep TeHTpi 6okl Tabbuiaael. Aruu LDTL =
K = %ZDXL =90°—Z/ZXDL = 90°— ZK DB. Exinmi xareaan ZQTM = 90°,
) ) ofitkeri M Q) — muamerp. Ocoiman ZQTK =90° — /DTK =90° - ZKDB =
: B = /ZDTL.
X D
z Baranmay cxemacshi
Agkranvaran canaymap rmermimMi (KOOpMHATA 9/iCl, KOMIUIEKC CaHIApIa,
B BEKTODJIAP/A, TPUTOHOMETPUSLIBIK OJ1IC, T.C.C.)l @ eventnenenenenn.. 0 ymaii
M 1-mremmrimre 6episerin ynaiiap.

1.1. T, D, M wnykresnepi 6ip Ty3ymiH OOWBIHIA KATKAHBIH I9JICIIECE:

0 ynaii
1.2. LTPM 1eprOypHIIIbI illITeil ChI3bLIFAHBIH JDJIEIECE: .. .. ... 3 ynaii
1.3. ZTKD = ZTQM uemece TKQP TopTOYPDIIIBI IMTeH CHIBBLIFAHBIH
B2t N (<) B (<Y 7 A PP 3 ymaii

2-mrerrriMre 6episierin ynasaap.

2.1.T, D, M mykrenepi 6ip Ty3yaiH OOWBIHIA KATKAHBIH JTOJEIIIECE. ottt e ettt e eeeee e aaeee e 0 ymaii
2.2, p reHOEPIH EHTI3IT OHBI TEK KAPACTBIPCAL - .t e vttt ettt ettt et e n e et e et et 0 ymaii

2.3. 0 (memece I') xone p menbepsepine T Men L HyKTenaepinge Kypriziiren )xanamanap AB KUbLIBICATHIHBIH
masiesngece, aemece ochl Ty3yae 1'D L ymOyphIiibina ChIPTTail ChI3BLIFAH IIEHOEP/IiH TeHTPl KATKAHBI JT3JIE/IICHCE:
3 ynaii

2.4. 2.3 TapMarbIHIarbl TYKbBIPBIT HAKTHI Al THLIBII, Oipak, /1oJies11eHbeli, ecerl mapThIH OChl TYKbIPbIMEa, AJIbIII
CCC) 167 P 3 ymaii

OpTypJi 1ienriMmaepaeri >xkeke ajJblHFAH TY>KbIPbIMAapra bepijierin ynaijiap e3apa KocbliMaliabl.
ZKorapbIgarbl afiThLIIFAH TYXKBIPBIMIAP TE€K alThLIbLIN, Oipak mdaJesgeHéece ............... 0 ymaii



3-ecen

Harypan d canbl Tonbik kBagpar emec. Harypas n canbl yiniH $(n) apKblibl Vid CaHbIHBIH eKIJIK Kyieaeri »xKa-
3BITYBIH/IA AJIIBIHFBI 1 TUMPJIAPIBIH apachlH/a Ke3aeceTin OipyikTep caHblH Oesriteiimiz (MyHIa eKiTiK XKyiiemeri
yripre geitinri nudpaap ga ecenreninesi). Bapubix marypas n > A ymin s(n) > /2n — 2 Gosarsigail HaTypa
A CaHBIHBIH TAOBLIATHIHBIH JI2JIe1eH13.
HTemryi. Bisre keseci Tycinik Kazker 6oajIbl: erep CAaHHBIH €KIJIIK XKyliegeri XKas3blaybl TeKTi 6oJica opi k GipJir
bap 6Gosica, OHJA COJI CAHHBIH Ke3 KeJITeH eKiHiH Jopexkesepinin (6yTiH KepceTkimrepi 6ap) KOCBIHIBICH TYDiHIE
KABBLTYBIHIAA KeMinae k KOChIHFbIi 0ap. [TTsrabiven /e, CaHIbl eKiHIH apmy pat JoperkeaepiHin KOCHIHABICH TYPIHIEe
KeJTipyl, 9FHN eKUTK KyHheseri KasblUIybl, KAJFLI3 Typ/le raHa. EKIHMI KarblHaH, erep eKiHiH JoperKesepinifn
JKA3BLIYBIHI, eKi Gepreil jppexke 60/ca, OHA KOCBUIFBII CAHLIH azaiiryra 6omajgel. Oubr 6i3 2° + 25 = 251!
ApKBLIBI KACAMBI3; COHJA €PTE Ma, Kelll 1€, KOCBLIFBIIITAD 9PTYPJIi 00J1a/1bl, SSFHU KOCBLIFBINITAD CAHbl a3aiifaH
Ke3Jle 0JTap/IblH CaHbl KeMiHae k 6o1aab.

M CaHbl [\/&] CAHBIHDIH, eKLTIK Ka3bLTYBIHIATB PA3PAATAp CAHbI GOJCHIH, aran 2™ 1 < v/d < 2. \/d caHbIHbIH
eKIIK »Ka3bLIYbIHIAAFbl OacTankbl N UPIAbI 2KABANBIK;

k
Vd—2m" <y 2% < Vd
i=1
(MmyHQ TEHCI3MIK KaTaH Typae 60abl, efiTkenl Vd canbl uppammonan can). TeraikTi KBagparrTan,

k
d— 21+m—n\/g+ 92m—2n < ZQQSi + Z 9sitsj+l <d

i=1 1<i<j<k

exenin anmambrz. Onbig cos xarel d — 21 72" canpiHal VIKeH, COHBIKTAH

k
d—21Pmmn <y Ty N gt o g,
i=1 1<i<j<k

CoHFBI TEHCI3AIKTIH OpPTACHIHAAFE OPHEK HATypas d CAHBIHAH Killll, opi COJ CAHHBIH d-JaH aflbIPMAIlBLIBER!

21H2m=n cappman kimi, srEn n > 2m + 1 GoraHZA OHBIH eKiMK Ka3bUIYBIHIA Oip/ikTep caHbl 7 — 2m — 1-

.. . . . E(k+1

nmen a3. Exium »KafbIHAH OJ1 CAH eKiHIH J9perskeHiH, KOCBIHABICH TYPIHIE KeJTeH, a KOCHIHIBLIAD CAHBI %—re
.. . E(k+1

TeH. 2Korapbiaarbl TYCIHIK OOWBIHITIA % >n —2m — 1. Jlemex, erep k < v/2n — 2 6osica, oHIa,

Rk +1) _ _

It T N

a 6ys1 cal KeTKiIKTI yaker n-gep yimia n — 2m — 1 canpiaan Kimmi. Aruu, keTxkigikTi yaken n ymria k > v/2n — 2
TEHCI3AIT opbIHIaTa b, Jorenaey Keperi ochl ei.

Baranay cxemachl
.. . . k(k+1
1. KochIHOBIHBIE KB, ApAThl €KIHIH JOPesKeHIH KOCHIHIBICH TYPIHIe KeJreH, aJl KOCBIHIBIIAD CAHBI ( ; )—Fe TEH,
EKEHL KOPCETIIICE o o e ettt et e e e e ettt ettt e ettt et e e e e e e e e e e e e e e e 1 ymait

2. s(n) > v/2n — C Garanays! kaificibip TypakTel C' yIIiH ajgbHCA . ... ... 5 ymaii (1 TapMaknen KOChLIMAIb).




XX Meowcdynapodnas 2Kaymukosckas 0iumMnuada no Mamemamuke. Yeaoeus u pewenus 360a%4.

3aga4ga 1

Andasut coctout u3 n 6ykB. Caozom HA30BEM JIIOOYIO YIOPAIOIEHHYIO TIAPY, COCTOAITYTO U3 IBYX He 00I3aTENBHO
passmunbix OyKB. Hekoropwie cioru camraiorcs nenpuauunvimu. Caosom asiasiercs jobast (KoHedHast uiam 6ec-
KOHEYHasI) MOCIE0BATEIbHOCTE OYKB, B KOTOPO HET HENPUINYHBIX Ca0roB. Haiiaure HamMeHbimee BO3MOKHOE
KOJITIECTBO HEMPUINIHBIX CJIOTOB, TIPH KOTOPOM HE CYIIECTBYET ODECKOHEUHBIX CJIOB.

OrBer. w

1 "
IlepBoe perienne. JlokaxkeMm, 9T0 KOIUIECTBO HEMPUIANTHBIX CJOTOB HE MOXKET OBITH MEHBITIE "(”274_), WHAYKIAEHR

mo n. Illpu n = 1 andasur cocrour u3 ogHON OYKBBI @, ¥ €IUHCTBEHHBIN CJIOT G JOJXKEH OBITH HEIPUJIUIHBIM,
WHATe CYMECTBYeT GECKOHETHOe CIOBO aad . . . .

Pacemorpum andasut n3z n 6yks. Xorst Obl 1715 0JTHOM OYKBBI J0I2KHBI OBITH HEITPUIMIHBIMU BCE HAUMHAIOIITHECS
¢ Heé croru (B MPOTUBHOM CJIy4ae [ KaxK 10 OYKBBI & eCTh OyKBa, KOTOPYIO MOXKHO HAIUCATH TIOCTe X, AeHCTBys
TakuM 00pa30M, MOKHO HAIHMCATh GeckoHedHoe c10BO). OcranbHble 1 — 1 OYKB 0 TIPEANOIOKEHUIO WHIYKITHN

(n—1)

TOJIZKHBI 00Pa30BBIBATL HE MEHEE Tn HEIPWINIHBIX CJIOTOB (nHAaYe OECKOHETHOE CJIOBO YIACTCSA COCTABUTD YIKE
u3 atux n — 1 6ykB). Takum o6pa3om, BCEro mosrydaeTcst He MeHee @ +n= w HEIMPWINYIHBIX CJIOT0B, UTO
7 TpeboBaIOCh T0KA3ATh.

IIpumep ”(#ﬂ) HEMPUINIHBIX CJIOTOB, /IJ1d KOTOPBIX He CyIIecTByeT O€CKOHEUHBIX CJI0B B ajadasure ai, az, . - .,
(p, JOCTAB/IAIOT BCE CJIOIM BUJAA a;aj ¢ ¢ > j. IIpu Taxux HENPUIMYHBIX C/I0rax B JIIOOOM CJI0BE MHJEKCHl OyKB

IOJIXKHBI CTPOTO BO3PACTATH, M CJAOBO HE MOYKET OBITH DECKOHEUHBIM.

Bropoe perienne. g kaxmoit OyKBbI @ CJIOT GG JOJIKEH ObITh HEMPUINIHBIM, ITODBI HEJB3s OBLIO HAIUCATH

HeckoHevuHOE CJI0BO aad . ... Jns AByx pasjudubix OyKB a u b x0T Obl OfiMH U3 cJ0roB ab u ba noykeH OBITH
HEPUINYIHBIM, 9TOOBI HETb3s OBIIO HANKUCATH OECKOHEIHOe CJ0BO ababab. . .
-1 1
ITosToMy KOJIMYECTBO HENPUJIUYHBIX CJOTOB JOJKHO OBITH HE MEHee M + (n > n n(n; ),

IIpumep ¢ TakuM KOJMIECTBOM HEMPUINYHBIX CAOTOB IIPUBEIEH B IIEPBOM PEITCHUN.

Cxema oneHuBaHusi. HacTu4yHbIe HPOABUIKEHUSA

1.1. BameueHo, YT0 KaXKIbIi CJIOT BAJA (0 HEIPUIIATHBIT ..o\ttt ettt et i e ae e e 0 6aJu10B

1.2. BameueHo, 9T0 XOTsT OB OJUH W3 CJOTOB @b U ba HETTPUJIMTHBIN: ...\ttt 1 6asn

1.3. Bamedueno, uTo x0T OBI /151 OAHON OYKBBI JOI2KHBI OBITH HETTPUINIHBIMI BCE HAUUHAIOTINECS C HEE CIIOTH:
1 asr

1

1.4. Toka3aTeJpCTBO TOTO, YTO HEMPUJIMYIHBIX CJIOTOB HE MeHee %: .............................. 3 basa
I1. IIpumep.

. n(n+1)
2.1. Bepmuplit mpumep — 5 HENPUIUYHBIX CIOTOB € JOKABATEIBCTBOM: . t\ttttt et et ae e 3 basra

" n(n+1
2.2. Bepwubrit mpumep % HEMPUINIHBIX CJIOTOB 0€3 TOKABATETBCTBAL « « vt v v e et eee e e aeee e 2 basra
III1.

3.1. Pemenne 3a1a9n B TPEIIOI0KEHAN, YTO HE CYIIECTBYET CJIOTOB M3 ABYX OAMHAKOBLIX OVKB, OIEHUBAETCS
He boJiee yeMm 4 GasuIaMu.
3.2. Pemenne 3ama9m /19 KOHEIHOTO KOJUIECTBA KOHKPETHBIX 3HAYEHM 9UCIa N OlleHuBaercda .. B 0 6asios.

Bassbl 3a 9acTudHble IPOABU2KEHUS BHYTPH OJHOIO IMIYHKTA HE CYMMHUPYIOTCS APYT C JAPYTOM.

ITonnoe pemenwne.

4.1. TTomHOE perTeHne 3aMATN OTTEHIBACTCS .« . vt vttt e e e ettt et e e e et eeeenns B 7 DaJIoB.

4.2. Pemenne 3ama4un, KOTOPOMY JJIsI IOJHOTBEI HE XBATAET TOJBKO OOOCHOBAHMS IPHUBEIEHHOIO IPUMEPA, OIle-
217152V 1 B 6
HasLIoB.



3amaua 2

Oxkpyxuoctu  u [ nmepecekatorcst B Toukax A u B. Jlunus 1meHTpoB 3THX
okpyxKHOCTel mepecekaeT 2 u ' B Toukax P u () COOTBETCTBEHHO TaK, UTO OHU
JIEXKAT 110 OJIHY CTOPOHY OT npamoit A B, nupuuém Touka () pacionokena Ganxe
K 370t mpsimoit. ITo Ty ke cropony or AB B3dTa OKPY’KHOCTE 0, KACAIOIIASICST
orpeska AB B Touke D u I' B Touke T'. [Ipamasg PD BTopuuHo mepecekaer &
u Q B roukax K u L coorBercrBenno. Hokaxure, aro ZQTK = /DTL.

IlepBoe perntenne. bez nmotepu obmHOCTH, ycTh D sieskut Ganke K A gem K
B. Ilycre M — cepenuna ayru AB okpy:kuocru [', e comepxKaiieii Touky Q.
ITo nemme Apxunmena rouku 1, D, M jexar na onuoit mpsimoii. Torma, ¢ omHoit
cropourl, DA- DB = DT - DM, a ¢ gpyroit, DA- DB = DP - DL, To ectb
DT-DM = DP-DL, nosromy udersipexyroiibuunk LT PM Brucanublii, OTKy1a
JKLT = ZQMT. Tak kax 0 gacaerca I', to Z/TKD = ZTQM, Kak yrijbl
mex iy npsamoit T'M u obiieit kacareabuoii B Touke 1. B rpeyronbuukax T KL
u T'QM wamnuuch JBe Maphbl PABHBIX YTJIOB, T03TOMY, B HUX LLTK = /ZMTQ),
orkyna ZLTD = /KTQ.

Bropoe pemnienmne. Kak u B iepBoM pellleHWH, BBeIEM TOUuKy M, nmamer-
PaIbHO MPOTHBOMOJIOXKHYIO TOUKe () B OKpy:kHOCTH ' U 3BMETHM, 9TO OHA
JqexuT Ha upsaMoit T'D mo nemmve Apxmumena. [lo Toif ke semMe, cymmecTByeT
OKPY2KHOCTB U, Kacarorascs: mpsmoit AB u okpyx#uocTr 2 B Toukax D u L

P
0
Q
r
K
b
A D B
L
M

cooTBercTBenno. Pannkanpuniii neatp X okpy:xuocreit I', 4 1 § — 910 Touka mepecevdenns AB u KacaTelbHbIX K I
u Q B toukax T u L coorsercreerno. CrenoBarenbio, XL = XT = X D. u X — 1eHTDP OKPYKHOCTH, OIUCAHHOM
okoJyio Tpeyroibauka 1'DL. 3uaunt, L/DTL = %ADXL = 90° — LZXDL = 90° — ZKDB. C apyroit CTopoHsI,
ZQTM = 90° kak onumparwmuiica Ha auamerp, nodromy LZQTK =90° — LDTK =90° — ZKDB = /ZDTL.

Cxema orieHUBaHUS

P

Henoseennoe cuernoe pertenue (B KOOPANHATAX, B KOMILIEKCHBIX IUC/IAX,
Q B BEKTODAX, TPUTOHOMETPHUECKOE, M TJ1.): «versrsraeanneanaenn.. 0 6asu10B

YacTtuyHble 0a/JIBI K TIEPBOMY PEIIEHUIO.
0 1.1. Hokazano, uro Touku 1, D, M nexar wa oxnoit upamoit: 0 6anios
1.2. Jokazano, uto LT PM — BOUCAHHBIA YeTHIPEXYTOIbHUK: ...3 Dasuia

Tr
K 1.3. Hokazamno pasercto LT KD = /TQM wuin BOUCAHHOCTH YeThHIPEX-
5 yrombHUKA THKQP: 3 basma
5 Yacruunble 0a/1/ibl KO BTOPOMY PEILIEHUIO.
NI . .

XA D 2.1. Hokazano, uro Touku 1, D, M nexar ua ojHoii npsamoii: 0 6asios
L 2.2. Beesmena B pacCMOTPEHUE OKPYKHOCTD 41 « v vevvvennnn... 0 bas0B
2.3. JTokazano, uro kacarenbubie Kk 0 (mmm I') u p B Toukax T u L nepe-
CEeKaloTCsT Ha NpsiMoit AB, min 1oKa3aHo, UTO Ha, 3TOW MPSIMO JIEXKUT IEHTP
OTIMCAHHOM OKPYKHOCTH Tpeyrombuuka T'DL: .. ... ....... .. ... 3 basa
M 2.4. O e u3 dakToB B 2.3 sBHO ¢hOPMYIUPOBaH (HO HE TOKA3aH), U YTBED-
JKJICHUE 337[QUN CBEIEHO K 3TOMY (PAKTY: .« oot iiteeee e ieeennnn.. 3 G6asmna

YacTuyHble 6a/IBI K padnbimM PENIEHUAM HE CYMMUPYIOTCH MeXK/ 1y coboil.
Jlumib opmysuposru pakToB, YIOMAHYTHIX BblilIle, 0€3 sSIBHOIO JOKa3aTeJ/IbCTBA OLIEHUBAIOTCS B

0 6as10B.



3amaya 3

Harypasbroe aucio d e sgBasgercd TOYHBIM KBaApaToM. g KayKI0ro HATYPaIbHOrO 9ucjia n 0003HAMUM depe3
s(n) KOMMYECTBO €JWHUIL CPEAU TEPBBIX N UMD ABOMYHON 3aOUCH IHC/IA Vid (ubpbl 10 3amATON TOXKE yUIH-
ThiBatOTCs ). JloKaxKuTe, 4TO CylecTByeT rakoe HarypasbHoe A, uro npu BCeX HATypasbHbIX 1 > A BBIIOJIHEHO
repasencTro s(n) > v/2n — 2.

Pentenue. Ham morpebyerca ciemyromiee cooOpazkenue: €C/iM ABOUYHALA 3AMUCh YUCIA KOHEUHA, W COIEpPXKUT k
eJMHUIL, TO JII0O0€e TPECTABIEHNAE STOTO YUCJIa B BUJIE CYMMbI CTEITEHEN TBOWKY C TEJTBIMU MOKA3ATESIMEI COMEPIKUT
He MeHee k cjaraeMbix. JleficTBUTEIbHO, TMpeICTABIEHe YUCIa B BUJAE CYMMBI PA3AUYHLIL CTENeHed TBONKU C
eJIBIMHU TOKA3ATEISIMHI (TO €CTh IBONTHAS 3aUCh) eMnHCTBeHHO. C PYroit CTOPOHBI, €C/IH B MPEICTABICHUN THCIIA
CyMMOfI cTelreHen ,Z[BOﬁKI/I €CTh OAWMHAKOBBIE CJara€Mble, MX KOJUYICCTBO MOXKHO yMEHBIIATH, IPOU3BOAA 3aMEHDBI
Buga 2° 4+ 2° = 25! papo wim m037HO TAKMe 3aMeHBl 3aKOHUYATCS, U TOIVIA BCE CIaracMble CTAHYT Pa3IHYHBIMH,
TO €CTh U MOC/I€ COKpAIeHui ux Oyger He MeHbire k.

IIycTh m — KOTIYIECTBO pas3psA0B B ABOMUHOI 3amcy uca [vd], To ects 2™~ 1 < v/d < 2™, Bammmem mepssie
n uudp ABOUUHON 3amucn ducaa v d:

k
Vid — 2 < ZQSZ‘ <Vd
=1
(nepasencrBa crporue, Tak Kak v/d uppauuonaibno). Bossous B KBajgpar, HOJLydaem

k
d— 2T d 4 22T < Y T2y N gt < g,

i=1 1<i<j<k

21+2m—n

JleBast vacTh bosibire, weM d — , TAK 9TO

k
d— 21+2m—n < 22281' + Z 281'-"-8‘7'-"-1 < d

i=1 1<i<j<k

Cpe/Hsst 9aCTh TIOC/IEIHET0 HEPABEHCTBA MEHbIIE HATYDPAJILHOrO umcia d Ha 9ucio, MeHbinee 2112M~" 1o ecth

npu n > 2m + 1 B e€ naBouuHoil 3anucu He Menee n — 2m — 1 expunaun. C Apyroit CTOPOHBI, OHA MPEICTABJICHA B
k(k+1 Ny E(k+1

BHJlE CyMMBEI % creneneii 2. B cuiy 3ameuanus u3 mnepsoro abzaia mnosayydaem % > n —2m — 1. 3uauwnr,

ecm k < v/2n — 2, TO

k(k+1 2n —2)(v2n —1 3

(+)§(v )(V2n ):n_7h2n+17
2 2 2

9TO TIPHU JOCTATOUHO OOJBIIHX 7 MEHBINE, YeM n — 2m — 1. 3HAUHUT, OPH BCEX OOCTATOYHO OOJBIIAX 7 MMEEM

k > +/2n — 2, 9T0 1 TpebOBAIOCH JOKA3ATH.

Cxema oneHuBaHUs

1. 3ameueno, 9TO KBaIpaT CyMMBbI k CTeNeHel JBONKHU IIPEICTABISIETCS B BUIE CyMMBI @ CTeneHeEN IBONKNT
1 6amn

2. Jokazana onenka s(n) > v/2n — C ¢ nekoropsim nocrosusabit C . ............ 5 6asioB (HE CyMMUPYEeTCsi ¢

TIPEBITY M ).



XX International Zhautykov Olympiad in Mathematics. Problems and solutions.

Problem 1

In an alphabet of n letters, a syllable is any ordered pair of two (not necessarily distinct) letters. Some syllables are
considered indecent. A word is any sequence, finite or infinite, of letters, that does not contain indecent syllables.
Find the least possible number of indecent syllables for which infinite words do not exist.

n(n+1)
Answer. ——5—.
First solution. We will prove by induction on n that the number of indecent syllables cannot be less than n(n;l).

For n = 1 the alphabet contains only one letter, say, a, and the only syllable aa has to be indecent, otherwise an
infinite word aaa ... exists.

Consider an alphabet of n letters. There is at least one letter such that all the syllables beginning with it are
indecent (otherwise for each letter x there is a letter that can be written after x; acting in this way we can write

an infinite word). By the induction hypothesis, the remaining n — 1 letters form at least (”_Tl)n indecent syllables
(otherwise there is an infinite word made of those n— 1 letters). Thus, in total we have at least w +n= %
indecent syllables, g.e.d.

An example of @ indecent syllables for which there is no infinite word in the alphabet ai, a9, ..., a, is

the set of all syllables a;a; with @ > j. When all such syllables are indecent, the indices of letters in any word form
a strictly increasing sequence, and the word cannot be infinite.

Second solution. For every letter a, the syllable aa should be indecent, otherwise an infinite word aaa ... exists.
Moreover, for any two different letters a and b, at least one of the syllables ab and ba should be indecent, otherwise
there exists an infinite word ababab . ..

Therefore, the number of indecent syllables is at least n + (”_21)" = "("2+1). An example with this number of
indecent syllables is presented in the first solution.

Marking scheme
Partial progress

Part I. Lower bound.

1.1. Observation that every syllable of the form aa is indecent: ......... ... ... ... . .. ... ... .. 0 points.
1.2. Observation that at least one of the syllables ab and ba is indecent: ............................. 1 point.
1.3. Observation that there exists a letter such that all syllables starting from that lettes are indecent: 1 point.
1.4. A complete proof that the number of indecent syllables is at least @: ....................... 3 points
Part II. Construction.

2.1. A correct example of "(nTH) indecent syllables, with proof: ... ... ... ... .. 3 points.
2.2. An example of % indecent syllables, without proof: ...... ... .. ... .. . ... 2 points.
Part III.

3.1. Solution made on the supposition that there are no syllables with two identical letters: at most 4 points.
3.2. Solution of the problem for a finite number of particular values of nis worth ................... 0 points.

Points for partial progress inside one part are not to be added to each other.

Complete solution.
4.1. A complete solution is Worth ... ... .. 7 points.
4.2. If the construction lacks the proof in an otherwise complete solution, it is worth ............ ... 6 points.



Problem 2

Circles Q2 and I' meet at points A and B. The line containing their centres
intersects €2 and I' at points P and @), respectively, such that these points lie
on the same side of the line AB and point @ is closer to AB than point P. The
circle § lies on the same side of the line AB as P and @, touches the segment
AB at point D and touches I' at point T. The line PD meets § and {2 again
at points K and L, respectively. Prove that ZQTK = ZDTL.

First solution. Assume without loss of generality that D is nearer to A than
to B. Let M be the midpoint of the arc AB of I" that does not contain (). By
Archimedes’ lemma, the points T, D, and M are collinear. Then, on the one
hand, DA- DB = DT - DM, and on the other hand DA- DB = DP - DL,
that is, DT - DM = DP - DL, therefore quadrilateral LT PM is cyclic, hence
LTLK = /TMQ. Since § touches I', we have /TKL = /TQM as angles
between the line T'M and the common tangent at point 7'. The triangles LT K
and MTQ have two pairs of equal angles, therefore ZLTK = ZMTQ, whence
JLTD =/KTQ.

Second solution. As in the first solution, we introduce the point M opposite
to @ in I' and notice that the points M, T, and D are collinear, due to
Archimedes’ lemma. By the same lemma, there exists a circle y tangent to AB
and to Q at D and L, respectively. The radica; center X of the circles I', u, and

P
0
Q
r
K
b
A D B
L
M

0 is the meeting point of AB and the tangents to I and €2 at T and L, respectively. Hence XL = XT = X D, .and
thus X is the circumcenter of the triangle T DL. Therefore, ZDTL = %ADXL =90°—4ZXDL =90°-ZKDB. On

the other hand, ZQT M = 90° by Tpales’ theorem, and hence ZQTK =90° — Z/DTK =90° — /ZKDB = Z/DTL.

Marking scheme

Li Incomplete analytic solution (using coordinates, complex numbers, vectors,
Q trigonometry and so on) is worth 0 points

Partial points along the first solution.
1.1. Proof that T', D, and M are colinear: ..................... 0 points
Q 1.2. Proof that LTPM is cyclic: ......... oiiiiiiiiiii . 3 points
r 1.3. Proof that ZTKL = ZTQM or, equivalently, that TKQP is cyclic:

K 3 points
d Partial points along the second solution.

2 ) B 2.1. Ptoof th.at T, D, ?Lnd M.are collinear: ..................... 0 points
2.2. Just an introduction of circle p: ....... ...l 0 points
L 2.3. Proof that the tangents to § (or I') and p at 7" and L meet on AB, ot,
equivalently, proof that the circumcenter of T DL lies on AB: ..... 3 points
2.4. One of the facts in 2.3 is explicitly formulated (yet not proved), and
the problem is reduced to that fact: ......... ... ... ... .o 3 baJsia

Partial poi]r%s along different solutions are not to be added to each other.
Just stating the facts mentioned above without direct proofs is worth no points.



Problem 3

Positive integer d is not a perfect square. For each positive integer n, let s(n) denote the number of digits 1 among
the first n digits in the binary representation of v/d (including the digits before the point). Prove that there exists
an integer A such that s(n) > v/2n — 2 for all integers n > A.

Solution. We will make use of the following

Observation. If the binary representation of a number is finite and contains k digits 1, then every representation
of this number as a sum of powers of 2 with integral exponents contains at least k terms.

Indeed, the representation of a number as a sum of powers of 2 with distinct integral exponents (that is, its
binary representation) is unique. On the other hand, if a representation of the number as a sum of powers of 2
contains equal terms, the number of terms can be reduced (by changes of the form 2% + 2% = 2571) until all the
terms are distinct.

Let m be the number of digits in the binary representation of [v/d] (that is, 2™~' < v/d < 2™). Then for the
first n digits of the binary representation of v/d we have the inequalities

k
Vd—2m <y 2% < Vd
=1

(the inequalities are strict, since Vd is irrational).
Squaring this inequality we get

k
d _ 21+2m—n < d _ 21+m—n\/g_|_ 22m—2n < 22251 + Z 25i+5j+1 < d
i=1 1<i<j<k

The middle part of this inequality is less than the positive integer d by a number smaller than 2'72™~" that is,
for n > 2m + 1 its binary representation contains at least n — 2m — 1 digits 1. On the other hand, it is a sum of

Lk;l) powers of 2. Tt follows from the above observation that w >n—2m—1.If k < /2n — 2, then

kk+1) _ (V2n=2)(V2n—1) 3 5o
2 - 2 2 |

which is less than n — 2m — 1. Thus k > v/2n — 2 for large enough n, q.e.d.

Marking scheme
1. An observation that the square of a sum of k powers of 2 is a sum of k(kTH) powers of 2: .......... 1 point.
2. The inequality s(n) > v/2n — C' is proved for some constant C:5 points (not additive with the above point).





