
XX International Zhautykov Olympiad in Mathematics. Almaty, 9 January 2024

First day

(Time allowed is 4.5 hours. Each problem is worth 7 points)

�1. In an alphabet of n letters, a syllable is any ordered pair of two (not necessarily distinct) letters. Some syllables

are considered indecent. A word is any sequence, �nite or in�nite, of letters, that does not contain indecent syllables.

Find the least possible number of indecent syllables for which in�nite words do not exist.

�2. Circles Ω and Γmeet at points A and B. The line containing their centres intersects Ω and Γ at points P andQ,
respectively, such that these points lie on the same side of the line AB and point Q is closer to AB than point P .
The circle δ lies on the same side of the line AB as P and Q, touches the segment AB at point D and touches Γ
at point T . The line PD meets δ and Ω again at points K and L, respectively. Prove that ∠QTK = ∠DTL.

�3. Positive integer d is not a perfect square. For each positive integer n, let s(n) denote the number of digits 1
among the �rst n digits in the binary representation of

√
d (including the digits before the point). Prove that there

exists an integer A such that s(n) >
√
2n− 2 for all integers n ≥ A.

XX Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå. Àëìàòû, 9 ÿíâàðÿ 2024 ãîäà

Ïåðâûé äåíü

(Âðåìÿ âûïîëíåíèÿ ðàáîòû 4,5 ÷àñà. Êàæäàÿ çàäà÷à îöåíèâàåòñÿ â 7 áàëëîâ)

�1. Àëôàâèò ñîñòîèò èç n áóêâ. Ñëîãîì íàçîâ¼ì ëþáóþ óïîðÿäî÷åííóþ ïàðó, ñîñòîÿùóþ èç äâóõ íå îáÿçà-

òåëüíî ðàçëè÷íûõ áóêâ. Íåêîòîðûå ñëîãè ñ÷èòàþòñÿ íåïðèëè÷íûìè. Ñëîâîì ÿâëÿåòñÿ ëþáàÿ (êîíå÷íàÿ èëè

áåñêîíå÷íàÿ) ïîñëåäîâàòåëüíîñòü áóêâ, â êîòîðîé íåò íåïðèëè÷íûõ ñëîãîâ. Íàéäèòå íàèìåíüøåå âîçìîæíîå

êîëè÷åñòâî íåïðèëè÷íûõ ñëîãîâ, ïðè êîòîðîì íå ñóùåñòâóåò áåñêîíå÷íûõ ñëîâ.

�2. Îêðóæíîñòè Ω è Γ ïåðåñåêàþòñÿ â òî÷êàõ A è B. Ëèíèÿ öåíòðîâ ýòèõ îêðóæíîñòåé ïåðåñåêàåò Ω
è Γ â òî÷êàõ P è Q ñîîòâåòñòâåííî òàê, ÷òî îíè ëåæàò ïî îäíó ñòîðîíó îò ïðÿìîé AB, ïðè÷¼ì òî÷êà Q
ðàñïîëîæåíà áëèæå ê ýòîé ïðÿìîé. Ïî òó æå ñòîðîíó îò AB âçÿòà îêðóæíîñòü δ, êàñàþùàÿñÿ îòðåçêà AB
â òî÷êå D è Γ â òî÷êå T . Ïðÿìàÿ PD âòîðè÷íî ïåðåñåêàåò δ è Ω â òî÷êàõ K è L ñîîòâåòñòâåííî. Äîêàæèòå,

÷òî ∠QTK = ∠DTL.

�3. Íàòóðàëüíîå ÷èñëî d íå ÿâëÿåòñÿ òî÷íûì êâàäðàòîì. Äëÿ êàæäîãî íàòóðàëüíîãî ÷èñëà n îáîçíà÷èì

÷åðåç s(n) êîëè÷åñòâî åäèíèö ñðåäè ïåðâûõ n öèôð äâîè÷íîé çàïèñè ÷èñëà
√
d (öèôðû äî çàïÿòîé òîæå

ó÷èòûâàþòñÿ). Äîêàæèòå, ÷òî ñóùåñòâóåò òàêîå íàòóðàëüíîå A, ÷òî ïðè âñåõ íàòóðàëüíûõ n ⩾ A âûïîëíåíî

íåðàâåíñòâî s(n) >
√
2n− 2.

Ìàòåìàòèêàäàí õàëû©àðàëû© XX Æºóòiêîâ îëèìïèàäàñû. Àëìàòû, 9 ©àòàð 2024 æûë

Áiðiíøi ê³í

(Æ´ìûñòû îðûíäàó óà©ûòû 4,5 ñà¡àò. �ð åñåï 7 ´ïàé¡à áà¡àëàíàäû)

�1. �ëiïïå n ºðiïòåí ©´ðàë¡àí. Áóûí äåï êåç êåëãåí åêi ºðiïòåí ©´ðàë¡àí ðåòòåëãåí ºðiïòåð æ´áûí àéòàéû©

(ì´íäà ñîë åêi ºðiï ºðò³ðëi áîëóû ìiíäåòòi åìåñ). Êåéáið áóûíäàð ºäåïñiç áîëûï êåëåäi. Ñ°ç äåï, ©´ðàìûíäà

ºäåïñiç áóûíû æî©, êåç êåëãåí ºðiïòåð òiçiìií àéòàìûç (ºðïòåð ñàíû øåêòi íåìåñå øåêñiç áîëóû ì³ìêií).

Êåìiíäå íåøå ºäåïñiç áóûí ñàíûíäà ´çûíäû¡û øåêñiç áîëàòûí ñ°ç òàáûëìàéäû?

�2. Ω æºíå Γ øåáåðëåði A æºíå B í³êòåëåðiíäå ©èûëûñàäû. Îñû øåáåðëåðäi öåíòðëåði àð©ûëû °òåòií

ò³çó Ω æºíå Γ-íû, ñºéêåñiíøå, P æºíå Q í³êòåëåðiíäå ©èÿäû (ì´íäà P æºíå Q í³êòåëåði AB-íû áið

æà¡ûíäà æàòûð ºði Q í³êòåñi P -¡à ©àðà¡àíäà AB-¡à æà©ûíûðà© îðíàëàñ©àí). δ øåáåði AB êåñiíäiñií D,

àë Γ-íû T í³êòåñiíäå æàíàéäû (ì´íäà δ øåáåði æºíå P , Q í³êòåëåði AB-íû áið æà¡ûíäà æàòûð). PD
ò³çói δ-íû åêiíøi ðåò K, àë Ω-íû åêiíøi ðåò L í³êòåñiíäå ©èÿäû. ∠QTK = ∠DTL åêåíií äºëåëäåiç.

�3. Íàòóðàë d ñàíû òîëû© êâàäðàò åìåñ. Íàòóðàë n ñàíû ³øií s(n) àð©ûëû
√
d ñàíûíû åêiëiê æ³éå-

äåãi æàçûëóûíäà àëäû¡û n öèôðëàðäû àðàñûíäà êåçäåñåòií áiðëiêòåð ñàíûí áåëãiëåéìiç (ì´íäà åêiëiê

æ³éåäåãi ³òiðãå äåéiíãi öèôðëàð äà åñåïòåëiíåäi). Áàðëû© íàòóðàë n ⩾ A ³øií s(n) >
√
2n− 2 áîëàòûíäàé

íàòóðàë A ñàíûíû òàáûëàòûíûí äºëåëäåiç.


