2023 XIX International Zhautykov Olympiad
Kazakhstan, Almaty, 2-3 February

Problem A. Hill

e n=1. 12 points.
Enumerate all possible pairs (L1, R1) and pick the best one. It can be done in O(m?) or O(m).

e No blocked cells. 7 points.

It is always optimal to choose the whole table as a hill. So the answer is just the sum of all values.

e n,m < 50. 25 points.

Let’s maintain dp;;, — the best sum of a hill we can achieve so far if it ended on row i with a
segment (I,7).

To calculate it, enumerate all pairs (I,,7p) such that I <1, <7, <r and try to extend dp;_1,r,-
Also consider the case when you start a new hill in the current row.

The total time complexity will be O(nm?) with a small constant.

e n,m < 300. 22 points.

Exactly the same solution as above, but this time instead of enumerating (l,,7,) we can notice that
we are just looking for the rectangle maximum over all [ <1, < r, < r. That can be maintained
with another DP, say best; ;. For the transition you will consider dp;;,, best; 41, or best;,_1.

The total time complexity is now O(nm?), if implemented carefully.

e No further constraints. 34 points.

A hill, in its current definition, is quite hard to compute directly. So let’s try to make it simpler
instead.

By looking at the hill’s properties, we notice that it will be increasing up to some column, and then
decreasing. Let’s enumerate that column k, and split the hill into left and right part. The left should
be increasing and the right should be decreasing. We find that they are completely symmetrical, so
let’s focus on calculating the left part only.

Let’s define dp; — the best possible sum of the hill, if its bottom starts at row i (alternatively,
e =) and its bottom-left starts somewhere to the left of column k. Similarly, we will define such a
dp on the right side and try to combine the results.

Hill splitted at column k.

It is clear that once we have calculated dpi,...,dp, values both on the left and the right,
we could combine them by enumerating e from 1 to n and taking the biggest possible sum
(dpLefte + dpRight.).
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So if we are somehow able to calculate dp in O(nlogn) or O(n) time, the problem will be solved.

Let’s focus on calculating dp;. We should try to take the longest row as possible, until we hit a
blocked cell. Let h; denote the maximum number of cells we can take. Similarly, we will define
ha, ..., h,. Each one of them can be found in O(1), if you pre-calculate the closest blocked cell on
the left and on the right for each cell (3, j).

How values h; are defined.

Now it should be more clear how to calculate the value of dp;. We will first start by taking all h;
cells from 4-th row. Then, we will try to take c; cells for all rows j < ¢, where ¢; < ¢;j41 and ¢; < h;.
We could compute those ¢ values in a greedy manner, by going from ¢ to 1 and keeping the current
value ¢;. But this would result in O(n*m) solution, which is still quite slow.

Instead, let’s try to re-use the previous values of dp;. Let’s find the largest ¢, such that h; < h;. For
all rows in a range [t + 1,4], all values ¢; will be equal to h;. And that range will exactly form a
rectangle, so we can take its value in O(1) with 2D prefix sums.

The range [1,¢] will be exactly the same as in dp;, so we can conclude dp; = dp; + sum(t, i), where
sum is the rectangle sum mentioned above.

% XX
\\\
I\

Calculating dp;.

We can find such ¢ for all 7 in a lot of ways. The cleanest way is to maintain a monotone stack.
Other ways include binary searching or keeping a set instead, but that would add an extra O(logn)
factor to the complexity.

To sum up, we get a pretty nice solution in O(nm) time and memory complexity.
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Problem B. Two tree

e For the 1 subtask, you can calculate subtree sizes using DFS, and count the answer.

e For the 2 subtask, note that answer for node x, which is a neighbor of 1 will not change answer
dramatically because after rerooting the tree on x only sizes of subtree 1 and x nodes changes. Let
us calculate the answer naively for a 1 node and have a pointer for each tree on that node. We
can create queries like for node v, answer will be found after moving both pointers to node v and
comparing the changed nodes values. To make it optimal, we can use MO algorithm.

e For the 4 subtask, note that the answer for v is same as answer for some node u, except for
the nodes in the path between. Since the tree in this subtask is complete binary tree, the distance
between two nodes are small, so you can iterate over it and compute the answer.

e Now for the subtask 3, let us solve the problem for z in which v subi(x) > subs(x) will be
satisfied. subj(z) can have degi(x) + 1 different values and subz(x) dega(x) + 1 different values,
where degy (z) is number of neighbors in the first tree, and degs(x) is number of neighbors in the
second tree.

Let us conder the following tree with 1 node as root:

Subtree sizes are suby = 5, suby = 4, subs = 1, suby = 2, subs = 1. So when we consider edge 2,4
(so root v will be in this case either 4 or 5) and the size 2 will be 3 since n — suby. In the same way,
we can calculate for an edge from 2 to other sons. Still, for this node we also have an edge from
parent 1, in that case, our component size is subs and another component size is n — subo.

If z is root of trees, then the subi(x) and subs(x) both equal to n. This case never will be
suby () > suba(z).

Let us consider if our parent in the first tree is a, b in the second tree. So sub; will be equal to the size
of the component with  when we delete edge a, z from the first tree, similarly subs(z) is the equal
size of the component with z when we delete edge b, z from the second tree. So if subi(z) > subs(z),
then it holds for every v which is inside both in the same component with a (after deleting edge
a, x from the first tree) and in the same component with b (after deleting edge b, x from the second
tree).

You can use the Euler tour to check v is inside a component. Note that every component is like a
segment in the Euler tour.

Let us consider node v as a point in the 2D axis — tin, in the first tree as the x-axis and tin, in
the second tree as the y-axis. You can naively iterate over every pair of neighbors (one from the first
tree, the other from the second tree), and build adding in subrectangle queries, which can be solved
offline in n - log(n) time. But still we have deg; (v) - dege(v) which is fine for 1, 3 and 4 subtaks.

e Full solution. To optimize that part we will use two pointers. So let is sort neighbors of every
node by the size of subtrees in both trees separately, and let is root both tree at 1 node. We do
not need to naively iterate over every pair of neighbors, instead let us consider neighbor a, and our
component size will be equal to n — sub;(a), and these values are decreasing as subtree of neighbors
are sorted, and same is with second tree where n — suby(b). We can use two pointers to find first

Page 3 of 10



2023 XIX International Zhautykov Olympiad
Kazakhstan, Almaty, 2-3 February

such b so n — subi(a) > n — suba(b) for a, and now all the subtree of b and subtrees of neighbors
after it will hold. Note that you need to consider parent of node x in the first tree, and parent in
the second tree separately with each other, and with sons of node z.

Problem C. Golf

We define v, = 1, v, = 2 and v, = s, first, second terminal vertex and root vertex respectively.

1.

n =100 a + b = 4. 10 points.
Solve it by hand.

. n=100 a+ b= 32. 10 points.

Build a complete binary tree with 32 leaves. Point first a leaves to the v, and remaining b to vy.

Note, all leaves have equal probability.

. n=>50a+b= 23 10 points.

(a) If a = b. Point edges from v, to v, and v,.
(b) If a and b is even. Just divide a and b by two. Probability doesn’t change.

(¢) If a <b, a and b are odd.

Create a new node v and point edges from v, to v, and u. Now we can recursively build a
graph with a, (’_T“ starting from w.

Note a + IFT“ = aTH’ still power of two.

(d) If a > b, a and b are odd. Similar to the previous case.

. n=33a,b<15. 10 points.

Generate a random graph and compare probability by simulating random walks.

. n =64 10 points

Find smallest k s.t. 28 > a + b.
Build a complete binary tree with 2¥ > a + b leaves.
Point first a leaves to the v, and next b to v, and remaining to v,.

If both ends of the node point to the same node then we can delete this node and point all incoming
edges to the next node.

Since all leaves pointing to v, on continuous interval we can compress them to 2 x k. Similar to the
segment tree.

Same for v, and v.. At the end, we will use 2 * k nodes

Note that if some end of the interval is equal to the end of all tree it will not create new nodes. And
the right end of v, and the left end v, are the same and will reuse nodes. Same for v, and wv,.

. n =50, 10 points

Lets try to build segments optimally.

a+ b+ c=2F Here ¢ number of nodes pointing to the root.

Node at the depth d corresponds to 25=% leaves.

We start at the root from depth 1.

If @ > 28! point first edge to v, and solve from second child with a — 2=, b, ¢ and k — 1.

If 2572 < a,b < 25~ point first child to v, and v, and solve second child with a — 28=2 b — 2F=2 ¢
and k — 1.

Page 4 of 10



2023 XIX International Zhautykov Olympiad
Kazakhstan, Almaty, 2-3 February

Other cases are similar or.
We create new nodes only in the second case. It can be proven number will be less than %k

In the end, we will use % * k nodes.

7. n = 36, 10 points

Note that the nodes created in the second case point to two nodes from v, vy, v.. There are only 3
choices. We can create them before and reuse them.

In the end, we will use k£ 4 3 nodes.

8. n = 35, 10 points
Note that the last node also points to two nodes from v, vy, v.. We can also reuse it.

In the end, we will use k£ 4 2 nodes.

9. n = 34, 10 points
Its easy to see that this subtask is useless.

In the end, we will use k + 1 nodes.

10. n =33, 10 points
Suppose we have a graph that solves this problem for a, b, c where a + b+ ¢ = 2F.

Lets look to next operation:

(a) Create new node u.

(b) Add two edges from v, to v, and u. Mark u as the first terminal.

In new graph we get a,a + 2 b, 2 % ¢ where a + b+ ¢ = 2F+1,

Reverse of this operation looks like a,b,c — a, (b —a)/2,¢/2.

To apply the operation we need b > a, b and a the same parity, even c.

We have 6 options for such an operation. Since a + b + ¢ is even, at least one of them can be used.

In the end, we will use k nodes.

Problem D. Atoms

Let’s call [Da] atoms as red points, [Bs| atoms as white points and [Km] atoms as black points.

e n = 3. 9 points.

Any brute force solution should work. You can even try to write all cases by hand.

e di=dy=---=d,. 8 points.

All red points have the same coordinate. Find all white points that are to the left of the red points
and denote their count as x. Similarly, find all black points to the right and denote their count as y.
We can form at most k = min(z,y) triples, so we should just take k red points with highest energy
output.

e k; > b; and k; > d; for each 1 <i,j <n. 11 points.

All black points are located to the right of all other points. It means we can choose any of them for
any triple we might form, so we can just ignore all black points and focus on the pairs of white and
red instead.

The following greedy will work here. We will iterate over all white points in order of decreasing
coordinate. Suppose we are now considering a white point at coordinate x. Out of all red points to
the right of x, we will choose the one which has the highest energy output and delete it.
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Why does it work? We maintain a set of red points. As we go from right to left, some new red points
get added to the set or we meet a white point that can be used to form a new pair. Since any red
point that has been added to the set will always be available later on, it is clear that picking the
local optimum works.

cg=co=+-+=c¢,=1. 11 points.

All red points have an energy output of 1, which means we just need to select the largest amount
of them. Here we have a different kind of greedy. Let’s go through all red points from left to right.
We will try to form a triple which involves the current red point.

If our point can be paired with several white points, we can choose any of them since it will not
affect anything. If our point can be paired with several black points, we should choose the closest
one, because that black point is the first one to become unavailable later on. If we can form pairs
on both sides, then we form a triple and erase all three points.

n < 300. 12 points.

Let’s suppose in the optimal answer we will end up taking k red points. Each red point will need a
white point from the left and a black point from the right. So it is always optimal to select only the
leftmost white points and only the rightmost black points.

So essentially we have selected some white points (L1 < ... < Lj) and some black points
(R; < ... < Rg). Now we need to select k red points (My, ..., M) with the highest total energy
output. Notice that for some pair of red points M; < Mj, conditions L; < L; and R; < R; should
also hold.

That means we can form pairs (L;, R;) and solve the problem of choosing k red points, such that
each point is inside its corresponding segment and their total energy output is largest possible.

This can be done by maintaining dp; ; — the largest answer if we formed first j segments and
considered first ¢ red points. The transitions are trivial — either we put the i-th point into j-th
segment, or we don’t. This way we get a solution with O(n3) time complexity.

n < 2000. 12 points.
Clearly, we can do better than O(n?) for a fixed k, right? Indeed, there exists a nice greedy solution.

This time, we will go through all black points in the order of increasing coordinates. Suppose our
current black point is located at . Out of all red points to the left of x, we want to choose the one
that has a white point to the left of it and has the highest energy output. If there is such a red
point, we will take it. Additionally, over all white points to the left of it, we will choose the closest
one.

First, how to implement it fast? Since we go over all black point in the order of increasing x, we
will have to deal with following updates:

1. Add a new red point with coordinate z and energy output y. We will maintain all red
points in a set in the order of decreasing y.

2. Add a new white point with coordinate x. We will maintain white point in another set
in order of increasing x.

3. Check if we can form a triple. Let’s take the red point with highest y. If it is located to
the left of the leftmost white point, we cannot take it into a triple anymore and we will never
be able to. So we can delete it from the set and repeat again. Otherwise, we found the optimal
red point. Now we find the closest white point to the left of it and erase it.

Since each operation takes O(logn) time and we make O(n) operations amortized, we get the time
complexity of O(nlogn) for a fixed k, giving us O(n?logn) in total.

Now let’s get to the proof. Again, since we are iterating in the order of increasing z, if at any time
a new red point gets added to our set, it will always be available later on. So, similar to subtask 3,
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our current choice of a red point will not mess up anything in the future, so we should greedily pick
the best one. And once we found the red point, it is obvious why we need to pair it with the closest
white point.

e No additional constraints. 37 points.

Now, let f(k) denote the result of the greedy above for a fixed k. Clearly, f(k) will be undefined for
some k > c. If that is the case, we will consider f(k) to be equal to —oo.

We would like to find the maximum value of f(k). Now, we get to the very interesting part.

Lemma. Value of f(k) — f(k — 1) is non-increasing. That is, f(k) first increases up to some point
t, then decreases afterwards.

Proof. The formal proof follows from the Min-Cost-Maz-Flow algorithm. We can represent our
problem as a network, where the first layer contains all white points, second layer contains all red
points and third layer contains all black points. All edges will have unit capacities. To ensure each
red point is taken only once, we will duplicate it into two vertices u and v, connect v with all white
points, connect v with all black points and connect u and v with a single edge of unit capacity and
cost of —¢;, where ¢; is the energy output of the current red point.

It is clear that the answer we are looking for will be the value of MCMF' on this network, taken
with an opposite sign. So if we consider how MCMF actually works, we will notice that it starts
with flow k£ = 0 and tries to expand to flow k + 1 by finding a shortest path in the network that
can be saturated. The Min-Cost-Mazx-Flow variation keeps increasing k until its no longer possible,
so we are actually interested in the Min-Cost-Flow variation where we don’t care about the exact
value of k, we care only about minimizing the cost. And in that variation, the algorithm stops right
at the exact value of k£ which maximizes f(k). Hence, we consider it proven.

Knowing this lemma, now we can find the optimal k£ using a ternary search. You could implement
it in a binary search style, comparing values of f(m) and f(m+ 1), but a traditional ternary search
also passes.

In conclusion, we get a solution that has a O(nlog?n) or O(nlognlog, 1) time complexity.

Problem E. Tree game

° uizlvvi:i+1, Ti:bizl. 9 points.

The tree forms a star with all vertices connected to 1. If the first player starts at 1, the score will
be (n — 1) : 1. Otherwise, the first player will move to 1, claiming the vertex of the other player, so
the score will be n : 0.

e u; =1,v;, =1+ 1, r;, = b; = 1. 13 points.

The tree forms a chain 1 — 2 — ... — n. Let a be the vertex of first player and b be the vertex of
second player. WLOG a < b.

If the distance between them is 1, the score for each player will be the number of nodes on his side
of the tree (a:n—b+1).

If the distance between them is 2, first player will move in the middle and win with a score n : 0.

If the distance is more than 2, the case gets more interesting. It can be shown that both of them
will move towards each other until the distance gets down to 3. And from that point onwards, it
is never optimal for them to move closer, because the distance becomes 2 and the other player will
win in the middle. So both of them will be making any other moves until one of them has no more
moves. That player will be forced to move to the middle, and the score will be easy to calculate
from there.

It requires a bit of casework, considering both the parity of the distance and the number of extra
moves both players have.
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e n,q < 10. 11 points.

Here any correctly implemented bruteforce simulation should work.

e =1, r; =0, =1. 14 points.

Again, as in the subtask 2, let’s consider the distance between the vertices of players. The strategy
remains exactly the same, except this time you will have to do it on a tree. Since ¢ = 1, you can
implement this naively in O(n).

e 7, =b; = 1. 20 points.

Same as the subtask above, but you will have to calculate the following things fast:

1. The distance between two vertices a and b.
2. The k-th vertex on the path between a and b.

3. The number of vertices in a subtree of v if the root of the tree will be w.

All of these are quite classical things that often appear in tasks on trees and each one can be
implemented in O(logn) or O(1).

e ¢ =1. 17 points.
Here we are given an ongoing game so we have more cases to consider.

If there is at least one edge e such that its both endpoints are colored in the opposite colors, it
means that no move in the future will recolor any vertex. So we can delete this edge and solve for
the remaining trees separately. In fast, in can the proven that in each of the remaining we will have
at most one color, and that color will be the corresponding endpoint of e. So the answer can be
calculated with a simple DFS.

If there is no such edge, it means we have two connected components of vertices R and B. Let’s
find the pair of vertices (a,b) such that a € R, b € B and dist(a,b) is the least possible. We can
find that pair as follows. Take any vertex a’ € R, find the closest vertex b € B to it. Similarly, take
any vertex b’ € B, find the closest vertex a € B to it. The desired pair is the (a,b) we found in this
process.

After we found the pair (a,b), this game state can be seen equivalent to the state where players
start with vertices (a,b) with just some other vertices already pre-colored for them. So the solution
from now onwards will be exactly the same as in the subtask above.

e No other constraints. 16 points.

Once again, we will have to implement the same solution in an efficient way. Finding an edge e
can be done in O(|R| + |B|) as follows. Let’s assume the tree is rooted at an arbitrary node. Then
each edge e will connect some vertex v with its parent p,. So, it is enough just to consider all pairs
(a € A,pg) and (b € B, pp) to find those edges.

If we found such edges e, now we will have to calculate the sizes of subtrees. We can already solve
that fast because it is derived from this task: The number of vertices in a subtree of v if the root of
the tree will be u. So the whole thing here works in O(|R| + |B|) or O((|R| + | B|) logn).

If there are no such edges e, we will need to find (a,b) in the way described above. The naive
implementation already works in O((|R| + |B|)logn) time complexity. And since after this the
solution comes down to the case r; = b; = 1, the whole problem is solved.

Overall, we get time complexity O(nlogn+ (|R|+ |B|)logn) with some minor differences depending
on the implementation of LCA and other algorithms.

Problem F. Researchers
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n,m,q < 100, d; < 100, r; < 100. 5 points.

Build the graph for all years from 1 to 100, and for each query check the reachability with a simple
DFS. The time complexity is O(maz{r;}(n +m)q).

n,m,q < 3000, d; < 3000, r; < 3000. 7 points.

Similarly, build the graph for all years from 1 to 3000. Color all components with a DFS. Let ¢, be
the color of vertex v. Now, when you go through all queries, you can check reachability by simply
checking if ¢;; = ¢y,.

The time complexity is O(max{r;}(n +m + q)).

m=n-—1,a; =1, b, =1+ 1. 12 points.

The graph is a chain 1 — 2 — ... — n. For the path u — v to exist (u < v), all edges between them
should be present. So it boils down to calculating the intersection of segments in a range [u,v — 1],
which can be done with a segment tree. You will need to find max{l;} on a range and min{r;} on
a range.

The time complexity is O(n + glogn).

d; = 10°. 16 points.

d; = 10? essentially means that the edges will never get deleted. So let’s sort all edges in the order
of their addition time. Now, for each query (u,v) we can try to binary search the first time ¢ when
vertices u and v will be connected. The easiest and most popular way to do it is Parallel binary
search.

The time complexity is O((n + m + ¢) log 10%).

l; = r;. 12 points.

Let’s convert the problem to the following. You have to process 3 kinds of events in the chronological
order:

1. Add an edge (u,v).
2. Remove an edge (u,v).

3. Query if vertices u and v are connected.

This is a very classical problem called Dynamic Connectivity. In this particular case, we can do it
in offline using divide and conquer with DSU with rollbacks.

O((n+m + q)log?n).

n,m,q < 40000. 27 points.

Let’s create 2m events of two types in chronological order:

1. Add an edge (u,v).

2. Remove an edge (u,v).

We will do Square root decomposition on the events.

Each query corresponds to some range (I,7) of events. Let’s enumerate over all blocks of events.
For each block, there will be some queries which cover it completely and there will be some queries
which cover it only partially.

Also, inside a block of size k, there will be at most 2k relevant vertices and edges that will be
affected. So let’s compress the whole graph and get rid of useless vertices and edges.

Now, we can easily deal with partial queries. Exactly the same as we did in subtask 2, let’s deal
with the events in a straightforward way one by one and color all the components using a DFS.
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Then we will go over all partial queries, and if a query covers the current event, we will update the
answer to it accordingly.

This part will work in O(k?) per block. And a query will be considered partial in at most two blocks,
so the query will contribute only O(k) to the overall time complexity.

Now, let’s deal with queries that cover the block completely. There could be potentially many of
them per each block. But here is an important thing: after we compressed the graph we have only
O(k) vertices, so we have only O(k?) pairs of vertices we care about. So if we maintain a two-
dimensional array ans,, for each pair (u,v) and calculate it the same way as we did with partial
queries, we will get O(k3) time complexity per block.

Now, let’s think about the optimal k. We will have n/k blocks overall, in each of them we will have
to do about O(n+m+ q) to compress the graph and look for the relevant queries. Inside the block,
we will do O(k3) operations. So if we try to make the two sides equal, we get that the optimal k
should be around (n +m + ¢)'/3.

So the total time complexity we get is O(n +m + ¢)%/3

subtask.

, which should be good enough to pass this

No additional constraints. 21 points.

In fact, the solution from the previous subtask could be optimized to the degree that it will even
pass this subtask. But here, we will discuss a better solution.

The bottleneck of our solution was the O(k3) part, where we calculate ans,,,, for all pairs (u,v) in
a block. Can we do it faster? The answer is fortunately yes.

Let’s notice that we essentially have the same original problem, but this time n = O(k), m = O(k)
and ¢ = O(k?) with all queries being on the whole range as well.

So can we apply the same solution to that sub-problem? Take a block ¢t = v/k, and solve for blocks
of size t again? Theoretically, we can, but it will probably end up slower than the O(k?) discussed
above.

But instead, we can analyze this more and figure out that for this sub-problem the optimal block
size t will be n/2. In other words, it is optimal to solve this sub-problem as a divide and conquer
algorithm. Split all events right in the middle, compress all vertices and edges on both sides, solve
recursively and combine the answers.

Let’s analyze the time complexity. We have T'(n) = 27(n/2) + O(n?). If we expand, we will get
Tn)=0n?+2x (n/2)?2+4x (n/4)?+...)=0n?*x (1+1/2+1/4+...) = O(n?). So for n = k
we will be able to solve the problem in O(k?), which is exactly what we were looking for.

Taking & to be approximately O(y/n +m + q), we end up with a O((n+m+gq)/n + m + ¢) solution,
although with a very high constant.
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Problem A. Tebewik

e n=1. 12 ymaii.
Bapsbik Mymkin 6omarem (L1, R1) KyITapblH caHall, el KakchIchiH Tanganbs. Onsr O(m?) nemece
O(m) yakpITBIH/a yKacayra GOJIAIbL.

e ByraTTajfraH ysdaIibIKTap »KOK. 7 yIIaii.
Bykin yerenai Tebeniik peTiHie TaHIay opKallaH oHTaiibl. COHIBIKTAH »Kayall O0apJIbIK MOHIEPIiH,
KOCBIHIBICHI FaHA.

e n,m < 50. 25 ymaii.

dp; 1 » — meberik ¢ xonbiaga (I,7) cermenTiMen asgkrasca, 6i3 oyl KOJI KeTKi3e agaThiH TOOeIiKTiH
€H KAKCbl COMACbIH CAKTANbIK.

Omnmpr ecenrey ymin [ < I, < rp, < r Gomarbigait 6apibik (I, 7p) KyNTapbii caam, dp;—1,.r,
KeHeiTin kepini3. Ockl KaTap/ia »KaHa TebeHl bacTaraH Ke3JIeri »KarIaiibl 1a KapaCThIPhIHbI3.

ZKaumer yaxpir kypaeaiiri O(nm?*) 6omaipr.

o n,m < 300. 22 ymnaii.

Mo »xorapbliarbiiail merriv, 6ipak 6yi »xoist (I, 7,) camayabiy opubita, 6i3 { < [, < r, < r 6oii-
BIHIIIA MAKCHMyM TiKTOPTOYPBIIMITHI i3/1€1 2KaTKAHBIMbBI3IbI OaiikaiiMbrs. MyHbl 6acka DP apkbuib
caxTayra 00saJbl, alfTaablK best; ;. Oty ymin dp; ., best; 1, nemece best;;,_1 KapacThIpachI3.

Erep MyKusT OpbIH/IAJCA, KAJIIbI YaKbIT KypaeTimiri kasip O(nm?) Kypaiipr.

o Backa miekreysep »KOK. 34 ynaii.

Teberrik, oHBIH, Ka3ipri aHBIKTaMAaChl OOMBIHINA, TiKesel ecenrrey eTe KubiH. OJiait 60jca, OHBIH Op-
HBbIHA KapalaiibIM eTill Kacayra THIPHICAIBIK.

TebermrikTiH KacuerTepine Kapail OTBIPHIN, 0i3 oHBIH Oip Oaranra jeifiH eceTiHiH, comaH KeifiH Te-
MeHJIeHTiHIH OalikaiiMbI3. k OaraHACKHIH caHaIl, TOOEINIKTI COJI YKOHE OH, KakK, OeJiKTepre OeJieifik.
Cout kaK ecy Kepek, ajl OH KaK TOMEHJey KepekK. bBi3 o/ap/iblH, TOJLIFEIMEH CUMMETPHUSIIBI €KeHIH
AHBIKTAMBbI3, COHJIBIKTAH TEK COJI YKaK OeJIIrH ecerreyre Ha3ap aygapaiiblk.

dp; — TebemIiKTiH MyMKiH OOJATBIH €H, KaKChl COMACBIH aHBIKTANBIK, erep OHbIH TOMEHTI ¢ YKOJIbI-
HaH Oacrasca (bGasmaMa TypJe e = i) yKOHEe OHBIH TOMEHTI COJI yKaK 6eJiiri GaraHHDBIH COJT XKAFBIHIA
6ip xepae 6acrasnca k. Cosl cusIKTBI, 613 OH »KaKTa OCHIHIAN dp aHLIKTANMBI3 »KOHE HOTHXKEJIEpP.I
OipikTipyre THIPHICAMBI3.

l'opka o6benunenHas B crosbue k.
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Cou »kaKTa J1a, OH KakTa 1a dpq, . . ., dp, MOHJEPIH ecenTereHHeH KeiiiH, 613 oapsl e-Hi 1-71eH n-re
Jefiin KaiiTasiay KoHe MaKCUMAJbl MyMKiH comanbl (dpLefte + dpRight.) ainy apkpuibl 6ipikripe
AJIATBIHBIMBI3 aHBIK.

Erep 6i3 O(n log n) nemece O(n) yakbIThIHIA dp-J1bl KaHIal j1a 6ip KOJIMEH ecenTeil aIaTbiH 60JICaK,
MOceJIe IelriIe.

dp1 ecernrreyre Hazap aymgapaibik. Bis OyraTTajFaH ysIIbIKKA TUTEHIIIe, MYMKIH/ITIHIIIEe Y3bIH YKOJIIbI
aJIyfa TBIPBICYBIMBI3 KepeK. hi 0i3 amaTblH YMIbIKTapAblH MaKCHMAJIIbl CaHblH Oenrimeiik. Cou
cusiKThI 613 ha, . .., hy, asbiKTaiiMbis. Ouapabiy opkaiicsicein O(1) iminen Tabyra 6osiajibl, erep ci3
opbip (4,j) YAMIBIFLI VIOIH COJ YKOHE OH, yKAKTAFBl €H KAKBIH OJOKTAJFAH YSINIBIKTHI AJJBIH aJa
€CeINTeCceHis.

Kaxk onpenensitorcs 3nadenust h;.

Enni dp; moHin KaJiail ecenrey KepeKTiri aHbIK, O0Iybl KepeK. AJIAbIMEH -1l >KOJIJaH OapJblK h;
YAIIBIKTapEIH agygan Oacraitmbrs. Coman Keitin, 6i3 ¢; < c¢jy1 xome ¢; < hj; OonaThIH OaPIILIK
J < @ 2KOJLJAPbI YIIIH ¢; YAMBIKTaPbIH ajdyfa ThipblcaMbl3. bBis i-nan 1-ra [eitin »KoHe arbIMIArbl C;
MOHIH CaKTail OTBIPBII, OYJT ¢ MOHIEPIH AIlIKO3IIKIIEH ecenTeil ajaMbi3. bipak Oy O(n2m) HIernriMmine
oKeJteii, Oyt oJii Jie eTe basty.

Ounbin opublHa dp; aJJbIHFEL MOHAEPIH KaliTa naiifajanbil Kepeiiik. hy < h; GonaTeln el yikeH t
TabaifbIK. [t + 1, 4] ayKpIMBIHIAFEI GapJIbIK KOJLIAP YIIH ¢; GapJIbIK MoH/epi h; MoHiHE TeH 60JIaIbl.
ZKone Oy amanason JpJ1 TIKTOpTOYPHINTHL Kypaiijibl, coHabikTad oHbiH MoHiH O(1) Typinme 2D
peduKCe KOCBIHABLIAPBIMEH KAOBLIIAN aJaMbI3.

[1,t] nuanasonsl dpg-narbiven Gipaeit 6osapl, conabikran dp; = dpy + sum(t, i) jerer KOPbITHIH/IbI
JKacayra 00J1aJbl, MYHIA SUIM >KOFapbIAa afThIFaH TIKTOPTOYPDIII KOCHIHIBICHI.
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3

Calculating dp;.

Biz mymmait t-ap1 6apJIblK, ¢ VIOIIH KONTEreH >KoJapMeH Taba ajiaMbl3. EH Tasa ojic - MOHOTOH TG
cTekTi cakTay. Backa »Kojmap ekiuTik i37ey/i Hemece OHBIH, OPHBIHA >KHUBIHIBI CAKTAYIbl KAMTHUIHI,
6ipak Oy Kypaemiaikke Koceimima O(logn) dakTopbin Kocapl.

Kopsirbapuiait keie, 6i3 O(nm) yakpIT [eH XKaJThIH KYPAETIUINHIEe oTe KAKChI MIEIIiM AJaMbI3.

Problem B. Eki araw

e 1-mmi imki ecen. DF'S apkbuibt iki qapakTapIblH ©JIIIeMIePiH Taybill, XKayalThl ecenTeyre 00Ia/Ibl.

e 2-1mri imiki ecem. 1 Tebecinin Kepirmici & Tebeci yImiH kayal KaTThl ©3repMeiTiHin Oaifkaibik, cebebi,
aramrThl £ TebeciHe 1JIreH COH, TeK 1 »KoHe x TebeJIepiHiH MKl JapaKTapbIHBIH, OJIIIeMIepl e3repe/i.
ZKayanTer 1 Tebeci ymrie ecernrerr, op aramTad coj Tebere kepceTkiin Koiora 6osaael. biz opbip v
Tebeci YIIIiH cypayaap xKacaii ajgambi3. 2Kayalr eki KepceTkimiTi e v TebeciHe *KbLIKBITKAHHAH KeHiH
JKOHE e3TepTijireH Tebejiepii cajbIlCThIpFaHHaH Keitin Tabbuiaael. OHBI OHTaMIBL eTy yinia 6i3 MO
aJTOPUTMIH KOJIJIaHA AJIaMBbI3.

e 4-mrri immKi ecem. v TebeciHiH Kayabbl u TebeciHiH kayaOblHa TeH 0OJIAIbI, €rep OJIapIbIH KO-
JIBIHIAFBI IIBIHAAPIbI CaHAMacaK. byir iIKi ecenreri aralll TOJIBIK, €KIJIIK arall OOJFaHIbIKTaH, €Ki
TOOEHIH apaKAIIBIKTBIFBI a3, COHIBIKTAH Ci3 YKOJIIa YKYPIIl, XKayalThl eCeTell ajaachi3.

e 3-mii imKi ecem, = Tebeci KaHail eceln Ieneiik — Kaumail v rebesepinge suby(x) > subs(z) maprst
opbiagaaasl. suby(x) degi(x)+ 1 Typui monre, an subs(x) dega(x) + 1 Typai monre ne GoJia axabl,
myHa degy (x) — GipiHII aramTarbl KOpIiiep canbl, dege(x) — eKiHIm araiTarbl KOPIILIEp CaHbl.

Keseci aramrer Ty6ipi 1 Tebeci boaThIHIe €Till KapaCThIPAMBIK,
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Imki mapaxTapapin emrmmemaepi: suby = 5, suby = 4, subs = 1, suby = 2, subs = 1. 2,4 KpIpbiH
KapacThIpaibIK, (1eMex v Ty6ipi 4-1mi Hemece 5-mi Tebe Gostapl) KoHe 2-1mmi 1K JapaKThiH, OJIIeMi
3 6omambl, sstHU N — suby. o ockimait 6i3 2-1m1i imKi HJapaKThIH ©JIIMIEMIH KaJIfaH Mep3eHTTeD VIMiH
Taba asaMbI3. Jlereamen, 6i3me Tarbl 1 oKemeH KbIp Oap, Oy Karmaiiga Oi3iH KOMIIOHEHTIMI3IIIH,
emmeMi sub — 2-Te TeH, a1 OacKa KOMIIOHEHTTIH ejrmeMi n — subs.

Erep x ararmrsiyg Ty6ipi 60sica, onia suby (x) men subg(z) n-ra ren. Byn xkarmaiina suby (x) > subs(x)
HIapThl CHIKAIIAH OPbIHIAJIMAIJIbL.

Tarer mga 6i37iH OIpiHIII aramrTarbl 9KEeMi3 @ YKoHe eKIiHIII aralllTarbl oKeMi3 b OoJIFaH KaraaiiIbl
Kapacrbipaiibik. CoHna 613 @, KbIpLIH OIpiHIIl arallTaH »KORFaH Ke3ze, sub; MoHI 2 TebeciHiH, KOM-
MMOHEHTIHIH eJjmeMine TeH Oosanbl. o comait, b, x KbIpblH OIpiHII aramnTaH »KONFaH Ke3ze, Subo
MoHI & TeGeCiHIH KOMIIOHEeHTIHIH ejneMine TeH 6osiajbl. Erep suby(xz) > subs(x), jemek o1 a-men
(a,x KpIpbIH GipiHII aramTaH XxkoifraH coH) e, b-men (b, x KbIpbIH OIpiHIN arainTaH yKOWFaH COH)
Jie Oip KOMIIOHEHTTe >KaTKaH opbip v Tebeci YIIiH OPbIHIAIATHI.

v TebeCi KOMITOHEHT iIMIiH/Ie eKeHIH TeKcepy VIINH Jiijiep aifHaMa aJTOPUTMbBIH KOJITaHyra 00/Ia/Ibl.
Hazap aymapbiapi3, opbip KOMIIOHEHT Diliep ailHaaMa, »KOJILIHIAFEI iIIKI KeCiHijaep OoJIbII TabbLiIa-
JTBI.

v Tebecin 2D KeHicTiriHaeri HyKTe peTiHje KapacThlpailblk — OipiHII aralnTarbl tin, X oci peTiHie
JKOHE eKIHIII aralrTarsl tin, y oci peTiHiae. Opbip Kepimijep »KyOblH CyPBIITAIl, IIKI TIKTOPTOYPHIIIT
YIIIH KOCy cypayJiapsbl icrecek 6osasl. Byt ecenti n-log(n) yakeirbiaga menryre 60a/1bl. Bipax 6i3/e
degi(v)-degs(v) Tebesiep ky6bl Gap, conabIKTan GyII merrim Tex 1, 3 xone 4-11i imki ecenrepi eres.

e Touablk 1merriM. Ecenrig Oy 6eJirin oHTaiIaHAbIPY YIMH €Ki KOPCETKIIT TeXHUKACHIH KOJIIAHCAK,
6osiaapl. CoHbIMeH, apbip TeOEHIH KOpImiaepi iKi JapakTapibll, eJIeMiaepi OOMbIHIN €Ki aralira
6eJiek cypblinTaaran 60JIChIH, KoHe 1-111i Tebe Tydip 6osichiH. Bisre opbip kepimijep *KybiH KapacTbIpy
KayKeT eMeC, OHBbIH ODHBIHA 4 KODIIICIH asaiiblK, xKoHe 6i3/[iH KOMIIOHEHTTiH esimemi n — suby(a)
6oJtaapl, XKoHe OY/I MoHIep Kopiuinepain subtree eckeninmeit kemumi. o1 comait ekiHImmi aramm VI,
myHa n — subg(b). Biz n — suby(a) > n — subs(b) Gonareingait a Tebeci yiin en Gipinmi b rebecin
Taby VIIiH eKi KOPCETKIIITI KOJIIaHa aJaMbl3, COH/Ia b TOBIK IIMKi Japarbl VIMiH XKoHe KOPITLIEPIITiH
imKi rapaxTapbl YIIiH OYI MIapT OPBIHIAIAILI. £ TOOECIHIH oKeIepiH KoHe T-TiH MepP3eHTTEPIH eKi
arar yIiH 0e/ieK KapacThIPy KePeKTIiriHe Hazap ayaapbiHbI3.

Problem C. lNonbdg

vg = 1, vp = 2 2K0HE U, = S coliKeciHIe OipiHIII, eKiHII TepMUHAJ IIBIHBI KOHE TYOIp IIBIHLIH aHBIKTAMBI3.

1. n=100 a + b = 4. 10 ynaii.

Karazma mrernrinis.

2. n =100 a + b = 32. 10 ymuaii.

32 KambIparbl 6ap TOJBIK OMHAPJIBIK aralll KypacTbipambi3. Bipinmii @ XKanbipakTan v, XKoHe KaJFaH
b »KanbIpaTKTaH v, KbIPJIAPBIH XKYPri3eMis.

Hazap aymapbiHBI3, OapJIBIK, KAITIPAKTAP/IbIH, BIKTUMAJIBIFRI OipIei.

3. n=>50a+b=2% 10 ynaii.

(a) Erep a = b. v, MeH v, K0HE U, apaJIbIFbIHJIAFBI HYKTE [IeTTEP.
(b) a xkoHe b xkyn 6osca. a koue b exire 6esiHi3. bIKTUMaIIBIK e3repMeiii.
(¢) a < b, a xoue b Tak Gosca.

Kana u Tyiiinin »xoHe v, 6acTan vy »KoHe U HYKTEeJEpiHiH MeTTepiH *KacaHbl3. KHIl u 6acramn
a, —bga 6o1aTBIH TpadUKTI PEKYPCUBTI Type Kypa ajaaMbI3.

a+ bfja = “TH’ OJT1 eKiHiH, JOpeXKeCiH ecKepiHis.
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4.

10.

(d) @ > b, a xoHe b Tax Gosica. AJIBIHFBI XKAFafira YKCAC.

n =33 a,b < 15. 10 ymaii.

Hou exiummi 6emiMaerizeit xkacaiiMprs. Kamrad KambIpakTapaaH TYOipre KbIP KOCHIIT KOSIMBI3.

. n =64 10 ymait

En ximi £ cT. TaOBIHbBI3. 2k > q + 0.

2k > @ + b xambpakTapbl 6ap TOJBIK EKUIIK ArallThl KYPACTHIPHIHbI3.

Bipinmi a »KanblpakTapblH v, *KoHE Kejeci b v, *KoHe KAJraHblH U, XKarblHa KOPCETIHi3.

Erep ryiiinniy exi ymbl ga 6ip Tyitisg kepcerce, 6i3 Oy TYHIHIL 2KO¥ibIIT, GapJIbIK, KipiC XKUEKTEPiH
KeJieci TyitiHre OarbITTail aJaMbI3.

Y3aikci3 mHTEpBaIIa OAPJIBIK, KAIIBIPAKTAp U, OETiciH KepceTeTiHiKTeH, 013 oapbl 2 * k-ra Ieiin
KbIca ajambl3. CerMeHT arallibiHa YKCac.

vy KOHE V. yIniH 6ipaeit. ConblHaa 613 2 % k TyHiHIEepiH KOJIIaHAMBI3

Erep maTepBasigbiH Keitbip COHBI OAapJIbIK aralllTbIH COHBIHA TeH 0oJjica, OJ1 »KaHa TYHiHIepmi »Ka-
CaMaliTBIHBIH €CKepiHi3. AJl v, OH »KaK IIeTi MEeH COJI Kak, IeTi v, 6ipjeil »KoHe TyHiHIepAl KaiiTa
naiiajganabl. vp KoHe VINiH 6ipaeit vg.

. n =50, 10 ynait

CerMeHTTEDI OHTAMIBI TYPIe KypPyFa ThIPBICAIBIK,.
a+b+c=2F Mymnma Ty6ipai kepcererin ¢ Tyiinmep canbl.
d TepeHiKTeri TYHiH ok—d JKallbIpaKTapblHa COUKeC KeJie/].
Biz 1 Tepengirinen Tybipmen bacTaitMbi3.

Erep a > 2%~ Gipinmi skuerin v, Hykrecine kepcerimn, exinmi Gamaman a — 2871 b, ¢ xone k — 1
APKBLIBI TENTIHI3.

2k=2 < q,b < 21 Gipinmi 6amanbr v, XKoHe v, KOpCeTCe KoHe eKinmi Gamaner a — 2872 b — 2F72 ¢
xome k — 1.

Backa xarmaiiyiap ykcac Hemece.

Bis xxana Tyilingep/i Tek exiHii karnaiiga rana x)acaimbrs. Can %k—HaH a3 OOJIATHIHBIH JIDJICTIIEyTe
00J1a1bI.

Conpinia 613 % * k TyHiHIEepiH KOJIaHaMbI3.

n = 36, 10 ymaii

Exinmi xarmaitta sxkacaaran TYHIHIED Vg, Vp, Ue €Ki TYHIHII KopceTeTinin eckepini3. Texk 3 tammay
6ap. bi3 omapapl OypbIH Kacall, KaiTa HaiigaiaHa aaaMbl3.

Conpiaga 6i3 k + 3 Tyilinaepin Ko/gaHaMbl3.

. n =35, 10 ynai

CoHrbl TYIHIH Vg, Up, Ve €Ki TYHIHI] J1e KOpCeTeTiHIH ecKepiHi3. Bi3 oHbl KaiiTa maiiranana aJgaMbls.

Conpiaga 6i3 k + 2 TyiliHgepin KoJIgaHaMbI3.

. n =34, 10 ynait

By Kocaakbl TarchIpMaHbIH Al 1aChl3 €KeHIH TYCIHY OHAIA.

Conpiaga 6i3 k + 1 Tyilingepin KoIgaHaMbI3.

n = 33, 10 ymaii

Bisze a, b, ¢ yiin ocsl eceni mermerin rpad 6ap gemik, MyHa a + b+ ¢ = 2F.

Kemeci onepanustabl KapacThIPalbIK:
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(a) ?Kamna u Tyiiinin kacaprs.
(b) v, Gacramn vy KoHe U apasbIFbIHIAFBL €Ki KUEKTI KOCBIHbI3. u OipiHI TepMuHAJ peTiHe Gesi-
TiIeHis.

2Kama rpadukre a,a + 2 % b, 2 % ¢ amaMpi3, MmyHga a + b + ¢ = 281,
Byn onepanusinbiy kepi a, b, ¢ — a, (b — a)/2,¢/2 cusikTbl KOpiHeii.
OmnepanustHbl KOJIIaHy YIIOiH 6i3re b > a, b »KoHe @ Oipieil mapuTeT, TIilTi ¢ KaXKerT.

Bizne mynait onepanusinbiy, 6 HycKachl 6ap. a + b + ¢ Ky OoJIFaH/IBIKTaH, OJIAP/IBIH KeM JICreH/1e
Gipeyin Kosmanyra O0aIbI.

Conpraga 6i3 k TyiiHIepin KoJIgaHaMbI3.

Problem D. Atompaap

[Da] aTomuapsid Kuisvia wy'kmeaep, [Bs| aromuapeit ax ny'kmenep oHe [Km| aroMuapbit ax nykmenep
JIeTl KaPaCThIPANbIK,

o n =3.9 ymnaii.

Kes-kesren ipikrey rmernriMi KyMbic icreyi KaxkeT. Ci3 TinTi GapJibIk, XKarmaiijapbl KOJIMeH Ka3yFa
TBHIPBICY BIHBI3FA OOJIAJIBL.

e di =dy=---=d,. 8 ynaii.

Bapibik KbI3bLT HYKTEIEPIiH KOOpaAnHaTTaphl Oipjeit. KbI3bll HyKTeaepaiH coJI KarblHIa >KATKAH
aK HYKTEJIEPJiH CAaHBIH TAayblll, OJI caHla x Jjern Oesrijeiik. Cosi CUSKTBI, KbI3bLI HYKTEJIEPiH OH,
JKarblHIa KATKAH Kapa HYKTEJIEDIiH CAaHBIH Tayblll, OHBI Y Jen Oenrijeifik. Bi3 en kem gerenje
k = min(x,y) ymrik Kypa ajaMbi3, COHJIBIKTAH YHEPIUsIChI €H KOIl k KbI3bLI HYKTEHI ajICak KeT-
KLTIKTI.

e k; > bj xxemne k; > d;, mynga 1 <1i,j < n. 11 ynaii.

Bapabik xapa wyxkmesep KaJaraH HYKTEJEP/IiH OH »KarblHIa OpHaJacKaH. bys 6i3 Ke3-KeareH yIITikK
VIIIH Ke3-KeJreH Kapa HYKTeHi ajcak, 60JIaThIHBIH OLIipesTi, jeMmek 0i3 o1 HyKTeaepre KapaMaii, TeK
KBI3BLJI JKOHE aK HYKTeJepre Ha3ap ayjaapcak 060J1a/ibl.

MyHnaa Kejleci alikes aJaropuTM KyMbIC icTeiii. Bi3 KoopauHaTaHBIH K€My peTiMeH OapJiblK, ak
HYKTeJIep OOMBIHIIA UTepaIns sKacaiiMbI3. Bis Kasip £ KoopaInHATACKIHIAFBI aK HYKTEeHI KapaCThIPHIII
2KATBIPMbBI3 JIeJIiK, X-TiH OH »KAFbIHJIAFbI OAPJIBIK KbI3BLI HYKTEJEP/IiH, infiHeH 613 SHePTHUsiChl €H KOIl
HYKTEHI TaHJ[all, OHbI KOUBIII TaCTalMBbI3.

Hemikren 6y gypoic? Bi3 KbI3bLI HYKTeJIEp >KUBIHTBIFBIH cakTaiMbid. OHHAH cojiFa Kapail »Kyp-
reHjle, *KUBIHTBIKKA OipHeIle >KaHa KBI3BLT HYKTeJIep KOChLIaIbl HeMece 0i3 >KaHa YKYITHI KAJIbII-
TaCTBIPY VIIIH KOJIaHyFa 00JaThIH aK HYKTeHi KezjecTipemi3. 2KHMBIHTBIKKA KOCHLIFaH Ke3-KeJII'eH
KBI3bLI HYKTE 9pIaiibiM KeiiHipek KO »KeTiM i 00IaThIHIBIKTAH, JIOKAJIbI OITUMYM/IbI TAHIAY KY-
MBIC 1CTENTIHI aHBIK,.

e ci=c=-=c¢,=1.11 ynaii.

Bapiblk KbI3bLT HYKTeJIEPOiH IILIFBIC SHEPTUSICHI 1-Te TeH, jJeMeK 613 TeK oJIapIblH €H KO MYMKIH
MOJIIIIEpPIH TaHIaybIMbI3 KepeK. Byir xKarmaiina 6i3 6acka alkes3 aJropuTMiH KoJigana agambrs. CoJ-
JIaH OHFa Kapail 6apJIblK KbI3bLI HYKTEJIepMeH Kypeilik. bi3 arbIMaarbl KbI3bLI HYKTEHI KAMTUTHIH
VIITIKTI KYpyFa THIPHICAMBI3.

Erep 6izin HyKTe OipHEIIe aK HYKTeJIePMEH XKYII Kypail ajaTbiH 6oJica, 6i3 oJlap/iblH Ke3-KeJINeHIH
TaHJall ajaMbI3, O©TKeHI OJ1 elrTeHere ocep ermeiiai. Erep 6i3min HykTe OipHelre Kapa HYyKTeIep
JKYI Kypail asiaTbiH 6oJica, 0i3 o1ap/IbiH, €H, >KaKbIHBIH TaH/aybIMbI3 KepeK, OfiTKeHI Oy Kapa HYKTe
Kelin Ko/ 2KeTiMal emec 6osaThiH eH Oipiumi mHykTe. Erep 6i3 exi »kKakTaH J1a KYI TaHIail aJiaTbiH
boJsicak, OHJIa YVINTIK KYPBII, OaPJIbIK, YIIT HYKTEH] KOSIMbI3.
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e n < 300. 12 ymaii.

OnrumMasiiet kKayanTa 0i3 k KbI3bLIT HYKTE KOJJaHAMBI3 Jell O0IKaMIalbIK. OpOip KbI3bLT HYKTEHIH
COJI 2KarblHAH aK »KoHe OH, YKarblHa Kapa HyKTe KakeT. COHJIBIKTAH 9PKAIIAHIA TEK €H COJI JKAKTa
JKOHE €H, OH, >KaKTa OpHAJaCKaH HYKTeJep/Ii TaHIay ONTHMAJIIbL.

Conbiven, 6i3 6ipuemie ak (Ly < ... < L) one 6Gipueme kapa (R; < ... < Ry) nykrenepai
TaHIaIbIK. FH 6i3 IbIFBIC SHEPTUSIAPBIHBIH, KOCBIHJBICHL eH Kol k Kbi3but (M, ..., My) HykTe
TaHIayBIMBI3 KazkeT. Kei#tbip Kpisbln mykrenep xkyoer M; < M; ymin L; < L; xome R; < R;
MapTTapbl OPBIHAAJIYBI KaXKEeTTIrHEe Ha3ap aydapbIHbI3.

By nerenimis, 6i3 (L;, R;) *KynTapblH Kypa ajJaMbl3 KoHe k KbI3bLI HYKTEJIEePIH TaH/ay MoceIecin
Op HYKTE CoffKec CerMeHTTIH iImiHae OoIaThIHAaM KOHE OJTaPIbIH KaJIIIbI MIBIFBIC YHEPTUSICHl MaKCH-
MaJIbl MYMKiH OOJIATBIHIAM eTill IIIerne ajjaMbl3.

Byn qunamukaiibik 6argapiaMaliay apKblLibl IIbIFapbLIabl. dp; j — 013 arallThl j CErMEHTT] KaJIblII-
TACTBIPBIN YKOHE AJIFAINKBI § KBI3BL HYKTEJIEep/Ii KapacThIpFaHIarsl XKayarrka TeH 6oJiceia. OTienrep
oHail — 0i3 ¢-11i HYKTEHi j-11i cerMeHTKe KOsIMbI3 HeMece KOHMaiMbI3. Byi skarmaiiga 06i3 yakbIT
kypaenigire O(n®) Gomarem memiv ataMbrs.

e 1 < 2000. 12 points.

Bis ripkenren k ymin O(n?)-man »Kakchipak, MmentiM Taba aTaThIHBIMbBI3 TYCIHIKTI, comait Ma? 11kl
HBIMEH JIe, KepeMeT alllKe3 IIeInM bap.

By xob1 613 KoOpIMHATTAP/IBIH 6CY PeTiMeH OapJIbIK, Kapa HyKTejep/ieH eTeMis. biz i kasipri ka-
pa HYKTeMi3 T HYKTeCiH/e OpHAJACKAH HEJIK. X-TiH COJI *KAFbIHIAFhl OAPJIBIK KBI3HLI HYKTEJIEPIiH
imineH 0i3 OHBIH, COJI >KaFbIHIA akK HYyKTecl 6ap »KoHe IIBIFBIC SHEPIUsiChl €H YJIKEeH HYKTEeHI TaH-
JIarbIMbI3 Keqeli. Erep MyHiail KbI3bL1 HyKTe 60Jj1ca, 613 oubl ajgaMbi3. COHBIMEH KaTap, OHBLIH, COJI
KarblHIAFbl OAPJIbIK, aK HYKTEJIEPIeH €H YKAKbIHBIH TaHIaiMbI3.

AuibiveH, OHBI KaJiail Tesipek icke acbipyfa Oosajbi? Bi3 Kapa HykTesep/i x-TiH ecy peTiMeH Ka-
PaCTBIPpATBIHILIKTAH, 0i3 Kejeci XKaHapTyIapbl IIeNryiMi3 KaKeT:

1. KoopaumHaTachl x >K0He HIBIFBIC 9HEPTUSACHI y-Ke Te€H KbI3bLJI HYKTe Kocy. bi3 6ap/ibik
KBI3BLT HYKTeJIepdl XKUBIHTBHIKTa Y-TiH KEMY PeTIMeH CaKTalMBbI3.

2. Koopauuarachbl r-Ke T€H akK HYKTe KOCY. bi3 0apJblK ak HYyKTeJlep/dl >KUBIHTBIKTa T-TiH
eCy pPeTIMEeH CaKTalMbI3.

3. YmTik Kypayra 00JIaThIHABIFBIH TEKCEPY. Y MOHI €H YJIKEH 00JIaThIH KbI3bLI HYKTEH] ajiali-
bIK. Erep o1 eH ajraikbl ak HYKTEHIH COJI KafblHJa OpHAJacKaH Oojica, 6i3 OHBI eHIiropi
EIIKAHJIAM YVINTIKKEe Koca ajMaiiMbl3. CoHALIKTaH 613 OHBI »KUBIHTHIKTAH OIIpiIl, Kejeci Kbl-
3bLI HYKTeHi KapacTbipaMbi3. Ouait 601Maca, 6i3 ONTUMAIBI KBI3bLI HYKTEHI TanTBIK. K
013 OHBIH COJI YKAFBIHJAFBI €H YKAKbIH aK HYKTEeHI TaybIll, KOSIMBbI3.

Op6ip oneparust O(log n) yakplT anaTeiHIBIKTaH KoHe 6i3 O(n) oneparyst }Kacal ThIHIBIKTAH, YAKBIT
Kypaesiiri Tipkenren k ymin O(nlogn) 6onarb mermiv amambis. 2Kammbr aittkanga, O(n?logn)
00J1a1bI.

Enmni monenmeyre xemeitik. Tarbl 1a, 0i3 x yIKEHTY peTiMeH UTepalnaIapibl OPbIHIANTHIHIBIKTAH,
erep Oi3/iH »KUBIHTHIKKA K3 KEeJreH yaKbITTa YKaHa KbI3bL HYKTE KOCBLICA, OJ1 dPKAIIaH KeifiHipex
KOJT keTimi 60718161, COHBIMEH, 3-1uiki Mancolpma CUSIKTHI, Oi3/iH Ka3ipri KbI3bLI HYKTE TaHIaybl-
MbI3 OoJtalakTa ernrreHeHi 0y30aiiabl, COHIBIKTAH 0i3 OJapIblH €H »KAKCHICHIH AITKO3TIKIIEH TaHIa-
VBIMBI3 KepeK. Bi3 KbI3bLI HYKTEHI TalKaHHAH KeiiH, OHBI €H »KaKbIH akK HYKTere Here KOCy KepeK
ekeHi Oesriii 6osabl.

o KocpiMina 1meKkTeysiep >KOK. 37 yHaii.

Enni f(k) ripkenren k yimiH amkesmaikTiH HoTHxKeciH Gigipcin menik. Keitbip k > ¢ ymin f(k)
Hesriciz GosaThHIBIFEL TYCiHIKTI. Erep comait 6osica, 6i3 f(k) —oo-Ke TeH Jien caHaiiMbI3.

Bis f(k)-ubiH MakcuMa bl MOHIH TAIKBIMBI3 Keseai. Exi 613 eTe KbI3BIKTHI OOJIIKKe KOTIeMis.
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JIemma. f(k) — f(k — 1) moni ecueiini. fruu, f(k) xanmait ga 6ip t HykTeciHe meifin ecefi, cOChIH
KEMUJI.

Hoamen. ©opmaiiabt masen Min-Cost-Maz-Flow anropurMbida cyiteneai. Bis o3 mocenemisai 6ipi-
i KabaTTa 6apblK akK HYKTesaep, eKiHIm KabaTTa O0apiblK KBI3BLT HYKTEeIep sKoHe VIMNHII KabaTTa
GapJIbIK Kapa HyKTejiep bap »KeJii peTiHjie ejlecreTe ajJaMbl3. Bapiiblk KbIpJ/iapIblH OIpJIiK ChIABIMIbI-
JIBIFBI 00J18J1bI. OPOIp KBI3BLI HYKTE TEK Oip peT aJIblHATBIHIAFbIHA KEMJIIIK Oepy YImiH, 6i3 OHbI eKi
U KoHe v TebeJiepiHe KaiTaaaiiMbl3, COCBIH U-IAbl 6apJIbIK akK HyKTeJepMeH, ajl U-Hbl OapJIblK Kapa
HYKTeJepMeH OailJIaHbICTBIPAMBI3, YKOHE U KoHE v TebejepiH ChIMBIMILLILIFL OipJik KoHe Oara-
Cbl —¢; OOJIATBIH YKAJFbI3 KbIPMEH OallIaHBICTBIPAMBI3, MYHIA ¢; Ka31pri KbI3bLI HYKTEHIH, IILIFBIC
SHEPIUSCHI.

Bi3 i3meiiTin >kayan ocbl KypacThIPBLIFAH XKyiiemeri Tepic Tanbamen ajubiaran MCMF-apH MoHIHE
TeH, 6os1aTbiHbl TYCiHiKTI. Celitin erep 6i3 MCMF xajaii »KyMbIC icTeRTIHIITH KapacThIpcak, 0i3
oHbIH k = ( aFrbIMBbIHAH OacTaiiibl, )KoHe KAHBIKKAH OOJIYBI MYMKIH YKeJIiIer] €H KBICKA YKOJIIbI Taly
apkKblLIbl k + 1 arbIMbIHA JeiiH KEeHEIore THIPbICATHIHbIH Oalikaiimbls. Min-Cost-Max-Flow Bapua-
nusichl k-mi Oyman ObLaait MyMKiH 60JMaifibiHIITa KOOEHTY Ml YKaJIFacTbIPaIbl, COHAbIKTAH 01311 Min-
Cost-Flow Bapuannschbl KbI3BIKTBIPAIbl, MyH1a 0i3 k-IIiH HaKThl MOHIHE Ha3ap aygapMaiiMbI3, Oara-
HBI OapbIHIA KEMUTYTe ThipbicaMbl3. Byl Hyckasa aaroputm f(k) MakcuMusaiusaaiiTbl HAKThI k
MoHiHe Tikeseil TokTaiasl. COHABIKTAH 0i3 OHBI JOJIEIEHTEeH eIl CAHANMBI3.

By slemmanbr 6iste oTwIpbiin, 6i3 eHJl TEPHAPJIBIK, 1371y apKbLIbl OHTalJIbl k-1i Taba amambr3. Ci3
MyHBL f(m) xoHe f(m+ 1) MOHJIEPIH CAIBICTHIPY apKbLIbI OMHAPJIBIK, 13716y CTUJIIHJIE JKYy3ere achbipa
aJIachl3, O6ipak JOCTYPJIl TePHAPJILIK i3/1ey e OTe/Ii.

Hoxrmxecinge, 6i3 yaksrr xypaesiiri O(nlog? n) memece O(nlognlog; 5 n) Gomarem memrim ama-
MBI3.

Problem E. AfawTafbl OWbIH

e u;=1v, =1+ 1, 7, = b; = 1. 9 ynaii.

Aramr 6apybIK MBIHAAPHI 1-Fa KOCHUTFAH KYJIIBI3ABI Kypaiiael. Bipinmi ofteamer 1 6acTaca, ymaif
(n—1) : 1 6osapl. OiiTmece, GipiHi OBIHIIBI 6aCKa OFBIHIIBIHBIH MIBIHBIH TaJIall eTil, 1-Fa aybicajibl,
connpikTaH ecen n : () 6GoJaIbI.

o u;, =i,v;, =1+ 1, r; = b; = 1. 13 ynaii.

Aram 1 —2— ... —n Tizberin Kypaiiabl. a GipiHII OABIHINBIHBIH IILIHLL YKOHE b eKIHII OMBIHIIBIHBIH,
mbiHbl 60s1cbiH. WLOG a < b.

Erep osapibin apachiHIarbl KAIIBIKTHIK, 1 00JICa, 9P OWBIHINBIHBIH, YIAHBI ArallThblH KarbIHIAFb]
Tyitingep caubl 6osmaaet (a:n —b+ 1).

Erep onapmpis, apacbiniarbl KAIMBIKTHIK, 2 60Jjica, OipiHim OifbIHINBl opTara MmibFbl, 1 : 0 ecebimen
2KEHE].

Erep KambIKTBIK 2-1aH acca, ic KbI3bIK 00s1aabl. OJap/IblH eKeyi jie apakallbIKTHIK 3-Fa JIeiiH Te-
MeHlererie 6ip-6ipiHe Kapail »KBIIXKUTBIHBIH KeopceTyre 6o0siaibl. OcCbl coTTEH OacTam OJapibiH,
JKaKBIHJIAY eITKAIaH OHTAMIbI eMec, OfTKeHI KAIBIKTHIK, 2 00J1a/1bl 2KoHe 0acKa OUBIHIIBI OPTACHIH-

na xkeHemdi. Exeyi e 6acka Ko3rasblCTapIbl OJapAblH, OipeyiHiH KUMbBLIb KAJIMAMBIHINS KacailIbl.
OJr OUBIHIIIBI OpTaFa IIBIFyFa MOXKOYP 0OJIaIbl KOHE eCell COJI YKEPJEH OHAll ecernTesieTiH 00JIaIbl.

KanbIK ThIKTBIH TEHJITH Jie, €Ki OHBIHIIBIHBIH Ja KOCHIMIIA KO3FaJIbICTAPBIHBIH, CAHBIH €CKEPE OThI-
pbiil, Oyt 6ipa3 >KYMBICTBI KaXKeT eTeJl.
o n,q < 10. 11 ynaii.

MyH/a Ke3 KeJireH JTypbhIc eHrizijireH bruteforce cumysisinusicbl 2KyMbIC icTeyi Kepek.
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e =1, r; =0, =1. 14 ynaii.

Tarer ma, 2 KOCAJKBI TAIICBIPMACHIHIATBIIAN, ONBIHIIBLIAPILIH MILIHIAPEI apaChIHIATBI KAITBIKThI-
KThI KapacThlpaiibik. CTpaTerus 1o/1 coyl KyiiHae Kaaaabl, TeK Oyl 2KOJIBL arallTa icTey Kepek. ¢ = 1
Gosrran bk TaH, ciz MyHer O(n) imminae aHFAJIBIKIICH XKY3€ere achlpa aJiachl3.

e r; =b; = 1. 20 ynaii.

ZKorapbimarsl KOCAJIKBI TAIICBIPMa, CHSIKTBI, OipaK Kejeci Hopcejaepi »KbLIIaM ecenTey Kepek 0oJra-
JIBL:

1. a xoHe b eKi MIBIHBI APACBIHIAFBI KAITBIKTHIK,.
2. a »KoHe b apacbIHIAFhI YKOJIIAFhl k-1IT1 IIBIHBI.

3. v ImKi aFaIrbIHIAFbl IBIHIAD CAHBI, erep aralnThiH TyOipi u 6oJica.

Bysappia 6apJibirbl aramTap/Iarbl TAIICBIPMAJIAP/Ia K1l KE3/ECETIH OTe KIACCHKAJIBIK 3aTTap YKoHe
opkaiiceicein O(logn) nemece O(1) imine icke acbipyra 60JIAIBL.

e g =1. 17 ymaii.
Mymnta 6i3re arbIMarbl OMbIH Oepijieil, COHABIKTAaH 0i3/le KapacThIpaThlH iCTEp KOIl.

Erep onbIH eki meTKi HYKTECI Jie KapaMa-Kapchl TycTepre OosiIFaH KeM JereH e Oip e »Kueri boJica,
6yi1 bosammakTa embip KOSFAIBIC Ke3 KeJIPeH IILIHIBI KaiTa OoaMaiTeIHbIH Olngipeni. CoHabIKTaH 613
OYJI 2)KUEKTI »KOMBII, KaJIFaH aralnTap/ibl 0JIeK Iere ajaMbi3. KaaraH apabiH 9pKaichIChbIHIa 0i3/1e
eH KeIl JereHae Oip Tyc OOJIaTHIHBIH KoHE OYJI TYC € Coifikec COHFBI HYKTeCi OOJIATHIHBIH KBLIIAM,
KBTI Jpsesneyre bosanbl. CoHABIKTAH »KayanThl Kapamaiibiv DFS Kemerimen ecenrreyre 6oJiabl.

Erep mynmait xxuek 6oamaca, 6y R koHe B MBIHIAPBIHBIH €Ki KOCBLIFaH Kypamjaac Oeutiri tap
nereni 6iagipeni. (a,b) Tebesepinin KyoObiH TabaiiblK, conga a € R, b € B xoue dist(a,b) Mym™MKin
emec. OJ1 XKyITHI TeMeH,Ierieil Taba anaMbis. Kes keren a' € R MIBIHBIH aJbIHbI3, OFaH €H YKaKbIH
b € B tebecin TabbiHb3. Cosl cHAKTHI Ke3 KereH b € B Tebecin aJbIHBbI3, OFaH eH KaKblH a € B
rebecin TabbiHbI3. KaxerTi »kym - 6y mporecre Tankas (a, b).

(a,b) kyObIH TaNIKAHHAH KeliiH, Gy oiibiH KYiiiH (a, b) mbiHgape: 6ap start ofbIHIIbLIAD YIIIH AJIIbIH
aJta OosiTFaH Keiibip backa MbIHIAPBI 6ap Kyiire Tey erin Kopyre 6osanasl. . CoHbIMeH, OymaH ObLIal
MMM 2KOFAPBIIAFEl KOCAJIKBI TATICBIPMAIAFbIIAl OOJIATBI.

e Backa miekTeyJsep »KoOK. 16 ymaii.

Tarbl j1a cour mermivl THIMII TypJie YKy3ere acblpybIMbI3 Kepek. e xkuerin t1adby O(|R| + |B|) iminge
KeJlecijieil OphIHAAJIybl MyMKiH. Afain epkiH TyiiiHjge TambipjabnraH jeinik. ComaH KeifiH opbip e
meTi Ke#bip v MIbIHBIH ©3iHiH Heri3ri p, HykTeciMeH Kocaibl. CoHbIMEeH, Oyl KUEKTep/i Tady VIIiH
(a € A,p,) x)oue (b € B, pp) KynrapblH KapacThIpy KeTKIJIIKTI.

Erep e oceramait xkKuekrep/ii Tamcax, €HJ Il iMKi aralrTapiblH eJIIeMIePiH ecenTeyre Typa Kesiei.
Bi3 MyHBI XKblLIaM IIenie ajgambi3, cebebl o1 MbIHa TaICBIpMaJIaH ajbiHFaH: Aezawmory my6ipi u
Gosica, v imKi arambEIars! MeHgap cadbl. ConbiMeH, MyHarsl 6apisik Hopce O(|R| + |B|) nemece
O((|R| + |B|) logn) Tinimme xKymbic icTeiii.

Erep myHzaii e xkuekrepi 60siMaca, Korapbljia CUIIATTAJIFAH KOJIMeH (a, b) TabybIMbI3 Kepek. AHrasl
enrizy O((|R| + |B|)logn) yakplT Kyp/esitirinie GypbiHHAH KyMbIC icTeiiai. Ocblian Kefiid mermim
r; = b; = 1 XKarnaiiblHa KeJeTIHIIKTeH, Oap/IbIK, MOCeIe IIeIIiIIi.

Kaymer anranga, LCA xoHe 6acka aJroOpuTMIEPIiH OPBIHIAIYbIHA OAHIAHBICTHI KEHOIp MaMasibl
afipipmarbuibikTapsl 6ap O(nlogn + (|R| + |B|)logn) yaksIT Kypemiirin agaMbls.

Problem F. 3epTTeyuwinep
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n,m,q < 100, d; <100, r; < 100. 5 ymaii.

1-men 100-ra meitinri 6apsblK KbLIIapaaFbl IPadThl KYPACTHIPBIHBI3 YKoHe opOip cypak VIImiH Kapa-
naiibiMm DF'S KemeriMen keTy MyMKiHJriH Tekcepinis. Yaxpir Kypaesiairi O(maz{r;}(n + m)q).
n,m,q < 3000, d; < 3000, r; < 3000. 7 ymaii.

Cou cusikro, 1-men 3000-ra geifinri 0apJIblK, *KbLIIAPIArbl IPAMUKTI KYPaCTBIPBIHBI3. BapiibIK KOM-
nonenTrepai DFS kemerimen 60stHBI3. ¢, ¥ HIBIHBIHBIH, Tyci 6osichiH. Bl 6apiblk cypajiap/ibl TeK-
CEePreH Ke3JIe, Cy, = Cy; €KEHIH TeKcepy apKbIIbl KOKETIMILTIKTI TekcepyTre 60115l

YakpiT kKypaesiniri O(maz{r;}(n +m + q)).

m=n-—1, a; =14, b =1+ 1. 12 ynaii.

I'paduk 1 — 2 — ... — n Tizberi GosbIT TAOBLIAIBI. U — ¥ YKOJBI 6OJYBI VINH (U < ¥) OJAPIbIH
apachblHJIAFbl 6APJIBIK KuekTep 60sybl Kepek. Ocburaiinia [u, v — 1] Juamna3oHbIHAFbl CETMEHTTED-
JIiH KUBLJIBICYBIH ecelTeyre neilin G6apajbl, OHbBI CEIMEHT afalllbIMEH »Kacayra 0osaibl. AyKbIMHAH
max{l;} xone aykpiMa min{r;} Taby Kepek.

YakpiT Kypsesiniri O(n + glogn).

d; = 10°. 16 ynai.

d; = 107 merizinen JKHUEKTEp eIKAIIAaH >KONbIIMANTBIHBIH Olimipesi. CoHbIMEH, 6apJIBbIK YKHEKTep/I
KOCY yaKbITBIHBIH peTiMeH cypbiiTaiibiK. Exi opbip (u,v) cyparbl yIIiH u XKoHe ¥ HIbIHJIAPbI KOChI-
JIraH Ke3ze t Oipimm per exijik i3zmeyre 6ostaabl. MyHBI icTeymiH eH oHail »KoHe eH, TAHBIMAJI YKOJIbI
- Parallel binary search.

Vakpir xypaeriniri O((n +m + q) log 10%).

l; = r;. 12 ymaii.

Mocesteni kesecire TypJieHipeiiik. 3 keJieMiHieri OKUraaapbl XPOHOJIOTUSIIBIK, TOPTINTE OHJIEY Ke-
peK:

1. (u,v) Kuerin KOCBIHBI3.
2. (u,v) yKueriH aJblll TaCTAHBI3.

3. u YKOHE v MBIHJIAPHI KOCBIJIFAH TypaJbl CYypParbl.

Byn Dynamic Connectivity men atajaaThbiH ©Te KJIACCUKAJIBIK Mocee. Byl HaKTHI »Karaaiiga 613 OHbI
kepi kKaittapymapel 6ap DSU kemerimen divide and conquer apKpuibl odJiaitH pekuMiHIE 2Kacait
aJIaMbI3.

O((n+m + q)log?n).

n,m,q < 40000. 27 ymaii.

XPOHOJIOTHUSITIBIK, PETIIEH €Ki TYpAeri 2 OKuFaJapbliH »KacailbIkK:

1. (u,v) Kuerin KOCHIHBI3.

2. (u,v) KueriH aJbIl TaCTAHbI3.

Biz Oxueanrap 60tvnwa xeadpam my6ipdi vidvipamamois.

Opbip cypak (l,7) okuramap ayKbIMbIHA Coiikec Kesei. OKuragapiabi 6apJiblK OJOKTApBbIH CaHAIl
Kepeiiik. Opbip OJIOK VIIIH OHBI TOJIBIFBIMEH KAMTUTBLIH Keiibip cypakrap 60/1a/bl »KoHE OHbLI TeK
imiHapa KAMTUTBHIH Keibip cypakTap 0OJIaIbl.

Conpaii-ax, k esmmemM i OJIOKTBHIH immiHAe ocep eTeTiH eH Kobi 2k coilkec MBIHIAp MEH *KHeKTep 60j1a-
nbl. ConbIiMeH, OYKiT rpaduKTi KBICHII, Maiijlachbl3 MIBIHIAD MEH IIeTTEePIeH aphbLIailbK,.

Enni 6iz imminapa cypaxrap/bl oHait 1merre ajgambi3. o 2 KocaaKbl TATICBIPMACHIHIA OPBIHIATAHbI-
MBI3 CHUSIKTBI, OKHUTaIap/bl Oip-6ipgen Tysertin, DFS kemeriMen GapJiblK, KypaMaacTapabl OOsIHbIK.
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Conan keilin 613 GapJiblK >KapThLIail CypaKkTap/Jbl Kapall IILIFaMbI3 YKOHE erep Cypak arbIMJIarbl
OKHUFaHbl KAMTBICA, Oi3 OFaH >KayallThl COMKeCIHIIe *KaHAPTAMbI3.

By 6emik op 6mox yimin O(k?) sxymbic icreiini. 2Kone cypax e Kebi exi 6,10KTa inTiHapa KapacThl-
PBLIABI, COHJIBIKTAH CYPAK YKaJIIbl YaKbIT Kyp/esitirine rek O(k) Kocabl.

Enpi 6/10KTBI TOJBIFBIMEH KAMTUTBIH CypaKTapMeH aliHajIbIcailbiK. Opoip OJI0KTa oapibiH, Kot 6o-
JIybl MyMKiH. Bipak Oy kepje MaHbI3[bI HOpce Oap: rpaduKTi ChIFbIMIaFraHHaH Keifin 6i3zne Tek
O(k) memaapsr 6ap, conapikran 6isge O(k?) rana Tebenep 6ap. Combiven, erep 6i3 opoip (u, v) Ky-
ObI YHIIH NSy, €Kl eJIIeMIi MacCUBiH caKTacak »KoHe OHBI illliHapa cypaKTapJarbljiail ecenrecek,
6ip 6ok yrmin O(k3) yakpIT Kypaeaiirin anaMprs.

Enni onraitnet k Typassl oiistanaiibik. Bizse »kasmer n/k 6iokTapbl 60718161, 0apbIH 9PKARCHICHIH-
na rpaduKTi KbICYy KoHe colikec cypakrapsbl i3jey yimis mamamen O(n + m + ) icreyimis kepex.
Biok iminge 6iz O(k3) onepamusmapbi opbagaiiMers. COHBIMEH, erep eKi JKarblH TeH eTyre Thi-
pbiccak, onrTaitibl k (n+m + q)l/ 3 ImamachIHIa GOJIYBI KEpEK.

Ocbrnaiimia, i3 aJaThH KAl YAKBIT KYPEiIir O(n+m+q)5/ 3 6yu1 imIKi TAaICEIPMAHEI OPBIHIAY
VIIH >KeTKITIKTI OOJIyBl KEpeK.

KoceiMima miekTeynnep »Kok. 21 ymaii.

HIbIHABIFBIHIA, ATIBIHFBI IMIKI TAIICBIPMAHBIH, IIEITMIH TilTi OChI KOCAJKBLI TAICBIPMaIaH ©TETiH
Jopeskere Jieiin oHTaltlaHeIpyFa 6o1a16l. Bipak Oy »kep/ie 6i3 KaKChIpakK, MMM/l TaIKbLIAAMBI3.

Bisin mermimimizain Tap xomnr O(k3) 6esiri 6oamp1, ona 6i3 610KTarbl 6apiblK (u, v) AKynTapbl
YIIH ans,, ecenteiimis. Bis MynbI Tesipex xacait amambiz 6a? 2Kayarn 6aKbITEIMBI3Fa opail 1o.

Ajita kereitik, 6i3me Gipzeit bacrankpl Mocese 6ap, 6ipak 6yt xomsl n = O(k), m = O(k) xoue
q = O(k?) 6apsbik cypakTap GYKijl ayKbiMia 6071861, COHIal-axK.

CoubiMeH, 613 cou imki Mocesere 6ipaeii memrimm Kosana anambi3 6a? ¢ = /k GI0OrbIH aubi, ¢
eJIIeM/Ii OJIOKTap/Ibl KaiiTagaH menriHi3 6e? TeopusyiblK TyprbIIaH, 6i3 MyMKiH, 6ipak 0J1 }KOFapblia
ranxpuianran O (k%) xaparanga 6asy agKTamybl MYMKiH.

Bipak oubix opubiHa 6i3 MYHBI TOJIBIFBIPAK, TAJIIAIL, OCHI iIIKi MOCe e YIIIH OHTAIbI OJI0K eJIIemi ¢
n/2 GoJaThIHBIH aHbIKTAll anambi3. Backaina aiTkanga, Oy ki MocesieHi oIy YKoHE YKEHY aJIro-
pUTMi peTiHje ey OHTalIbl. Bap/blKk OKuraaapabl 19/ OpTachlHA 06J1iHI3, OAPJIbIK, MIBIHIAD MEH
JKHEKTeP/Il €Ki yKarblHaH KbICHIHBI3, PEKYPCUBTI Typ/e IIeNIiHi3 XKoHe XKayanTapabl OipikTipiHis.
VakpITTBIH, Kyp/ediirin tanman kepeitik. Bizge T(n) = 27(n/2) + O(n?) 6ap. Keneiitcex,
Tn)=0Mn?>+2x (n/2)2+4x (n/4)?+..)=0n?x (1+1/2+1/4+...) = O(n?). Coniven
n = k ymin 6iz O(k?) ecebimmeri Moceseni mreme ajaMbI3, 6yi1 U1 6i3 i3aeren mopce.

k monin mamamen O(y/n + m + q) nen ancak, 6i3 O((n+m+q)y/n + m + ¢) mentiMin ajgaMpi3, ere
2KOFapbl TYPaKThI 00JICa J1a.
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3apgayda A. Topka

e n =1. 12 6amnos.
[lepebepute Bee Bo3MoKHBIE TIaphl (L1, R1) u BBIGEpuTe Jydmryio. ITo MOXKHO cienatsh 3a O(m?)
win O(m)

¢ Her 3a6/10KNpPOBaHHBIX KJIETOK. 7 6aJljIoB.
Bcerna onruMaibHO BRIOMpATh TOPKOI Belo Tabsmiry. TakuM o6pa3oM, OTBET - 3TO MPOCTO CyMMa
BCEX 3HAUYECHUMN.

e n,m < 50. 25 6anI0B.

IIycrs dp;, — naunbosbinas cyMMy FOPKH, KOTOPYIO MBI MOYXKEM IIOJIyYUTh, €C/IH OH 3aKaHINBACTCA

B cTpoKe ¢ orpe3skoMm (I, 7).

YT00bI €ro BLIYUC/IUTD, liepebupure Bee napol (l,,r,) Takue, uyro | < [, < r, < r, u noupobyiire
) pr Tp ) P P )

PaCIIUPUTEL TOPKY dp;—1 Tax>ke Hy»KHO PacCMOTPETH CJIydaii, KOrjaa HOBas I'OpKa HAYHETCS B

TEKYIIEM PSILY.

psTp*

O6mas acnvmrornka O(nm?) ¢ He6oMBIIOlN KOHCTAHTOH.

e n,m < 300. 22 6asoB.

Touno Takoe ke pellleHne, KaK W BBIIIe, HO HA STOT pa3 BMecTO mepebopa (lp,7p) MBI MOXKEM 3a-
METHUTb, YTO MBI IIDOCTO HIIEM MAaKCHMAaJbHYIO FOPKy 10 BceM | < [, < 7p < 7. DTO MOXKHO IIOJ-
JIepKnBaTh ¢ moMornibio jipyroro DP, ckaxew, best; ;.. s nepexoma Oyaem paccmaTpuBaTh dp; |,
best; 1, 1 best; 1.

Ecimi peanmsosaTh akKypaTHo, acuMmiroTuka oymer O(nm?).

e Her nomosiHuTenbHBbIX orpannvyeHuu. 34 6AJLIIOB.

Tl'opka B ero HbIHEITHEM ONPEIEJCHUN TOBOJIBHO CJIOXKHO BRITUCIUTEL HANpaMmylo. [losromy masaiite
o1pobyeM CIeIaTh 3TO MO JIPYyTOMY.

[nansg va cBoiicTBa rOpKH, MbI 3aMedaeM, YTO OH OyJIeT YBEJMIUBATHCS JI0 HEKOTOPOI'O CTOJIONA, a
3aTeM yMEeHbINATbCs. [IponyMepyeM 3ToT cTosber] k 1 pasieiuM TOpKy Ha JIEBYIO U IIPABYIO YacTH.
CieBa IOMKHO YBEJIMYUBATHCS, a CIPaBa yMEHbIIATHCH. Mbl 0OHADYKUBAEM, YTO OHU HOJHOCTHIO
CUMMETPUYHBI, II03TOMY JaBaiiTe cOCPeIOTOUNMCS Ha pacdeTe TOJIBKO JIEBOH YacTH.

OmnpejiesiuM dp; — HaMJIYUIIYI0 BOSMOYKHYIO CYMMY IODKH, ec/Ii ero bottom nHaumnaercst co cTpoKu
i (aJIbTEpHATHUBHO, € = 1), & HIKHMUIT JIEBBIl yI0JI HAYMHAETCS IIe-TO CJIeBa OT cTouidIa . Touno Tak
2Ke MBI OIIpeJIeJIIM TaKOH dp B IpaBoil YacTU U IOIBITAEMCH OObEINHUTH PE3YIbTaThL.

T'opka obbemumennas B cTosoue k.

Crpatuua 1 n3 11



XIX MexgyHapogHas MayTbIKoBCKasi oiMMnuaga
Anmatbl, KasaxctaH, 2-3 despans, 2023

IlorsarHO, 9TO TOCTE TOrO, KAaK MBI BBIYUCIWIAN 3HAYEHUS dpi,...,dp, Kak cieBa, TaK W CIpa-
Ba, MBI MOXKEM OOBLEIMHHUTHL X, IepebpaB € oT 1 10 1 M B3dB MAKCHMAJIbHO BO3MOXKHYIO CYMMY
(dpLeft. + dpRight.).

[TosTomy, ecim MBI KAKIM-TO 00pa30M CMOXKeM BBIIuCIuTh dp 3a Bpemst O(n logn) wmm O(n), 3amada

OyIeT perieHa.

JlaBaiiTe cocpeOTOUNMCH Ha BBIYMUCACHUU dp1. MBI JIOJIXKHBI MIONBITATHCA B3ATh KaK MOXKHO OoJiee
JIUHHBIN PsAf, [TOKA He HATKHEMCs Ha 3ab/JIOKHPOBaHHYIO KiaeTKy. Ilycrs hi obo3HavdaeT Makcu-
MaJIbHOE KOJIMYECTBO sIeEK, KOTOPhIE MBI MOXKEM B3siTh. TOUHO Tak »Ke MbI ompenesum ha, ..., hy.
Kaxmyro u3 aux mMoxkno Haiitu 3a O(1), eciu mpeBapuTebHO BBIUUCIATD OJMKANIIYIO 3a0/I0KU-
POBAHHYIO KJIETKY CJI€Ba M CIIpaBa JijIs KaxKoii stueiiku (i, 7).

Kaxk onpenensitorcest 3nadenust h;.

Tenepb m0/2kHO OBITH OOJIEE MOHSITHO, KaK BBIYUCIUTEL 3HadeHue dp;. CHadaja Mbl BO3bMEM BCe

A9eiiKy h; U3 i-i CTPOKHU. 3aTeM MonpobyeM B3fATb ¢j A9eeK JJIS BCeX CTPOK j < 4, The ¢j < Cjy1

u ¢; < hj. Mbl Morym Obl BBIYMCJIUTDL 9TU 3HAYEHUs C KaJHBIM 00paszoM, mepeiins oT ¢ K 1 u
2

COXpaHUB TeKyIree 3Hadenue ¢;. Ho sro npusesio 6b1 k pemtennio O(n°m), KOTOPOe BCe €Irie JOBOIbHO

MeJIJIEHHO.

BwmecTo aToro nonpobyem IOBTOPHO HCHOJIL30BAThL IpeAbLayye 3nadenus dp;. Haiinem naunbosbinee
sHadeHne t, rakoe 4ro hy < h;. st Bcex cTpok B AuanasoHe [t + 1,4] Bce 3HaueHust ¢j GyayT paBHbI
h;. 11 sTOT Irana3oH TOYHO 0Opa3yeT HpsMOYTOJbHUK, TO3TOMY MBI MOYXKEM B3SITh €ro 3HaUYEHUE 3a
O(1) ¢ 2D upeduKcHbIX CyMM.

Huanazon [1,t] Gyzer TOYHO TakKUM »Ke, KaK U B dp;, MOITOMY MbI MOXKEM 3aKJIOYATH, YTO
dp; = dpy + sum(t,i), Tae sum — yHnoMsiHyTasi BbIIIE CyMMa IPSIMOYTOJIbHUKOB.
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3

Borancienue dp;.

MpbI MOXKeM HaliTu Takue t Jjist Beex ¢ MHoruMu criocobamu. CaMblit ObICTPBII CIIOCOD - MTO/IEPKUBATH
MOHOTOHHBIH cTek. JIpyrue crocobbl BKJIIOYAIOT OMHAPHDIN OUCK MJIM XPaHeHHe seta BMecTo 3Toro,
HO 9T0 J106aBuT monosuuTeabHbI hakTop O(logn) K Bpemenn.

HO,H,BO,H,H UTOr, MbI IIOJIyd9aeM JIOBOJIBHO XOpOIllee pelnieHnue CO CJIO2KHOCTLIO IMaMsATH U BpeMEHeEM

O(nm).

3apava B. [1Ba gepeBa
o /Ins 1 moazagayvum, MOXKHO IIOCUUTATH pasMepbl nojiepeBbes uepe3 DFS, u nmocunrars oTBerT.

o J/Ins 2 moazazmaym, 3aMETUM, YTO OTBET JIjIsi BEPIIUHBI X, KOTOPINA cocejl BepIIUHBI 1, He Oymer
CIJTBHO MEHSATH OTBET, IIOTOMY 4YTO TIOCJIE TIO/IBENNTUBAHUE JIEPEBA 3a & TOJIBKO Pa3Mephl MOJJIEPEBHEB
a7 BepmH 1 n & n3MensTcd. MoXKHO MOCINTATH OTBET I BEPIIUHBI 1 U yKa3aTh Ha TY BEPIITUHY
¢ Kaxkaoro gepesa. Mbl MOXKeM cO3/1aBaTh 3aIIPOCHI I KAXKI0# BEPIIUHBI ¥, OTBET OYyIeT HalieH
rocJie TepeMerrennsi 0b0ux ykaszareseil Ha BEPIIUHY U U CPABHEHUS U3MEHEHHbIE BEPITUHBI. ITOObLI
¢/lesiaTh €ro ONTUMAJBHBIM, MBI MOYKEM HCIIOJIB30BaTh ajaropurm MO.

° ,ZLTIH 4 nmoa3agavdu, 3aMCTHM, 9YTO OTBET OJIsd BEPIINHBI ¥V paBEH OTBETY Jid BEPINUHBI U, €CJIX HE
CYUTATH BEPHINHbI Ha UX IIYTH. HOCKO.HI)Ky JepeBo B 3TOM IIoI3a1a49e ABJIACTCA ITOJTHBIM 6I/IHaprIM
JE€PEBOM, PACCTOAHNEC MEXK/AY ABYMdA BEPIHIMHaAMMU HEBEJIMKO, IIO3TOMY BbI MO2KETe HpOI';ITI/ICb 1o IIyT!
1 BBIYUCJ/IUTL OTBET.

o J/luisi 3 moa3azavm, penmM 3aJady Jyist & — Jist Kakux v subi(x) > suba(x) Gyjer BBIIOTHEHO.
suby (x) moxer umers degy (x) + 1 pasubix 3Havenuit u suby(x) nmeer degs(x) + 1 pasubix 3HAYEHMUI,
re degi(x) — KOJMYeCTBO cocelieil B IepBoM JepeBo, a degs(x) — KOIMUecTBO cocelieil BO BTOpOM
JIEpeBe.

PaccmoTpum crnenyroriee epeBo ¢ BepmnHOiT 1 B KadecTBe KOPHS:
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Pasmepnr momgnepesbes: sub; = 5, subs = 4, subs = 1, suby = 2, subs; = 1. Paccmorpum pebpo 2, 4
(3HAUUT KOpeHb v Gyjer BepuuHoi 6o 4, mbo 5) u pazmep nojgepesa 2 6yer 3, To ecTb n— suby.
Toumno Tak ke MbI MOKEM BBIYUCNUTEL pa3Mep MoJIepeBa 2 i KaxKI0ro u3 cbiHoBeil. Tem He Menee,
y HAC Tak>Ke eCcTb pebpo OT poIuTeNsd 1, B 9TOM CIydae pasMep Hallero KOMIIOHEHTa paBeH Subo, a
pasmMep JApyroro KOMIIOHEHTa paBeH n — subs.

Eciu z 6yzer kopuewm siepesa, Torga suby(x) u subs(x) paBubl n. B sToM ciaydae Hukorga He Gyjer
suby () > suba(z).

JlaBaiiTe Tak)ke PACCMOTPUM CJIydaii, KOIJia HAIl POJUTEb ¢ B IEPBOM JiepeBe U b BO BTOPOM.
Torma, sub; Oymer paBeH pasmepy KOMIIOHEHTBI C BEPIIUHON T, KOTJIa MBI yaaJisieM pedbpo a,x u3
[epBOro jepena. AHajornvno, subg(x) sBJsieTCs pPaBHBIM pa3Mepy KOMIOHEHTBI C BEPIIUHON ,
Korjia yJjajsieM pebpo b,z uz Broporo gepesa. Ecin subi(x) > subs(x), TO OHO BBINOJIHSIETCS ISt
KazKJI0if BEPIINHBI ¥, HAXOAIIETOCs B OJHON KOMIIOHEHTE KaK ¥ ¢ a (Iocsie yjaasenus: pebpa a, r u3
[epBoro Jiepesa), Tak u ¢ b (nocie ymasenusi pebpa b, T U3 BTOPOro jepesa).

Bb1 Moxkere ncmosib30oBaTh DitepoB 00X01, ITOOBI IIPOBEPUTD, YTO BEPIIUHA U HAXOJUTCS BHYTPH
koMrioHeHTa. OOpaTnTe BHUMAHUE, 9TO KAXK/Iblii KOMIIOHEHT SIBJISIETCSI TIOJ0TPE3KOB B DMJIEPOBBIM
obxo1€.

PaccmorpuM Bepmuny v Kak TOUKy Ha 2D mpocTpaHcTBe — tin, B IEPBOM JIEPEBE KaK OCb X U tin,
BO BTOPOM JiepeBe Kak 0och y. MOKHO 1epebuparh KaxK/Iyio napy cocelieil (OJMH u3 IepBoro jepesa,
JIPYTOii U3 BTOPOT'O JIEPEBA) U CTPOUTDH 3AIIPOCHI Ha JT00ABJICHIE B MOANPAMOYTOIbHAKE. DTY 3a1ady
MOXKHO pemmarhb 3a Bpems n - log(n). Ho Bce ke y Hac ectb degi(v) - dege(v) nap Bepinus, Tak 4To
9TO pellleHne MPOXOIUT TOJBKO Ha 1, 3 n 4 moi3aiadax.

e ITonnoe pemtenne. UToOb ONTUMUZUPOBATEL 3Ty Y9acTh MBI OyIeM HCIIOIL30BATH [IBa YKA3ATEJI.
Wrak, mycTh cocemm Jisl KaykJoil BEPIIMHBI OTCOPTUPOBAHDLI 10 pa3Mepy HojJjepeBa B 00ouX Je-
PEBbAX OTMEILHO, U IIyCTh KOpHEM OyiaeT BepmmHa 1. HaMm He Hy»KHO mepebupaTh KasKAylo mapy
coceJieit, BMECTO 9TOIO BO3bMEM COCeJIa @, U pa3Mep HAIllero KoMioHeHTa Oyjer paseH n — subi(a),
U 9TH 3HAYEHHs yMEHbIIAIOTCS Kak subliree coceneil yBenmampaioTcs. 1o »Ke caMoe cO BTOPBIM Je-
peBoM, rie n — suby(b). Mbl MOKEM HCHOJIB30BATH JBa yKa3arTess, YTOObI HANTHU JiJIsi BEPIIUHBI
HepBbIil Takoil b, ato n — suby(a) > n — sube(b), n Temeps I Beero mojjepeBa b u mMoEPEBbEB
cocejieil mocJie Hero 3To Oyger BhIIoAHATheA. O6paruTe BHUMAHNE, YTO BaM HY2KHO PacCMaTPHUBATD
POIMTE/IS BEPIIMHBI T B MEPBOM JEPEBe U POIAUTE/IS BO BTOPOM JIepeBe OTAEILHO JPYT OT IAPYTra U ¢
CBIHOBbSIMU BEPIIMHLI T B 000UX JePEeBbIX.

Sapava C. lNonbd
Ilyctn v, = 1, vy, = 2 1 v = S, BepBas, BTOPas KOHEYHLIE BEPIINHLI 1 KOPEHL COOTBETCBEHHO.
1. n =100 a + b = 4. 10 6a10B.

Permmure B pyunyio.

2. n =100 a + b = 32. 10 points.

ITocrpoiiTe nonnoe 6uHapHoe JiepeBo ¢ 32 nucrbsMmu. HalpaBbTe mepBble a JIMCThEB B U, U OCTaB-
mmecsa b B vyp.

BaMeTbTe, YTO BCE€ JINCTHsA MMEIOT POBHYIO BEPOATHOCTD.

3. n=>50a+b= 2% 10 6awios.

(a) Ecau a = b. HanpaBbre pebpa U3 ve B Ug U Up.
(b) Eciu a u b yernst. [ogenure a u b Ha jaBa. BepostHOCTL HE U3MEHUTCSI.

(¢) Ecim a < b, a u b HeyerHbIe.

CosnaiiTe HOBYIO BEPIMHY % U HAIPaBbTE pebpa U3 v, B Up U U.

Now we can recursively build a graph with a, b*T“ starting from wu.
3amerbTe a + IFT“ = %rb OCTaEeTCA CTEIEHBIO TBONKH.
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4.

10.

(d) Ecim a > b, a n b neuernbie. Tak ke Kak U B IPEABIIYIIEM CIyUae.

n =33 a,b < 15. 10 6aj0B.

[TocTpoiire ciyuaitabiii rpad 1 IPOBEPHTE BEPOSITHOCTU CUMYJIUPYS CJyJallHbIE MPOXOXK/IEHUS.

n = 64 10 6axmoB.

Haiinure nanmenbinee k takoe uro 28 > a + b.

ITocrpoiire mosnoe Gunapuoe aepeso ¢ 28 > a + b merbsivu.

HampasbTe 11epBBIE 0 JINCTHEB B U, U CJIEAYIOMKE b B Up U OCTAJBHBIE B V.

Ecisin 06a KoHITa U3 BEPIIMHBI BEJYT B OJIHY U TY K€ BEPIIMHY TO MbI MOXKEM Y/IQJIUTh 3TY BEPIIUHY
U HAIIPaBUTH BCe BXOJIINE Pebpa B CIIEAYIONIYIO BEPIINHY.

[TockobKYy BCe JINCTbSA BEAyIINE B v, 00pa3ylOT IOC/IeI0BATEIbHBIA HHTEPBAJI, Mbl MOXKEM CKATb
ux B 2 x k. Tak ke Kak u B JiepeBe OTPE3KOB.

Taxk ke jutst v, 1 V.. B KOHIIE, MBI UCHIOJIB3yeM 2 * k BEPIIUH.

SaMeTnM UTO eCJIM KaKoil TO M3 KOHIIOB MHTEPBAJIA COBIIAIAET C KOHIIOM BCETO JIepeBa, OHO He CO3JACT
HOBBIX BepIuH. TakxKe, IpaBblil KOHEIL U, U JIEBbI KOHEIl Up COBIAJIAIOT U 008 MCIOJIb3YIOT OJHY U3
BepinuH. Tak »Ke [JIs Up U V.

n = 50, 10 6as1oB.

JlaBaiiTe TTIOCTPONM JIE€PEBO OTPE3KOB 0OOJIEe ONMTUMAIBHO.

a+b+c=2k 31ech ¢ KOJIMIeCTBO BEPIIUH BEAYIINX B KOPEHbD.

2k—d

Bepmmuna ma ryrybune d OTHOCHTCS K JINCTDBSIM.

Mpb1 HaumHaEM ¢ KOpHs Ha Tiryoumse 1.

2k—1

Ecmu a > HAIIpaBbTe IIEpBOe PeGPO B U, M PEIINTE CO BTOPOro chiHa ¢ a — 281 b cu k — 1.

Ecmu 2F~2 < a,b < 2k—1 HalpaBbT€ IEPBOI'O ChbIHA B Vg U Vp W PEHIUTE AJIsI BTOPOI'O ChIHA C
a—22p—-252 cuk—1.

OcranabHble CJIy9daH ITIOXOXKH.

MpI co3maeM HOBBIE BEPIIMHBI TOJIHKO BO BTOPOM cirydae. MoKHO JoKa3aTh 9TO YUCJIO OyIeT MEeHbIIIe
qyeM %k

B konrie, Mbl UCHOJIb3yeM % * k BepIuH.

n = 36, 10 6aamos

BamernsTe 9TO BEPHINHbBI CO3aHHbIE BO BTOPOM CJ/Iy4da€ HallpaBJIEHbI B JIBE€ BEPIIUHBLI U3 Vg, Up, Ue-
Ecrb TosibKO 3 criocoba BI)I60pa. Mpbr MmOzKeM CO31aTh U3 3apaHee€ U UCIIOJIb30BaTh UX 3aHOBO.

B konrne, Mbl ucnosibdyem k + 3 BepIuH.

n = 35, 10 bayioB
SaMeTbTe 9TO IMOCJIe IHsIsI BEPIINHA TaK K€ BeJeT B JIBE BEPIIUHDBI U3 Vg, Up, Ve.

B xomre, Mbl ucnonb3yem k + 2 BepIinuH.

n = 34, 10 6ayioB
Jlerko 3aMeTuTh 9TO 3TA MOA3a1a49a OECIIOIE3HA.

B xomnre, Mbr ucnonbsyem k + 1 Bepius.

n = 33, 10 6amos
JlomycTuM v HaC ecTb rpad KOTOPBIl peraer sTy 3aaady uist a, b, ¢ e a 4+ b+ ¢ = 2F.

PaccmoTpum ciiemyroriue oneparuio:
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(a) Co3zaTh HOBYIO BEDIIHHY U.

(b) [dobaButh aBa pebpa u3 v, B Uy U u. IloMeTUTH u Kak MepByi0 KOHEUHYIO BEPIIUHY.

B nosom rpade MbI umeeM a,a + 2 x b, 2 % ¢ e a + b+ ¢ = 2k
PasBopor sTux oneparmii BeINISLIUT Kak a,b, ¢ — a, (b — a)/2,¢/2.
Y10 ObI UCIIOIB30BATD 3TY OIEPAIUIO HAM HYKHO b > a, b 1 a 0JMHAaKOBOI YeTHOCTH, YE€THOE C.

VY nac ectb 6 Takux Bo3MOXKHBIX oreparuii. [lockoibky a -+ b+ ¢ 4eTHO, X0Ts ObI OJIHO U3 HIUX MOXKET
OBITH UCIIOJIL30BAHO.

B konrie, Mbl Bocmosib3yemcsi k BepiinHaMu.

3apaya D. Atombil
O6osnaunmM arombl [Da] Kak xpacrwvie mouku, aToMbl [Bs| Kak beavie mowku, a aromel [Km] kak
wePHBIE TOYKU.

e n = 3.9 6aJjyI0B.

JItoboe mepebopHOe perrenne T0KHO paborars. MoxKHO marke mompoboBaTh MPOMKUCATL BCE BapH-
QHTBLI BPYYHYIO.

e di=dy=---=d,. 8 6a1I0B.

Bce kpacHble TOYKH UMEIOT OIMHAKOBBIE KOOp uHATHI. Haiigure Bce Gejible TOUKU, HAXOJSIIHECS
cJieBa OT KPACHBIX TOYEK, W 0DO3HAUBTE MX KOJUIECTBO KakK &. AHAJOIMIHBIM 0Opa30M HaiigurTe
BCe YEpHBbIEe TOYKU CIpaBa U 0DO3HAYBTE MX KOJUYECTBO KakK Y. MBI MOXKEM COCTaBUTHL He OoJiee
k = min(x,y) Tpoek, II09TOMY HaM HY2KHO [IPOCTO B3sTh k KPACHBIX TOUEK € HAUOOJIBIIINM BBIXOJIOM
SHEPI'UH.

o ki >b; mk; >d; nmo mr060ii 1 <¢,j < n. 11 6asos.

Bce uepnoie mouku pacrosiaraioTcs crpaBa 0T BCEX OCTAJIbHBIX TOYEK. DTO 03HAYAET, 9TO MBI MOYKEM
BBIOpATH JIIOOYIO M3 HUX JJs JII00OM TPOHKM, KOTOPYIO MBI MOXKEM C(OPMUPOBATH, ITOITOMY MBI
MO2KEM IIPOCTO UTHOPUPOBATH BCE YEPHDBIE TOYKH U BMECTO STOI'O COCPEIOTOUUTHCS Ha rapax 06es1oro
1 KPacHOTIO.

3sech Oyser paborarh cieayroril kaaHuK. Mbr OyiaeMm mepebuparh Bce Oejible TOYKH B HMOPSIIKE
ybbiBanust koopauHat. [Ipejmosokum, Mbl cefiyac paccMaTpuBaeM 0eJyi0 TOYKY € KOOPJIMHATON
x. I3 Bcex KpacHBIX TOYEK CIIPaBa OT T MbI BBIOEPEM Ty, KOTOpPas MUMEET CaMbIil BHICOKUI BBIXO/I
SHEPIUU, U yJIAJINM €e.

[Touemy sT0 pabortaer? Mbl mommep:kuBaeM HabOOp KpacHBIX TOYeK. 1o mMepe TOro, Kak MBI HIEM
cIpaBa HaJIEBO, K HAOOPY T00ABJISIFOTCS HOBBIE KPACHBIE TOUKHU WJIM MBI BCTpedaeM OejIyio TOUKY,
KOTOPYIO MOYKHO HCIOJIb30BATD /It (POPMUPOBaHUsT HOBOM mmaphl. IlockoIbKYy /TI00ast KpacHast TOUKA,
KOTOpas ObLIa JobaBiieHa K HabOpy, Bcerma OyaeT JOCTYIHA II03XKe, FICHO, 9TO BBIOOP JIOKAJIbLHOIO
onTUMyMa paboOTaeT.

e ¢y =cy=---=¢, = 1. 11 6asa0B.

Bce kpacHble TOUKM UMEIOT BBIXOJ SHEPIUU 1, 8 9TO 3HAUUT, UITO HAM IIPOCTO HYKHO BBIOPATDH HAU-
BoJIbIIIee UX KOJIMIECTBO. 3J1eCh Y HAC JAPYTo#l BujL kKaiHuKa. [1poiigeMcst o BceM KPACHBIM TOYKAM
cyieBa HarpaBo. Mbl mombiTaeMcs chopMUPOBaAThH TPOUKY, KOTOPast BKJIIOYAET B ce0s TEKYIIYIO Kpac-
HYIO TOUKY.

Ecam mama Touka MoyKeT OBITH COIpPsI?KEHA C HECKOJIBKUME O€JIBIMA TOYKaMU, Mbl MOYKEM BBIOPATD
JIOOYIO M3 HUX, TaK KaK 9TO HU Ha YTO HE MOBJUAeT. Kcjm Hala TOYKa MOXKET OBITh COeIuHEHA
C HECKOJIbKUMM YEePHBIMU TOYKAMHU, MBI JOJI?KHBI BBIOPATH OJIMMKAMIIYIO, IIOTOMY 9TO 9Ta YepHAs
TOYKAa TO32Ke CTAaHeT MepBoil HeaocTymHO#N. Ecam Mbl MokeM 00pas3oBaTh HMapbl ¢ 00eMX CTOPOH, TO
MBI (POPMHUPYEM TPONKY M CTHPAEM BCE TPH TOUKH.
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e n < 300. 12 6asy10B.

[Ipemonokum, 9TO B ONTHMAJILHOM OTBETE MBI IIOJIy4nM Kk KpacHbIX Touek. Kaxx10it kpacHoil Touke
MOHAI00UTCs Heiast TOUKA CJIeBa U UepHasl TOUYKa cripaBa. [losToMy Beerga onTUMaILHO BHIOUPATD
TOJILKO CaMble JieBbIe Oejible TOYKH U TOJIbKO CAMbI€ ITPABbIE€ YepPHbIE TOYKH.

Taxum 06pa30oM, MbI BBIOpAJIH HECKOJIBKO 6estbix ToueK (L1 < ... < Lg) U HECKOJIBKO YE€PHBIX TOYEK
(R1 < ... < Ry). Teneps Ham Hy:kHO BbIOpaTh k KpacHbix Touek (My, ..., My) ¢ naubosbIieit
CyMMapHOIl BBIXOJHOI 9Heprueil. 3aMeTHM, UTO JId HEKOTOpOi maphkl KpacHbIX Todek M; < M;
TaKzKe JOJIKHbBI BBIIOJIHATLC ycnosua L; < L u R; < R;.

D10 0O3HAUAET, YTO MbI MOXKEM cocTaBuThb naps! (L;, R;) u pemuTs 3aady Bei6opa k KPACHBIX TOUYEK,
TaKuX, YTOOBI KarKJasi TOYKA HAXOJUJIACh BHYTPH COOTBETCTBYIONIEI'O CEIMEHTa, & UX CyMMapHAas
BBIXO/IHAS SHEPrusi ObLIa MAKCUMAJIHLHO BO3MOYKHOI.

OTO MOXKHO CJIe/IaTh, COXpaHdAs dp; j — HauOOIBIINII OTBET, ecyid MBI C(OOPMHUPOBAJIH IIEPBLIE j Cer-
MEHTOB U PACCMOTPEJIH TIEPBBIE ¢ KPACHBIX ToUeK. llepexoibl TpUBHAILHBL — JTUO0 MbI TOMEIAEM ¢-10
TOYKY B j-bIif OTPE30K, Jinbo HeT. Takmm 0Opa3oM, MbI IIOJIyYaeM PEIICHNE C BDEMEHHON CJIO2KHOCTBIO

O(n3).
e n < 2000. 12 6a/L10B.

glero, 9TO MBI MOXKeM J06muThes Gombmero, wem O(n?) mpu dukcnposannom k? JleficTBuTenbHO,
CYIIIECTBYET XOPOIIIee »KaJIHOE PEIIeHME.

Ha sToT pas Mbl mpoiigemMcst 110 BceM YepPHBIM TOYKAM B IOPSIKe Bo3pacTanus koopaunat. [Ipesmmo-
JIOZKHMM, 9TO HAIla TEKYyIas YepHasi TOYKa HAXOJUTCH B TOUKe x. VI3 Bcex KPaCHBIX TOYEK CJIEBA OT X
MBI XOTUM BBIOPATH Ty, KOTOpas UMeeT OeJIyIo TOUKY CJIeBa OT Hee M MMeeT HAUOOJIbITYIO BHIXOIHYIO
MOIIHOCTD. Ecin ecTh Takas KpacHasi TOYKa, Mbl €€ BO3bMeM. [OOoIHNTEIHbHO U3 BCeX OeIbIX TOUEK
cJIeBa OT HEro BhIOepeM OJIMKAUTITYTO.

BO-HepBbIX, KaK peajin30BaTb 3TO 6bICTpO? HOCKOJIbe MBI IPOXOANM BCE€ YE€pPHBbIE€ TOYKH B IIOPAIKE
BO3paCTaHud T, HaM IPUAECTCA UMETDH JI€JIO CO CJIEYyIONMMU OOHOBJICHUSIMU:

1. JobaBuM HOBYIO KPACHYIO TOYKY C KOOPJAMHATOI T M BBIXOZOM 3Hepruu y. Mol Oyaem
XPaHUTb BCE KPACHBbIE TOUYKU B HADOpe B MOpsJKe yObIBaHUS ¥.

2. [TobaBuTh HOBYIO D€JIyI0 TOUKY C KOOpAWMHATOM . MbI coxpaHuM 6ejIyto TOUKY B JIPYTOM
Habope B IOPs/IKEe BO3PACTAHUS I .

3. IIpoBepuThb, MO2K€M JI MbI COCTABUTH TPOIKY. Bo3zbMeM KpacHyIO TOUKY ¢ HAMOOIBITTIM
snadyenreM y. Eciu ona pacriosioxkena jieBee KpaiiHeil jieBoii 6€I0i TOUKHU, MBI y2Ke He MOYKEM
B34TbH €€ B TpOIU/IKy 1 HUKOI'ZIa HE€ CMOXKEM. TaK 9TO MbI MOXKEM YIaJIUTh €TI0 U3 Ha60pa "
HOBTOPUTH CHOBA. B IPOTHBHOM cilydae Mbl HAILIM ONTHMAJbLHYIO KPAcHYIO TOUKY. Terepb
HAXOJIMM OJIM2KaiiIyio 6esIylo TOUKY CjIeBa OT Hee U CTHPAEM ee.

ITockonbky Kakaast oneparst 3anuMaer O(logn) Bpemenn, a Mbl amoprusupyem O(n) omeparnuii,
MBI TIOJTy9aeM BpeMennyio ciioxuocts O(nlogn) anst bukcnposantoro k, uto maer nam O(n?logn).

Teneps npucTynum K JgokazareabcTBy. OUSTh 2Ke, HOCKOJIBKY Mbl HTEPUPYEM B IIOPSI/IKE BO3PACTAHUS
x, ecau B JiIoOOM MOMEHT K HaIleMy HabOpy JT00aBUTCA HOBasg KpacHas TOYKa, OHA BCerja OyIer
JIOCTyTIHA To3Ke. Tak 9To, Kak U B nmod3adaye 3, HAII TEKyIuil BLIOOp KPACHONW TOYKU HUIETO HE
HUCIOPTUT B OYIYIIEM, ITO3TOMY MBI JOJKHBI KAJIHO BBIOpaTh JIydinyto. M Kak TOJIBKO MbI HAILIN
KPACHYIO TOYKY, CTAHOBUTCH OYEBUJHBIM, II0YEMY HaM HYKHO COEJUHUTH ee ¢ Osmzkaiieil 6esoit
TOYKOI1.

e Her nomostHuTenbHBbIX orpannvyeHuu. 37 6AJLIIOB.

Teneps nycrs f(k) 0603HAUAET Pe3yIbTAT YKATHOCTH BhIIIe s (pukcupoBanHoro k. fcHo, uro f(k)
OyieT HeolpeIesIeHHbIM JIJIsi HeKoToporo k > c¢. B arom cirydae mbl Gyjem cuurarh f(k) paBHBIM
—00.
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Mpbr xorenu 6b1 HajiTy MakcuMasabHOe 3Hadenue f(k). Temeps MbI mOIONUIM K OY€Hb MHTEPECHOI
JaCTH.

JIemma. 3nauenne f(k) — f(k —1) e Bospacraer. To ects f(k) cHauasa Bo3pacraer 10 HEKOTOPOi
TOYKH ¢, & IOTOM yObIBaeT.

HoxkazarenbcTBo. PopmasibHOE TOKA3ATEILCTBO cieyeT u3 ajgropurma Min-Cost-Maz-Flow. Mbr
MOXKEM IIPEJICTABUThL HAIy 3aJiady B BHUJIE CETH, TJe IEPBBIH €0 CONep:KUT Bce Oesible TOUKU,
BTOPOI CJIOIl COMEPXKUT BCE KPACHBIE TOUKH, 8 TPETHil CJIOM COHEpP:KUT BCE UepHBbIE TOUKH. Bce
pebpa OyIyT UMeThb eJIMHUYHBIE ITPOIYyCKHBIE CcIIocobHOCTH. YTOOBI Kaskjasi KpacHas TOYKa OblLia
B34ATa TOJBLKO OJWH pPa3, MbI IPOIAYOIUPYEM €€ B JIB€ BEPIIUHBI U U U, COEMHUM U CO BCEMU OeJIbIMU
TOYKaMU, COEIUHUM ¥ CO BCEMU YEPHBIMH TOYKAMM M COEIUHUM U M U C OJHUM PeOPOM €IMHIMIHOMN
MOIITHOCTH U CTOUMOCTDBIO —C;, TJI€ ¢; — BBIXOJ[ SHEPTUHU TEKYIEH KPACHONW TOUKMU.

[TonsaTHo, ¥TO MCKOMBIM 0TBeTOM Oyier 3uadenne MCMF B 310l ceTn, B3sTOE C OOPATHBIM 3HAKOM.
Wrak, ecii MbI pACCMOTPHUM, KakK Ha caMoM jejie paboraer MCMF, Mbl 3aMeTHUM, 9TO OH HAYHHAETCS
¢ moToka k = (0 U mbITAeTCs PACIIMPUTHLCA O MMOTOKa Kk + 1, Haxo[s KpaTdafliuii myTb B CEeTH,
KOTOPBI MOXKeT ObITh HachileH. Bapuant Min-Cost-Maz-Flow npomoszkaeT yBeJnduBarh k 10 Tex
0P, TIOKa 9TO CTAHOBUTCS HEBO3MOXKHBIM, IIO9TOMY HAC Ha CaMOM Jejie WHTepecyeT BapuaHT Min-
Cost-Flow, rie Hac He BOJHYeT TOYHOE 3HaYeHNe 3HaUeHne k, Mbl 3a00THMCSI TOJILKO O MUHUMUA3AIUN
CTOUMOCTH. I/I B 3TOM BapUaHTE aJITOPUTM OCTaHaBJINBaECTCA IIPAMO Ha TOYHOM 3HAYCHUU k‘, KOoTOopoe
makcumusupyet f(k). [losromy Mbl cauraem ero JOKa3aHHBIM.

3Hast 9Ty JeMMy, Tellepb MbI MOXKEM HAHTH OUTHMAJIBHOE k C IIOMOIIBIO TEPHAPHOIO IOHCKA. BbI
MOZKETEe Peasn30BaTh €ro B CTH/Ie OHHAPHOTO IOUCKa, cpaBHuBas 3Hadenus f(m) u f(m + 1), Ho
TPAUINOHHLIN TePHAPHBIN [OUCK TAKIKE IIPOXOJINT.

B urore noyaaem pemenue, nveiomee acumnroruky O(nlog?n) wim O(nlognlogy 5 n).

3apava E. VIrpa Ha pepeBe

e u; =1,v;,=1i+1, r, =0 =1. 9 Gannos.

epeBo dpopMupyer 3Be3/1y CO BCEMU BEPIIMHAMU, COeIMHEHHBIME C 1. Eciiu nepBblit UrpoK HaUYnHaeT
¢ 1, cuer 6yzer (n—1) : 1. B nporusHOM ciiydae nepBblii UIPOK Tepeiijier K 1, 3axBaTbiBasi BEPIIUHY
IPYyroro urpoka, u cuer oymaer n : 0.

o u; :iyvi :2+1, r; = b; = 1. 13 6aj10B.

Jepeso dopmupyer 1enib 1 — 2 — ... — n. [lycts a 9T0 BepIiuHa 1mepBOro Urpoka, a b - BepiimHa
Broporo urpoka. WLOG a < b.

Eciu paccrosnue mexkay HUME paBHO 1, TO KOJMYECTBO OYKOB JIs KasKJIOrO UTPOKa OyJIeT paBHO
KOJIMYECTBY BEPIIMH Ha €ro cTopoHe jepesa (a:n — b+ 1).

Ecmm paccrosinme paBHO 2, TO IEPBBII UTPOK CAEIAET XO/I B IIEHTP U BLIUTPAET C pe3yabraroM 7 : 0.

Ecisin paccrosinne 6osiee 2, To curyalusi cranoBuTcs uaTepecuee. MoyKHO JI0Ka3aTh, 9TO OHU OYIYT
JIBUTATLCS JIPYT K JPYTY, MOKA PACCTOSHUE HEe yMeHbIUTCH J10 3. VI ¢ 3TOro MoMeHTa HUKOTa He
ONITUMAJIHLHO JIBUTATHCA OJIMKE, IIOTOMY YTO PACCTOSHUE CTAHOBUTCS 2 U JIDYTOil UTPOK BBLINTDHIBAET
B niearpe. [loaroMmy oHM OYyIyT Jesarh ApyTrHUe XOJbl, IIOKA OJUH U3 HUX He 3aKOHUYHUT XOIbl. Takoil
UT'POK OyJ/IeT BBIHY2KJIEH JBUHYTHCS B IEHTP, U CYET OYJET JIETKO PACCUUTBHIBATHCH OTTYIA.

D10 TpebyeT HEKOTOPOro pa3bopa CIydaeB, YIUTHIBasd KAK YeTHOCTh PACCTOSHUS, TAK U KOJTHIECTBO
JIOTIOJTHUTETBHBIX XOJ[0B, KOTOPBIE UMEIOT 008 UI'POKA.
e n,q < 10. 11 banoB.

3echb J1000I TPABUIBHO HAIIMCAHHBIN 11epebop JA0JKeH paboTaTh.
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e q=1,r; =0, =1. 14 6annos.

Onsrp, KaK B HO/33/1a4€ 2, PACCMOTPUM PACCTOSIHIE MeXK/y BepiimHaMn urpokoB. Crparernst ocra-
ercst TOM 2Ke, 3a MCKJIIOUEHHEM TOTO, YTO 3TO HYKHO CJIejaTh Ha jepese. Tak Kak ¢ = 1, BbI MOXKeTe
peajim30BaTh 9TO HAMBHBIM MeToZ0M 3a O(n).

e r; = b; = 1. 20 6asy0B.

Taxk ke, 9T0 U WO/3aJaYu€e BBIIIE, HO B 9TOT pa3 BaM HYKHO Oy/eT ObICTPO BBIYUC/IATDL CJIELYIOIIHe
BEIIN:

1. Paccrosgnue Mexy AByMs BepIIUHaM# a # b.
2. k-1 BepIMHA HA IIyTH MEXKJy a U b.

3. KosmmyecTBo BepmuH B mO/iepeBe v eCid KOPHEM jepeBa OyieT u.

Bee 9T0 JOBOJIBHO KJIACCHYECKHE Bell, KOTOPbIe YaCTO BCTPEYAIOTC B 3a/adaX Ha JIePeBbsX, U
KazKJiasi U3 HUX MoxkeT ObITh peasmsoBana 3a O(logn) mwim O(1).

e ¢ =1. 17 6annoB..
3Jiech HaM JlaHA UTPa, MOITOMY Y HAC eCTh OOJIBbINE CJIyYaeB JIJIsi PACCMOTPEHUS.

Ecau ectb x0Tt 6BI OJIMH PEOPO €, y KOTOPOTro 00a KOHEUHBIX BEPIIMHBI OKPAIIIEHBI B ITPOTUBOIIOIOXK-
HBIE IBETA, 9TO O3HAYAET, YTO B Oy/AyIeM HUKAKON X0/ He M3MEHHT IBeT TuX BepmuH. [losTomy
MbI MOYXKEM YJIAJATH 9TO PedpPO U PEHINTh OTIEJIbHO JJIsi OCTABIIUXCA JepeBbeB. MOXKHO J0Ka3aTh,
9TO B KaXKJIOM M3 OCTABIIUXCS J€PEBBEB Oy/ieT He OoJiee OTHOTO IIBETA, W STOT IBET OYyIeT COOTBET-
CTBYIOIIAM KOHEYHBIM BepIIuHO#i e. OTBEeT MOXKHO BBIYUCIATDH IIpocThiM DFS.

Ecnu Taxoro pebpa HeT, TO y HaAC eCTb JiBe CBA3HbIE KOMIIOHEHTHI Bepiiud R u B. Haiinem napy
Bepmd (a,b), Takyio, uto a € R, b € B u dist(a,b) MuHIMaIBHO BO3MOXKHOE. MBI MOXKeM HaiiTh
3Ty Iapy cJjeaylonmmmM obpazoMm. BoseMmeM smobyro sepiummny a’ € R, HaiijgeMm GJnzKaiilyo BepHIMHY
b € B k Heil. Anasornano, BosbMeM J00y1o Bepmny b € B, Haiigem GimzKaiimyto sepmuny a € R
K Heil. 7ZKenaemoit napoit 6yzer (a,b), KOTOPYIO MbI HAIILIH B 9TOM IIPOIIECCE.

[Tocsie Toro, kak Mbl Haium napy (a,b), 3TOT COCTOsIHME UI'PBI MOYKET OBITH PACCMOTPEHO IKBU-
BAJICHTHBIM COCTOSIHWIO, IJI¢ UTPOKHM HAYUHAIOT ¢ BeprmHamu (a,b), ¢ TeM JIUIIb OTJIMIHEM, UTO
HEKOTOPBIE JIpYT'He BEPIIUHBI y2Ke UMEIOT IpeIoIpeie/ieHHbIe I[BeTa. TakuM 0b6pa30M, pelrieHne Ja-
Jiee OyIeT TOYHO TAKHM K€ 9TO BBIIIIE.

¢ Be3 monmosmHuTEeIbHBIX OrpaHuvyeHuii. 16 6aa/10B.

Buosb, nam TpebyeTcs pean30BaTh TAKOE 2Ke PeIlieHne OITuMaJIbHbIHN crtocoboM. Haxox nenne pedbpa
e moxer Obl caenano 3a O(|R| + |B|) caemyionum obpasom. IIpeanonoRnm JiepeBo moBenieno
3a HEKOTOpYIO BepiuHy. Torjga Kaxoe pebpo e COeIUHSIET KAKYIO-TO BEPIIMHY U C MPEIKOM Dy .
CuiestoBaTesIbHO, JIOCTATOYHO paccMarpuBarh napbl (a € A,pg) u (b € B,pp) i HAXOXKIEHUs
HYKHBIX pebep.

ITocse TOro Kak Mbl HALIM pebpa €, HAM HY?KHO [OCUYATATH Pa3Mephl MOJJIEPEBbeB. Mbl MOKeM
PEIUTH 3TO GBICTPHIM CIIOCOOOM KaK U B TI0/133/1a4e Bbile: Koauuecmeo sepwun 6 noddepese v ecau
koprem depesa 6ydem u. Pemenne padoraer 3a O(|R| + |B|) nau O((|R| + |B|) logn).

Ecsin mer takoro pebpa e, HaM Hy»KHO HaliTH nmapy Bepuut (a,b) KaK u B IpeIblayIeil moazaiade.
Hawugnoe pemenue padoraer 3a O((|R| + |B])logn).

Ob6mras cioxuocts pemmernnst O(nlogn + (|R| + |B|) logn) ¢ HeGOMbIINMI H3MEHUSIME 3aBUCSIISIMA
ot peanuzanuu LCA u apyrux aJropuTMOB.

3apayva F. VlccnepoBaTtenwn
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e n,m,q < 100, d; < 100, r; < 100. 5 6amI0B.
ITocrpoiire rpad st Beex Jier or 1 go 100, n Jyist KazKJ0ro 3ampoca HpOBEPHTE JOCTYIIHOCTD C
nomorpio pocroro DFS. Bpemennast cioxkuocrs O(mazxr;(n +m)q).

e n,m,q < 3000, d; < 3000, r; < 3000. 7 6asmnoB.

Amnayornano, octpoiite rpad s Beex et or 1 o 3000. OxpacbTe BCe KOMIIOHEHTHI C MTOMOIIIBIO
DFS. JlaBaiiTe ¢, Oyzer 1iBeTOM BepIIUHBI v. Terepb, KOTJa BbI IPOXOUTE Uepe3 BCE 3aIPOCHI, BbI
MOZKeT€e IIPOBEPUTD JIOCTYIIHOCTD, IPOCTO IIPOBEPHAs, PABEH JIU Cp; = Cy, -

Bpewmennast ciioxkunocrs O(maxri(n +m + q)).

em=n-—1,a;, =1, b =1+ 1. 12 GanoB.

I'pad npexcrasisier coboii nenb 1 —2—. .. —n. Jlist Toro, 4robsl yTh ©u—v cyiiectBoBas (u < v), Bce
pebpa MeXKIy HUMHU JIOJKHBI IPUCYTCTBOBAThH. TaK UTO 3TO CBOJMTCH K BBIUUCJECHUIO TIEPECeUEHUsT
OTPE3KOB B JuamasoHe [u, v — 1], 9To MOKeT ObITh CJIEJIAHO € OMOIIBIO JIEPeBa OTPE3KOB. BaM HyKHO
HaWTH Maxl; HA JUATA30HE W MINT; HA JUATA30HE.

Croxuocrs Bpemern: O(n + glogn).

d; = 10° B ocHOBHOM O3HauaeT, YTO pebpa HUKOIA He 6yIyT yaaaeHsl. Tak 4To qaBaiite 0TCOPTUPY-
eM Bce pebpa B Mopsijike UX BpeMeHH jio0aBiienus. Tenepb st Kaxka0ro 3amnpoca (u, v) Mbl MOXKeM
MOTBITATHCST IBOMYHBIM TIOUCKOM HafTH TepBOe BpeMsi t, KOTJIa BEPIIMHBI U U ¥ OYIyT COeTMHEHDI.
CaMBIM TIPOCTBIM U TOIYJISIPHBIM CIIOCOOOM 3TO cleiaTh siBjsiercst Parallel binary search.

Crnoxmocrs spemenn: O((n +m + q) log 109).

e [, =1r;. 12 6ayI0B.

JlapaiiTe npeobpasyeM IIpobeMy CJIeAyIOmuM 00pa3oM. Bbl Ho/KHBI 06pabaTbiBaTh 3 BU1A COOLITHIA
B XPOHOJIOTHYIECKOM IIOPSIIKE:

1. Jdobasurs pedbpo (u,v).
2. VYnamuts pebpo (u,v).

3. 3&HpOC O TOM, CBA3aHBbI JIX BEPHINHBI U 1 V.

DT0 0YeHb KJlaccuvueckasi mpobsema, HasbiBaemasi Dynamic Connectivity. B 3T70M KOHKpPETHOM CJTy-
Yae Mbl MOXKEM CJeJIaTh 3TO B aBTOHOMHOM PEXKUME C MOMOIIBI0 paddeasti u saacmeyt ¢ DSU ¢
OTKaTaMMU.

O((n +m + q)log®n).

e n,m,q < 40000. 27 6am10B.

,HaBaﬁTe CO3 Ja 1M 2m coOBITII JABYX THUIIOB B XPOHOJIOTUYIECKOM ITOPAIKE::

1. Jobasuts pedbpo (u,v).
2. Ynmamuts pebpo (u,v).

Bynem nenars Sqrt-dexomnoszuyuro no cobvimusm.

Kaziomy 3ampocy cooTBeTCTByeT HEKOTOPBIit Juamna3oH (I, r) cobbrruii. [Tpoiimemest o Becem 61okam
cobbrruii. Jlns kaxkmoro 6sioka OyIyT 3alpOChl, KOTOPbIE OXBATBLIBAIOT €r0 IOJHOCTHIO, U OyIyT
3aIPOCHI, KOTOPBIE OXBATBHIBAIOT €0 TOJBKO YaCTUUIHO.

Kpowme Toro, Buyrpu 6/i0ka pazmepom k Oyraer 3aTpoHyTO He OoJiee 2k COOTBETCTBYIOIIUX BEPIIUH
u pebep. Urak, mapaiite coxkMeM Bech rpad um u3baBuMcsa OT OECIIOJIE3HBIX BEPIINH 1 pedep.

Temepb MBI MOXKEM JIETKO pabOTaTh C YaCTUIHBIMU 3arrpocaMu. TOYHO Tak Ke, KaK MbI JeJIaIH ITO
B TOj[3a/ia4e 2, naBaiiTe pa3depeMcst ¢ COOBITHAME TPSAMOJUHENHO OHO 32 JPYTUM U PACKPACHM BCE
KOMIIOHEHTHI ¢ TtoMoIpio DFS. BareM MbI IpoiiieMcst 10 BCeM 9acTUIHBIM 3aIIPOCaM, M €CJIA 3aIIPOC
OXBaTBIBAET TEKYIIee COOBITHE, Mbl COOTBETCTBYIOIIUM 00Pa30M OOHOBUM OTBET Ha HETO.
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XIX MexgyHapogHas MayTbIKoBCKasi oiMMnuaga
Anmatbl, KasaxctaH, 2-3 despans, 2023

Dra gacTb Gyner paborars 3a O(k?) za 610k, U 3ampoc GyieT CauTAThCS TACTHIHLIM He Go/Tee e
B JIBYX OJIOKaX, [I09TOMY BKJIaJ| 3alIpoca B OOIIYI0 BPEMEHHYIO CJI0KHOCTH cocrasut Beero O (k).

Teneps 3aiimeMcst 3amrpocaMu, MOJHOCTBIO TMOKpBIBafoIuMu 0J10K. [ToTeHma pbHOo UX MOXKeT ObITh
MHOTO Ha KaxKjpiit 6;10k. Ho BOT 9TO BayKHO: TOCTE TOTO, KAK MBI C:KAJIN Tpad, y HAC OCTAIOCDH
ronbko O(k) Bepmmn, mosroMmy nac unrepecyer Tosibko O(k?) map sepmmn. Takum o6pasom, eciu
MBI OyJIeM HOJIEPKUBATD JBYMEPHbIH MACCHB NSy, AJI KaXKI0 Haphl (U, V) U BBIYUCIATH €10 TaK
Ke, KaK MBI 3TO JIeJIajIi ¢ JaCTHYHLIMU 3arpocaMu, Ml notyanM O(k3) BpeMenHas CI0XKHOCTD Ha
6JI0K.

Tenepsb nasaiite mogymaem o6 onrumanbHoMm k. Beero y nac Gyger n/k GJ0KOB, B KaXKJIOM U3 KO-
TOPBIX HAM HYKHO OyzeT ciuesarh okoao O(n + m + q), 4robbl cxkaTh rpad U HAWTU peJleBAHTHBIE
sarrpockl. BryTpn 6710ka Mb1 6yaem seimoanath O (k%) omeparmit. MTak, ecim Mbl TOMBITAEMCS CJle-
JIaTb J[B€ CTOPOHBI PABHBIMU, MbI IOJyYUM, UTO ONTUMAJbHOE 3HAUYEHHE K JIOJIKHO OBITH OKOJIO
(n+m+q)'/3.

Taxkum 06pazom, obIIast BpeMeHHasl CJI0XKHOCTb, KOTOPYIO MbI IojtydaeM, coctasisier O(n+m-+q)
9TO JIOJPKHO OBITH JOCTATOYHO JJjIsi BBITOJIHEHUST 9TON 10132 a4,

5/3
)

Hert AOINIOJIHUTEJIbHbIX OrpaHUYe€HUN. 21 6aJjLIoB.

Ha camowm seste, pelrenne mpeablayInei moa3a adn MOXKeT ObITh OITHUMU3UPOBAHO JI0 TAKOH CTeleH!,
YTO OHO IPOeT maxke 3Ty noazamady. Ho 3mech Mbl 00CyIuM JiydIiee perieHue.

V3KknM MecToM Hamero permenus 6b1a gacth O (k2), Te MBI BLIHCIsIeM ansy,, At Beex map (u,v)
B OJstoke. MozkeM Jin MBI cjie1aTh 910 ObicTpee? K cuacTpio, 1a.

BameTuM, 4TO y HAC, 110 CyTH, Ta YK€ UCXOJHas 3ajada, Ho Ha ror pa3 n = O(k), m = O(k) u
q = O(k?) co Bcemu 3ampocamMu BO BCeM JTHATIA30HE TAKIKe.

Tak MOXKEM JIi Mbl IPHMEHHTb TO XK€ CaMoe pelleHne K 5Toil noxsazgade? Bosbmenm 6ok t = vk 1
CHOBa HalijieM O6J10ku paszmepoM t7 TeopeTudecku Mbl MOXKEM, HO, BEPOSITHO, 5TO Oy/IeT MejJIeHHee,
gem O(k?), 0 KOTOPOM TOBOPHIIOCH BHIITIE.

Ho BMecTO 3TOTO MBI MOXKEM ITPOAHATU3UPOBATH 3TO U BBIACHUTH, YTO JIJIs 9TOM MOA3a a9 OITH-
MaJIbHBIH pasmep 6Jioka t 6yer pasen n/2. JIpyruvu cjioBaMu, 3Ty M0A3a/1ady OITUMAIBLHO PEIaTh
10 AJITOPUTMY «pas3essii u BJacTByil». Pa3mennTs Bce cOOBITAS MPAMO IMOCEPEINHE, CKATh BCE BEp-
IIUHBI U pedpa ¢ 06enX CTOPOH, PEIIUTh PEKYPCUBHO U O0bEIMHUTH OTBETHI.

[Ipoanamm3upyemM BpeMeHHyto cioxkuocTb. Umeem T'(n) = 2T(n/2) + O(n?). Ecim pactmmputs, TO
nosyanm T'(n) = O(n? +2 x (n/2)2 +4x (n/4)? +..)=0n? x (1 +1/2+1/4+...) = O(n?),
II03TOMY HpH 1 = k MBI cMozkeM pemmTh 3a1aqy 3a O(k?), 9To IMEHHO TO, YTO MBI HCKAJIM.

Bssis 3a k upumepro O(y/n + m + q), mbl nosxyunm pemerne O((n +m + q)y/n +m + q), xorst u ¢
O4YCHDb BBLICOKOI KOHCTAHTOM.
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