
XIX International Zhautykov Olympiad in Mathematics. Day 2. Solutions

�4. The sum of n > 2 nonzero real numbers, not necessarily distinct, is 0. For each of 2n − 1 ways to
select several of those numbers (at least one) the sum of the selected numbers is calculated; all the resulting
sums are written in line in non-increasing order. The first number in the line equals S. Determine the
minimum possible value of the second number in the line.

Answer: S(1− 1
⌈n2 ⌉

).

Solution. Let us arrange all the numbers in non-decreasing order as follows:

a1 ≤ a2 ≤ . . . ≤ am < 0 < b1 ≤ b2 ≤ . . . ≤ bk,

where m+k = n. Clearly, the largest number written in the line is equal to the sum of all positive numbers,
i. e. S = b1 + b2 + . . . + bk = −a1 − a2 − . . . − am, and the second number in the line is obtained from
S either by subtracting the smallest positive number b1 or by adding the largest negative number am.
Denote c = min{b1, |am|}, then, on the one hand, S ≥ kb1 ≥ kc, and on the other hand, S ≥ m|am| ≥ mc.

At least one of the numbers m and k is not less than ⌈n
2
⌉, hence c ≤ min{S

k
, S
m
} ≤ S

⌈n2 ⌉
. Therefore the

second number in the line cannot be less than S − c ≥ S(1− 1
⌈n2 ⌉

).

The second number in the line could be equal to S(1− 1
⌈n2 ⌉

), for example, if we are given ⌈n
2
⌉ numbers

equal to S
⌈n2 ⌉

, and ⌊n
2
⌋ numbers equal to − S

⌊n2 ⌋
.

Marking scheme.

Points withih each of the sections ,,Answer and example” and ,,Lower bound” are not additive. The
final mark is equal to the sum of the highest scores of the sections.

Answer and example.

• Correct answer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

• Any finite number of examples where the second number is S(1− 1
⌈n2 ⌉

) . . . . . . . . . . . . . . . . . . . . . 0 points

1. An example where the second highest number equals S(1− 1
⌈n2 ⌉

) for all n of some patity . . . .1 point

2. An example where the second highest number equals S(1− 1
⌈n2 ⌉

) for all n . . . . . . . . . . . . . . . . . .2 points

Lower bound.

• A correct lower bound is obtained for any finite set of numbers n . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

3. A correct lower bound is obtained for all numbers n of some parity . . . . . . . . . . . . . . . . . . . . . . . . .3 points

4. A correct lower bound is obtained for all numbers n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .5 points



�5. We call a positive integer good if it can be presented in the form ax2 + bxy + cy2 with integral a, b,
c, x, y and b2 − 4ac = −20. Prove that the product of every two good numbers is also good.

Solution. In accordance with the other solutions we note that a good number is a number of the form
ax2 + bxy + cy2, where b2 − ac = 5.

Claim. A number n is good if and only if the only odd powers of primes in its prime factorization are
those of primes p such that the congruence x2 ≡ −5 (mod p) is solvable.
Proof. Let n = ax2 + bxy + cy2, d = (x, y), x = dx′, y = dy′, (x′, y′) = 1. Then n = d2n′, and the
primes with odd powers in the factorization of n′ are the same as in that of n. Consider one such prime p.
It does not divide at least one of the numbers x′ and y′; let it be y′. We have an′ = (ax′ + by′)2 + 5y′2,
i. e. (ax′ + by′)2 ≡ −5y′2 (mod p). Since y′ ̸≡ 0 (mod p), there is an integer α such that ax′ + by′ ≡ αy′

(mod p). This α satisfies α2 ≡ −5 (mod p). Thus we have proved that p satisfies the stated condition.
Conversely, let all the primes p, having odd powers in the factorization of n, are such that the congruence

x2 ≡ −5 (mod p) is solvable. If n′ = p1 . . . pk is the product of all such primes, then n = d2n′ for some

integer d. Since all the congruences x2 ≡ −5 (mod p)i are solvable, it follows from from Chinese Remainder
Theorem that so is the congruence x2 ≡ −5 (mod n)′. Let b be the solution of this congruence. This
means that b2 − n′c = −5 for some integer c. But then n = n′d2 + bd · 0 + c · 02 is a good number, and
the claim is proved.

To solve the problem it remains to note that the product of two numbers of the form described in the
claim also has that form.

Marking scheme

General
(0.1) The identity (x2 + 5y2)(z2 + 5t2) = (xz − 5yt)2 + 5(xt+ yz)2: . . . . . . . . . . . . . . . . . . . . . . 0 points
(0.2) The statement is proved for two good numbers of the form ax2+ bxy+ cy2 with equal a:2 points

(not additive)
(3.1) Proved that if a prime p divides ax2 + bxy + cy2 but not x or y then −5 is a quadratic residue

modp: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1 point
(3.2) Proved that all n containing only primes p such that −5 is a quadratic residue modulo p are good

3 points
All the points in the scheme for the third solution are additive.
Points from schemes for different solutions are not additive.



�6. Several blue and green napkins (possibly of different sizes) with vertical and horizontal sides are
placed on the plane. It turned out that every two napkins of different colours can be intersected by a
vertical or horizontal line (possibly on the border). Prove that one can choose a colour, two horizontal
lines, and one vertical line, so that every napkin of the chosen colour is intersected by at least one chosen
line.

Solution. Notation. Throughout the solution we suppose that we work in the Cartesian plane, with
the axis OX directed horizontally and OY directed vertically. The orthogonal projections onto axes OX
(horizontal) and OY (vertical) will be denoted πX and πY respectively. Clearly a vertical line intersecting
all the napkins B1, . . . , Bk exists if and only if the segments πx(B1), . . . , πX(Bk) have a common point;
henceforth we will say, for sake of brevity, that these segments are pierced by a point (and the napkins are
pierced by a line).

For two segments ℓ1 and ℓ2 on a line we will call their hull ⟨ℓ1, ℓ2⟩ the smallest segment containing
both ℓ1 and ℓ2. In other words, ⟨ℓ1, ℓ2⟩ is the union of ℓ1 and ℓ2, if they overlap, and the union of ℓ1, ℓ2,
and the interval between, if they do not.

We make use of the following
Lemma 1 (one-dimensional Helly’s theorem). If in a finite family of segments in a line every two

segments overlap, then there is a point piercing them all.
(Generally speaking, the theorem holds even for infinite families, but we have no time for subtleties.)
Proof. Consider the segment with the leftmost right end ℓ1 = [a, b] and the segment eith the rightmost

left end ℓ2 = [c, d]. They overlap; in particular, that means b ⩾ c. But then the right end of any segment
is no further left than b, while its left end is no frther right than c, that is, the segment contains all the
points of the segment [c, b] (that segment is possibly degenerate, but not empty).

We will use Lemma 1 from the previous solution.
Say that a family of napkins is good if all napkins in the family can be pierced by a horizontal line;

otherwise the family is bad. According to the Lemma, if a family is bad, then it contains two napkins
whose projections onto the y-axos are disjoint.

Every vertical line ℓ partitions the napkins into three groups: the group I(ℓ) consisting of the napkins
pierced by ℓ, the group L(ℓ) consisting of all napkins lying strictly to the left of ℓ, and the group R(ℓ)
consisting of all napkins lying strictly to the right of ℓ.

Suppose that, for some vertical line ℓ, there exists a color (say, blue) such that the family of blue
napkins in L(ℓ) is good, and the family of blue napkins in R(ℓ) is also such. If a and b are horizontal lines
piercing those two families, then the three lines ℓ, a, and b form a desired collection of three lines piercing
all blue napkins. So, in the dequel, we assume that there is no such line.

Consider the rightmost vertical line ℓ0 such that the family of blue napkins in L(ℓ), as well as the
family of green napkins in L(ℓ), is good. This means that there are two napkins of the same color (say,
blue napkins W1 and W2) such that their y-projections are disjoint, and after shifting ℓ0 rightwards to
a line ℓ, both napkins fall into L(ℓ). So both napkins lie (non-strictly) to the left of ℓ0. Without loss of
generality, we assume that the y-projection of @1 is above that of W2.

By our assumption, the family of green napkins in R(ℓ) is bad (since the family of green napkins in
L(ℓ) is good); so R(ℓ) comtains two green napkins b1 and b2 whose y-projections are disjoint. Without
loss of generality, we assume that the y-projection of B1 is above that of B2.

Not losing generality again, we assume that the bottom point of B1 is no higher than that of W1.
Then the y-projections of W1 and B2 are disjoint. But their x-projections are also disjoint, since one lies
(non-strictly) to the left of ℓ0, while the other lies strictly to the right of it. Hence these napkins fail to
satisfy the problem requirements. A contradiction.

Marking scheme
(0.1) Consideration of any particular cases, as well as (partially) wrong arguments

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 points

(0.2) Initial steps, such as: reformulation of the problem in terms of x- and y-projections, or formulating
and proving Lemma 1, etc. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

Scheme for current solution



(1.1) Describing (as in Solution 2) a sufficinnt confition that a vertical line ℓ can be augmented by two
horizontal ones in order to get a desired triple . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 point

(1.2) If (1.1): is present, by means of choosing the rightmost/leftmost/etc. element, or via moving a
vertical line ℓ, one chooses a line ℓ0 sering the aims of Solution 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 points



Ìàòåìàòèêàäàí õàëû©àðàëû© XIX Æºóòiêîâ îëèìïèàäàñû. 2-ê³í. Åñåïòåð øåøói

�4. Í°ëãå òå­ åìåñ íà©òû n ñàííû­ ©îñûíäûñû í°ëãå òå­ (n > 2 æºíå ñàíäàð ºðò³ðëi áîëóû
ìiíäåòòi åìåñ). Îñû ñàíäàðäû­ áiðíåøåóií (êåì äåãåíäå áiðåóií) òà­äàóäû­ 2n − 1 ºäiñi áàð. �ð
ºäiñòåãi òà­äàë¡àí ñàíäàðäû­ ©îñûíäûñûí åñåïòåï, áàðëû© 2n − 1 ©îñûíäûíû áið ©àòàð¡à °ñïåéòií
ðåòïåí æàçûï øû©©àí. Îñû ©àòàðäà áiðiíøi ñàí S-êå òå­. Îñû ©àòàðäà¡û åêiíøi ñàííû­ å­ êiøi
ì³ìêií ìºíi íåøåãå òå­?

Æàóàáû. S(1− 1
⌈n2 ⌉

).

Øåøói. Áàðëû© áåðiëãåí ñàíäàðäû °ñó ðåòiìåí ò°ìåíäåãiäåé æàçûï øû¡àéû©:

a1 ≤ a2 ≤ . . . ≤ am < 0 < b1 ≤ b2 ≤ . . . ≤ bk,

á´ë æåðäå m + k = n. �àòàðäà æàçûë¡àí å­ ³ëêåí ñàí áàðëû© î­ ñàíäàðäû­ ©îñûíäûñûíà òå­
áîëàòûíû àíû©, ÿ¡íè S = b1+b2+. . .+bk = −a1−a2−. . .−am, àë êåëåñi ³ëêåí ñàíäû àëó ³øií S-òåí
íåìåñå å­ êiøi î­ b1 ñàíûí àçàéòó êåðåê, íåìåñå å­ ³ëêåí òåðiñ am ñàíûí ©îñó êåðåê. c = min{b1, |am|}
äåï áåëãiëåéiê. Ñîíäà, áið æà¡ûíàí, S ≥ kb1 ≥ kc, àë åêiíøi æà¡ûíàí S ≥ m|am| ≥ mc. m æºíå

k ñàíäàðûíû­ êåìiíäå áiðåói ⌈n
2
⌉ ñàíûíàí êåì åìåñ, äåìåê c ≤ min{S

k
, S
m
} ≤ S

⌈n2 ⌉
áà¡àëàóû ä´ðûñ.

Ñîíäû©òàí içäåï îòûð¡àí åêiíøi ñàí S − c ≥ S(1− 1
⌈n2 ⌉

) ñàíûíàí êåì åìåñ.

Ìûñàë. Åêiíøi ñàí S(1 − 1
⌈n2 ⌉

) ñàíûíà òå­ áîëà àëàäû, ìûñàë¡à, åãåð áàñòàï©ûäà áåðiëãåí ⌈n
2
⌉

ñàí S
⌈n2 ⌉

ñàíûíà òå­ áîëñà, àë ©àë¡àí ⌊n
2
⌋ ñàí − S

⌊n2 ⌋
ñàíûíà òå­ áîëñà, S(1− 1

⌈n2 ⌉
) áà¡àëàóû æåòiëåäi.

Áà¡àëàó ñõåìàñû

¾Æàóàï æºíå ìûñàë¿ æºíå ¾Áà¡à¿ á°ëiìäåðiíi­ ºð©àéñûñûíäà¡û ´ïàéëàð ©îñûëìàéäû. �îðû-

òûíäû áàëë ºðáið á°ëiìíi­ å­ æî¡àðû ´ïàéëàðûíû­ ©îñûíäûñûíà òå­.

Æàóàï æºíå ìûñàë.

• Ä´ðûñ æàóàï . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 ´ïàé

• Åêiíøi ñàí S(1− 1
⌈n2 ⌉

) ñàíûíà òå­ áîë¡àí æà¡äàé¡à ìûñàë . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 ´ïàé

1. S(1− 1
⌈n2 ⌉

) ñàíû n ñàíûìåí áiðäåé æ´ïòû áîë¡àíäà¡û æà¡äàé¡à ìûñàë . . . . . . . . . . . . . . . . . . .1 ´ïàé

2. Áàðëû© n ³øií åêiíøi ñàí S(1− 1
⌈n2 ⌉

) ñàíûíà òå­ áîë¡àíäà¡û æà¡äàé¡à ìûñàë . . . . . . . . . . .2 ´ïàé

Áà¡àëàó.

• Êåç êåëãåí øåêòi ñàíäàð æèûíû ³øií àëûí¡àí ä´ðûñ áà¡àëàó n . . . . . . . . . . . . . . . . . . . . . . . . . . 0 ´ïàé

3. Áiðäåé æ´ïòû n ñàíäàðû ³øií àëûí¡àí ä´ðûñ áà¡àëàó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 ´ïàé

4. Áàðëû© n ñàíäàðû ³øií àëûí¡àí ä´ðûñ áà¡àëàó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 ´ïàé



�5. Åãåð íàòóðàë ñàíäû ax2 + bxy + cy2 ò³ðiíäå êåëòiðóãå áîëñà, á´ë æåðäå a, b, c, x, y � á³òií
ñàíäàð æºíå b2 − 4ac = −20, ñîë ñàíäû æà©ñû ñàí äåï àéòàìûç. Åêi æà©ñû ñàííû­ ê°áåéòiíäiñi äå
æà©ñû ñàí áîëàòûíûí äºëåëäå­iç.

Øåøói. Ò´æûðûì. n ñàíû ñîíäà, æºíå òåê ñîíäà ¡àíà æà©ñû áîëàäû, åãåð îíû­ æàé ñàíäàð¡à
æiêòåóiíäå òà© äºðåæåäå ò´ð¡àí òåê æàé p ñàíäàðû ³øií x2 ≡ −5 (mod p) øåøiìi òàáûëñà.
Äºëåëäåói. n = ax2+ bxy+ cy2, d = (x, y), x = dx′, y = dy′, (x′, y′) = 1 áîëñûí. Îíäà n = d2n′ æºíå
n′ æàé ñàíäàð¡à æiêòåëóiíäå òà© äºðåæåäå êåçäåñåòií æàé ñàíäàð n ñàíûíäà äà êåçäåñåäi . Îñûíäàé
æàé p ñàíûí ©àðàñòûðàéû©. x′ æºíå y′ ñàíäàðûíû­ êåìiíäå áiðåói p-¡à á°ëiíáåéäi; îë y′ áîëñûí.
Îíäà an′ = (ax′ + by′)2 + 5y′2, ÿ¡íè (ax′ + by′)2 ≡ −5y′2 (mod p). y′ ̸≡ 0 (mod p) áîë¡àíäû©òàí,
ax′+ by′ ≡ αy′ (mod p) áîëàòûíäàé α ñàíû òàáûëàäû. Îñû α ³øií α2 ≡ −5 (mod p). Îñûëàéøà, áiç
àéòûë¡àí êðèòåðèéãå n ñàíû ©àíà¡àòòàíäûðàòûíûí ê°ðñåòòiê.

Êåðiñiíøå, n-ãå êiðåòií òà© äºðåæåëi áàðëû© p ñàíäàðû ³øií x2 ≡ −5 (mod p) øåøiìi áîëñûí.
Åãåð n′ = p1 . . . pk áîëñà, îíäà î n = d2n′ ©àíäàé äà áið d ñàíû ³øií. Áàðëû© x2 ≡ −5 (mod p)i
ñàëûñòûðóëàð øåøiìi áàð áîë¡àíäû©òàí, �àëäû©òàð òåîðåìàñû áîéûíøû x2 ≡ −5 (mod n)′ ñàëû-
ñòûðûëûìû­ äà øåøiìi áàð. b ñàíû îñû ñàëûñòûðûëûì øåøiìi áîëñûí. Îë äåãåí ñ°ç b2 − n′c = −5
(êåéáið á³òií c ñàíû ³øií). Ñîíäà n = n′d2+bd·0+c·02 � æà©ñû ñàí. Á´ë áiçäi­ äºëåëäåóäi àÿ©òàéäû.

Áà¡àëàó ñõåìàñû

Æàëïû ´ïàéëàð
(0.1) (x2 + 5y2)(z2 + 5t2) = (xz − 5yt)2 + 5(xt+ yz)2 òå­äiãi ³øií: . . . . . . . . . . . . . . . . . . . . . . . .0 ´ïàé
(0.2) Åñåï åêi ax2 + bxy + cy2 ò³ðäåãi, áiðà© îðòà© a-ñû áàð ñàí ³øií øåøiëñå: . . . . . . . . . . . 2 ´ïàé

(áàñ©àëàðûìåí ©îñûëìàéäû)
Áåðiëãåí øåøiì ³øií áà¡àëàó

(3.1) Åãåð ax2+ bxy+ cy2
...p, àë x, y ̸ ...p áîëñà, îíäà −5 ñàíû modp áîéûíøà êâàäðàòòû© ©àëûíäû

åêåíi ê°ðñåòiëñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ´ïàé
(3.2) −5 ñàíû modp áîéûíøà êâàäðàòòû© ©àëûíäû áîëàòûí æºíå ©´ðàìûíäà òåê p ñàíû áàð

áàðëû© æà©ñû ñàíäàð ³øií äºëåëäåíñå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 ´ïàé
Áàðëû© ´ïàéëàð áið-áiðiìåí ©îñûëàäû



�6. Ò³ñi æàñûë íåìåñå ê°ê áîëàòûí, òiêò°ðòá´ðûø ïiøiíäi áiðíåøå ìàéëû© áàð (îëàðäû­ °ëøåìäåði
ºðò³ðëi áîëóû ì³ìêií). Îëàðäû­ ºðáiðií ©àáûð¡àëàðû ê°ëäåíå­ æºíå òiãiíåí êåëåòiíäåé æàçû©òû©©à
©îéûï øû©©àí. Ò³ðëi ò³ñòi êåç êåëãåí åêi ìàéëû©òû òiê íåìåñå ê°ëäåíå­ ñûçû©ïåí (ì³ìêií, øåêàðà
áîéûìåí) ©èûï °òóãå áîëàòûíû áåëãiëi. Êåëåñi øàðòòû ©àíà¡àòòàíäûðàòûí áið ò³ñ òà­äàï àëó¡à
áîëàòûíûí äºëåëäå­iç: åêi ê°ëäåíå­ æºíå áið òiê ò³çóäi òà­äàó¡à áîëàäû æºíå òà­äàï àë¡àí ò³ñòi­
áàðëû© ìàéëû©òàðûí îñû òà­äà¡àí ³ø ò³çóäi­ êåìiíäå áiðåói ©èÿäû.

Øåøói. Áåëãiëåóëåð. OX æºíå OY °ñòåðiíå îðòîãîíàëü ïðîåêöèÿëàó îïåðàöèÿëàðûí, ñºéêåñií-
øå, πX æºíå πY äåï áåëãiëåéìiç. B1, . . . , Bk ìàéëû©òàðû ³øií îëàðäû­ áàðëû¡ûí êåñåòií æºíå OY
°ñiíå ïàðàëëåëü ò³çói ñîíäà, æºíå òåê ñîíäà ¡àíà òàáûëàäû, åãåð áàðëû© πX(B1), . . . , πX(Bk) êåñií-
äiëåðiíi­ îðòà© í³êòåñi òàáûëñà. Åíäi îñûíäàé îðòà© í³êòåñi áàð æà¡äàéäû ò³éðåó äåï àòàéòûí
áîëàìûç (àë ìàéëû©òàð ³øií ò³çóìåí ò³ðåó äåï àòàéìûç).

Áið ò³çóäåãi åêi ℓ1 æºíå ℓ2 êåñiíäiëåði ³øií îëàðäû­ ©àáû¡û äåï ℓ1-äi äå, ℓ2-íi äå ©àìòèòûí
å­ êiøi êåñiíäi àéòàìûç (àë îíû ⟨ℓ1, ℓ2⟩ àð©ûëû áåëãiëåéìiç). Áàñ©à ñ°çáåí àéò©àíäà, ⟨ℓ1, ℓ2⟩ � îë
ℓ1 æºíå ℓ2 êåñiíäiñiíi­ áiðiãói áîëàäû, åãåð îëàð ©èûëûññà, æºíå ℓ1, ℓ2 æºíå îëàðäû­ àðàñûíäà¡û
èíòåðâàëäû­ áiðiãói áîëàäû, åãåð îëàð ©èûëûñïàñà.

Áiçãå êåëåñi ëåììà ©àæåò áîëàäû.
Ëåììà 1 (áið°ëøåìäi Õåëëè òåîðåìàñû). Åãåð ò³çóäåãi êåñiíäiëåðäi­ øåêòi òîáûíäà êåç

êåëãåí åêi êåñiíäi ©èûëûññà, îíäà îëàðäû­ áàðëû¡ûí ò³éðåéòií í³êòå òàáûëàäû.
Äºäåëäåói. Î­ æà© øåòi å­ ñîë îðíàëàñ©àí ℓ1 = [a, b], æºíå ñîë æà© øåòi î­ î­ æà©òà îðíàëàñ©àí

ℓ2 = [c, d] êåñiíäiñií ©àðàñòûðàéû©. Îëàð ©èûëûñàäû äåãåí b ⩾ c òå­ñiçäiãií áiëäiðåäi. Îíäà êåç
êåëãåí êåñiíäiíi­ î­ øåòiíi­ îðíàëàñóû b-íû­ ñîë æà¡ûíäà åìåñ, àë ñîë øåòiíi­ îðíàëàñóû c-íû­ î­
æà¡ûíäà åìåñ. Äåìåê áàðëû© êåñiíäiëåðäií [c, b] êåñiíäiñiíäå í³êòåñi áàð.

Åñåï øåøiìiíå ê°øåéiê.
Åãåð òîïòà¡û áàðëû© ìàéëû©òàðäû áið ê°ëäåíå­ ñûçû©ïåí ò³éiï °òå àëñà©, áiç ìàéëû©òàðäû­

îòáàñûí æà©ñû, àë êåði æà¡äàéäà æàìàí äåï àòàéìûç. Ëåììà 1 áîéûíøà æàìàí îòáàñûíäà OY
îñiíå ïðîåêöèÿëàðû ©èûëûñïàéòûí åêi ìàéëû© áàð.

�ðáið òiê ℓ ñûçû¡ûíà ©àòûñòû áàðëû© ìàéëû©òàð ³ø ò³ðãå á°ëiíåäi: îíûìåí òåñiëãåí, ©àòà­ ñîë
æà©òà æàòàòûí æºíå ©àòà­ î­ æà©òà æàò©àí; ì´íäàé ìàéëû©òàðäû­ æèûíòû©òàðûí, ñºéêåñiíøå,
I(ℓ), L(ℓ) æºíå R(ℓ) äåï áåëãiëåéìiç. Åãåð êåéáið ò³ñ ³øií (àíû©òûëû© ³øií, ê°ê) êåéáið ℓ æîëûíäà
åêi òîïòû­ åêåói äå � L(ℓ) iøiíäåãi ê°ê ìàéëû©òàðäàí æºíå R(ℓ) iøiíäåãi ê°ê ìàéëû©òàðäàí ò´ðà-
òûí áîëñà, � æà©ñû áîëûï øû©òû, ñîäàí êåéií åñåï øåøiëäi: ©àæåòòi ³ø æîë ℓ áiðãå àòàë¡àí åêi
îòáàñûíû­ áàðëû© ìàéëû©òàðûí òåñiï °òåòií åêi æîë. Ì´íäàé ℓ òiêåëåé ñûçû¡û æî© äåï åñåïòåéiê.

Å­ î­ îðíàëàñ©àí ℓ0 ò³çóií ©àðàñòûðàéû©, îë ³øií L(ℓ0) iøiíäåãi ê°ê òå, æºíå æàñûë ìàéëû-
©òàð òîáû æà©ñû áîëàòûíäàé. ℓ0 å­ î­ æà©òà áîëóû îíû êåéáið ò³ñòåð ³øií î­¡à æûëæûò©àíäà
(ê°ê ³øií àíû©òû© ³øií) ñîë æà¡ûíäà îñû ò³ñòi åêi ìàéëû© (©àòà­ åìåñ) æàò©àíûí áiëäiðåäi. OY
îñiíäåãi ïðîåêöèÿëàðû ©èûëûñïàéòûí ℓ0. Îñû ìàéëû©òàðäû W1 æºíå W2 äåï áåëãiëåéiê, íà©òûëû©
³øií W1 ïðîåêöèÿñû OY îñiíå W2 ïðîåêöèÿñûíàí æî¡àðû áîëñûí. Áiðà© ℓ0 ò³çó ñûçû¡û òóðàëû
áîëæàìûìûç R(ℓ0) iøiíäåãi æàñûë ìàéëû©òàðäû­ îòáàñû íàøàð åêåíií áiëäiðåäi. Ñîäàí êåéií B1
æºíå B2 åêi æàñûë ìàéëû©òàð ℓ0 î­ æà¡ûíäà îðíàëàñ©àí, îëàðäû­ OY îñiíå ïðîåêöèÿëàðû ©èûëû-
ñïàéäû. Àíû© áîëó ³øií B1 ïðîåêöèÿñû OY ïðîåêöèÿñû B2 ïðîåêöèÿñûíàí æî¡àðû áîëñûí. Òà¡û
äà, æàëïûëû©òû æî¡àëòïàé, B1 ò°ìåíãi øåãi W1 ò°ìåíãi øåãiíåí æî¡àðû áîëìàñûí. Ñîäàí êåéií
W1 æºíå B2 ìàéëû©òàðäû ê°ëäåíå­ íåìåñå òiê ñûçû©ïåí áið óà©ûòòà òåñó ì³ìêií åìåñ - á´ë øàðò©à
©àéøû.

Áà¡àëàó ñõåìàñû
(0.1) Êåç êåëãåí æåêå æà¡äàéëàðäû ©àðàñòûðó, ñîíäàé-à© (iøiíàðà) ä´ðûñ åìåñ äºëåëäåó

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 ´ïàé

(0.2) Áàñòàï©û ©àäàìäàð, ìûñàëû, îñüòåðäåãi ïðîåêöèÿëàð ò´ð¡ûñûíàí ìºñåëåíi ©àéòà ò´æû-
ðûìäàó, 1 Ëåììàíû àéòó æºíå äºëåëäåó æºíå ò.á. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 ´ïàé

(1.1) ℓ òiê ñûçû©òû åêi ê°ëäåíå­ ñûçû©ïåí òîëû©òûðó¡à áîëàäû äåï øåøiìäå ïàéäàëàíûëàòûí
æåòêiëiêòi øàðò ñèïàòòàë¡àí, îñûëàéøà îñû ³ø æîë áiðäåé ò³ñòi áàðëû© ìàéëû©òàðäû òåñiï °òåäi
äåãåí ò´æûðûì. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ´ïàé



(1.2) Øåøiìäå (1.1) ïóíêòi áàð áîë¡àí æà¡äàéäà: åãåð øåêòiê ïðèíöèï ©îëäàíûëûï (øåøiìäåãi-
äåé), íåìåñå ℓ ò³çóiíi­ ©îç¡àëóûíäà (ñîëäàí î­¡à ©àðàé) ℓ0 ò³çói òà­äàëûï àëñûíñà . . . . . . . .2 ´ïàé



XIX Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå. Âòîðîé äåíü. Ðåøåíèÿ çàäà÷

�4. Ñóììà n > 2 íåíóëåâûõ âåùåñòâåííûõ ÷èñåë (íå îáÿçàòåëüíî ðàçëè÷íûõ) ðàâíà íóëþ. Äëÿ
êàæäîãî èç 2n − 1 ñïîñîáîâ âûáðàòü íåñêîëüêî (íå ìåíåå îäíîãî) èç ýòèõ ÷èñåë ïîäñ÷èòàëè ñóììó
âûáðàííûõ ÷èñåë è âñå ïîëó÷åííûå 2n − 1 ñóìì âûïèñàëè â ñòðîêó â íåâîçðàñòàþùåì ïîðÿäêå.
Ïåðâîå ÷èñëî â ñòðîêå ðàâíî S. Íàéäèòå íàèìåíüøåå âîçìîæíîå çíà÷åíèå âòîðîãî ÷èñëà â ñòðîêå.

Îòâåò: S(1− 1
⌈n2 ⌉

).

Ðåøåíèå. Çàíóìåðóåì âñå çàäàííûå ÷èñëà â ïîðÿäêå âîçðàñòàíèÿ ñëåäóþùèì îáðàçîì:

a1 ≤ a2 ≤ . . . ≤ am < 0 < b1 ≤ b2 ≤ . . . ≤ bk,

ãäå m + k = n. Î÷åâèäíî, ÷òî íàèáîëüøåå ÷èñëî, çàïèñàííîå â ñòðîêó, ðàâíî ñóììå âñåõ ïîëîæè-
òåëüíûõ ÷èñåë, ò. å. S = b1 + b2 + . . . + bk = −a1 − a2 − . . . − am, à ñëåäóþùåå ïîëó÷àåòñÿ èç S
ëèáî âû÷èòàíèåì íàèìåíüøåãî ïîëîæèòåëüíîãî ÷èñëà b1, ëèáî ïðèáàâëåíèåì íàèáîëüøåãî îòðè-
öàòåëüíîãî ÷èñëà am. Îáîçíà÷èì c = min{b1, |am|}, òîãäà, ñ îäíîé ñòîðîíû, S ≥ kb1 ≥ kc, à ñ
äðóãîé, S ≥ m|am| ≥ mc. Ïî êðàéíåé ìåðå îäíî èç ÷èñåë m è k íå ìåíüøå, ÷åì ⌈n

2
⌉, çíà÷èò, âåðíà

îöåíêà c ≤ min{S
k
, S
m
} ≤ S

⌈n2 ⌉
. Ñîîòâåòñòâåííî, âòîðîå ÷èñëî â ñòðîêå íå ìîæåò áûòü ìåíüøå, ÷åì

S − c ≥ S(1− 1
⌈n2 ⌉

).

Âòîðîå ÷èñëî â ñòðîêå ìîæåò ðàâíÿòüñÿ S(1− 1
⌈n2 ⌉

), íàïðèìåð, åñëè èçíà÷àëüíî áûëè çàäàíû ⌈n
2
⌉

÷èñåë, ðàâíûõ S
⌈n2 ⌉

, è ⌊n
2
⌋ ÷èñåë, ðàâíûõ − S

⌊n2 ⌋
.

Ñõåìà îöåíèâàíèÿ.

Áàëëû âíóòðè êàæäîãî èç ðàçäåëîâ ½Îòâåò è ïðèìåð� è ½Îöåíêà� íå ñóììèðóþòñÿ. Èòîãîâàÿ

îöåíêà ðàâíà ñóììå íàèáîëüøèõ áàëëîâ êàæäîãî èç ðàçäåëîâ.

Îòâåò è ïðèìåð.

• Âåðíûé îòâåò . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 áàëëîâ

• Ëþáîå êîíå÷íîå êîëè÷åñòâî ïðèìåðîâ, â êîòîðûõ âòîðîå ÷èñëî ðàâíî S(1− 1
⌈n2 ⌉

) . . . . . . 0 áàëëîâ

1. Ïðèìåð, â êîòîðîì âòîðîå ÷èñëî ðàâíî S(1− 1
⌈n2 ⌉

) äëÿ îäíîé ÷¼òíîñòè n . . . . . . . . . . . . . . . . .1 áàëë

2. Ïðèìåð, â êîòîðîì âòîðîå ÷èñëî ðàâíî S(1− 1
⌈n2 ⌉

) âñåõ n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 áàëëà

Îöåíêà.

• Âåðíàÿ îöåíêà, ïîëó÷åííàÿ äëÿ ëþáîãî êîíå÷íîãî íàáîðà ÷èñåë n . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

3. Âåðíàÿ îöåíêà, ïîëó÷åííàÿ äëÿ âñåõ ÷èñåë n îäíîé ÷¼òíîñòè . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

4. Âåðíàÿ îöåíêà, ïîëó÷åííàÿ äëÿ âñåõ n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 áàëëîâ



�5. Íàçîâ¼ì íàòóðàëüíîå ÷èñëî õîðîøèì, åñëè îíî ïðåäñòàâëÿåòñÿ â âèäå ax2 + bxy + cy2, ãäå a,
b, c, x, y � öåëûå ÷èñëà è b2 − 4ac = −20. Äîêàæèòå, ÷òî ïðîèçâåäåíèå äâóõ õîðîøèõ ÷èñåë � òîæå
õîðîøåå ÷èñëî.

Ðåøåíèå. Çàìåòèì, ÷òî õîðîøåå ÷èñëî � ýòî ÷èñëî âèäà ax2 + bxy + cy2, ãäå b2 − ac = 5.
Ïðåäëîæåíèå. ×èñëî n õîðîøåå òîãäà è òîëüêî òîãäà, êîãäà â åãî ðàçëîæåíèå íà ïðîñòûå ìíî-

æèòåëè â íå÷¼òíûõ ñòåïåíÿõ âõîäÿò ëèøü ïðîñòûå p, äëÿ êîòîðûõ ðàçðåøèìî ñðàâíåíèå x2 ≡ −5
(mod p).
Äîêàçàòåëüñòâî. Ïóñòü n = ax2 + bxy + cy2, d = (x, y), x = dx′, y = dy′, (x′, y′) = 1. Òîãäà n =
= d2n′, è ðàçëîæåíèå n′ íà ïðîñòûå ìíîæèòåëè ñîäåðæèò â íå÷¼òíûõ ñòåïåíÿõ òå æå ÷èñëà, ÷òî è
n. Ðàññìîòðèì îäíî òàêîå ïðîñòîå p. Õîòÿ áû îäíî èç ÷èñåë x′ è y′ íå êðàòíî p; ïóñòü ýòî y′. Èìååì
an′ = (ax′+ by′)2+5y′2, òî åñòü (ax′+ by′)2 ≡ −5y′2 (mod p). Ïîñêîëüêó y′ ̸≡ 0 (mod p), ñóùåñòâóåò
öåëîå α, äëÿ êîòîðîãî ax′+ by′ ≡ αy′ (mod p). Äëÿ ýòîãî α èìååì α2 ≡ −5 (mod p). Òàêèì îáðàçîì,
ìû äîêàçàëè, ÷òî n óäîâëåòâîðÿåò ñôîðìóëèðîâàííîìó êðèòåðèþ.

Îáðàòíî, ïóñòü âñå ïðîñòûå p, âõîäÿùèå â n ñ íå÷¼òíûì ïîêàçàòåëåì, òàêîâû, ÷òî ðàçðåøèìî
ñðàâíåíèå x2 ≡ −5 (mod p). Åñëè n′ = p1 . . . pk � ïðîèçâåäåíèå âñåõ òàêèõ ïðîñòûõ, òî n = d2n′ ïðè
íåêîòîðîì öåëîì d. Ïîñêîëüêó ðàçðåøèìû âñå ñðàâíåíèÿ x2 ≡ −5 (mod p)i, ïî êèòàéñêîé òåîðåìå îá
îñòàòêàõ ðàçðåøèìî è ñðàâíåíèå x2 ≡ −5 (mod n)′. Ïóñòü b � ðåøåíèå ýòîãî ñðàâíåíèÿ. Ýòî çíà÷èò,
÷òî b2 − n′c = −5 äëÿ íåêîòîðîãî öåëîãî c. À òîãäà n = n′d2 + bd · 0 + c · 02 � õîðîøåå ÷èñëî. Ýòî
çàâåðøàåò äîêàçàòåëüñòâî ïðåäëîæåíèÿ.

Äëÿ ðåøåíèÿ çàäà÷è îñòàëîñü çàìåòèòü, ÷òî ïðîèçâåäåíèå äâóõ ÷èñåë âèäà, îïèñàííîãî â ïðåä-
ëîæåíèè, òîæå èìååò òàêîé âèä.

Ñõåìà îöåíèâàíèÿ

Îáùèå áàëëû
(0.1) Òîæäåñòâî (x2 + 5y2)(z2 + 5t2) = (xz − 5yt)2 + 5(xt+ yz)2: . . . . . . . . . . . . . . . . . . . . . . .0 áàëëîâ
(0.2) Óòâåðæäåíèå äîêàçàíî äëÿ äâóõ õîðîøèõ ÷èñåë âèäà ax2 + bxy + cy2 ñ îäèíàêîâûìè a:

2 áàëëà
(íå ñóììèðóåòñÿ ñ îñòàëüíûìè)

Ñõåìà äëÿ äàííîãî ðåøåíèÿ
(3.1) Äîêàçàíî, ÷òî åñëè ax2+ bxy+ cy2 äåëèòñÿ íà p, à x è y íå äåëÿòñÿ, òî −5 � êâàäðàòè÷íûé

âû÷åò modp: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë
(3.2) Äîêàçàíî, ÷òî õîðîøè âñå ÷èñëà, ñîäåðæàùèå òîëüêî ïðîñòûå p, äëÿ êîòîðûõ −5 � êâàäðà-

òè÷íûé âû÷åò . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 áàëëà
Âñå áàëëû èç ñõåìû òðåòüåãî ðåøåíèÿ ñóììèðóþòñÿ.
Áàëëû èç ñõåì îöåíèâàíèÿ ðàçíûõ ðåøåíèé íå ñóììèðóþòñÿ.



�6. Íà ïëîñêîñòü ïîëîæèëè íåñêîëüêî ñèíèõ è çåë¼íûõ ïðÿìîóãîëüíûõ ñàëôåòîê (âîçìîæíî, ðàç-
íûõ ðàçìåðîâ) ñ âåðòèêàëüíûìè è ãîðèçîíòàëüíûìè ñòîðîíàìè. Îêàçàëîñü, ÷òî ëþáûå äâå ñàëôåòêè
ðàçíîãî öâåòà ìîæíî ïåðåñå÷ü âåðòèêàëüíîé èëè ãîðèçîíòàëüíîé ïðÿìîé (âîçìîæíî, ïî ãðàíèöå).
Äîêàæèòå, ÷òî ìîæíî âûáðàòü öâåò, äâå ãîðèçîíòàëüíûõ ïðÿìûõ è îäíó âåðòèêàëüíóþ ïðÿìóþ òàê,
÷òî êàæäóþ ñàëôåòêó âûáðàííîãî öâåòà ïåðåñåêàåò õîòÿ áû îäíà èç âûáðàííûõ ïðÿìûõ.

Ðåøåíèå. Îáîçíà÷åíèÿ. Îïåðàöèè îðòîãîíàëüíîé ïðîåêöèè íà îñè OX è OY îáîçíà÷èì πX ñî-
îòâåòñòâåííî πY . Î÷åâèäíî, äëÿ ñàëôåòîê B1, . . . , Bk íàéäåòñÿ ïåðåñåêàþùàÿ èõ âñå ïðÿìàÿ, ïàðàë-
ëåëüíàÿ OY , òîãäà è òîëüêî òîãäà, êîãäà îòðåçêè πX(B1), . . . , πX(Bk) ñîäåðæàò îáùóþ òî÷êó; äàëåå
äëÿ êðàòêîñòè ãîâîðèì ïðîòûêàþòñÿ òî÷êîé (à äëÿ ñàëôåòîê ïðîòûêàþòñÿ ïðÿìîé).

Äëÿ äâóõ îòðåçêîâ ℓ1 è ℓ2 íà ïðÿìîé èõ îáîëî÷êîé ⟨ℓ1, ℓ2⟩ áóäåì íàçûâàòü íàèìåíüøèé îòðå-
çîê, ñîäåðæàùèé ℓ1 è ℓ2. Èíûìè ñëîâàìè, ⟨ℓ1, ℓ2⟩ � îáúåäèíåíèå ℓ1 è ℓ2 åñëè îíè ïåðåñåêàþòñÿ,
îáúåäèíåíèå ℓ1, ℓ2 è èíòåðâàëà ìåæäó íèìè, åñëè ℓ1 è ℓ2 íå ïåðåñåêàþòñÿ.

Íàì ïîíàäîáèòñÿ
Ëåììà 1 (îäíîìåðíàÿ òåîðåìà Õåëëè). Åñëè â (êîíå÷íîì) ñåìåéñòâå îòðåçêîâ íà ïðÿìîé

ëþáûå äâà îòðåçêà ïåðåñåêàþòñÿ, òî ñóùåñòâóåò òî÷êà, ïðîòûêàþùàÿ âñå îòðåçêè.
Âîîáùå ãîâîðÿ, òåîðåìà âåðíà è áåç óñëîâèÿ êîíå÷íîñòè, íî ìû ñåé÷àñ íå áóäåì çàíèìàòüñÿ ýòèìè

òîíêîñòÿìè.
Äîêàçàòåëüñòâî. Ðàññìîòðèì îòðåçîê ñ ñàìûì ëåâûì ïðàâûì êîíöîì ℓ1 = [a, b] è ñàìûì ïðàâûì

ëåâûì êîíöîì ℓ2 = [c, d]. Òî ÷òî îíè ïåðåñåêàþòñÿ îçíà÷àåò, â ÷àñòíîñòè, ÷òî b ⩾ c. Íî òîãäà ëþáîé
îòðåçîê èìååò ïðàâûé êîíåö íå ëåâåå b è ëåâûé êîíåö íå ïðàâåå c, òî åñòü ñîäåðæèò âñå òî÷êè èç
îòðåçêà [c, b] (âîçìîæíî, âûðîæäåííîãî â òî÷êó, íî íå ïóñòîãî).

Âåðíåìñÿ ê ðåøåíèþ çàäà÷è.
Áóäåì íàçûâàòü ñåìåéñòâî ñàëôåòîê õîðîøèì, åñëè âñå ñàëôåòêè â ñåìåéñòâå ïðîòûêàþòñÿ îäíîé

ãîðèçîíòàëüíîé ïðÿìîé, è ïëîõèì â ïðîòèâíîì ñëó÷àå. Ïî Ëåììå 1, ïëîõîå ñåìåéñòâî ñîäåðæèò äâå
ñàëôåòêè, ïðîåêöèè êîòîðûõ íà îñü OY íå ïåðåñåêàþòñÿ.

Îòíîñèòåëüíî êàæäîé âåðòèêàëüíîé ïðÿìîé ℓ âñå ñàëôåòêè äåëÿòñÿ íà òðè òèïà: ïðîòêíóòûå åþ,
ëåæàùèå ñòðîãî ëåâåå, è ëåæàùèå ñòðîãî ïðàâåå; îáîçíà÷èì ìíîæåñòâà òàêèõ ñàëôåòîê ÷åðåç I(ℓ),
L(ℓ) è R(ℓ) ñîîòâåòñòâåííî. Åñëè äëÿ êàêîãî-òî öâåòà (äëÿ îïðåäåëåííîñòè � ñèíåãî) äëÿ íåêîòîðîé
ïðÿìîé ℓ îáà ñåìåéñòâà � ñîñòîÿùåå èç ñèíèõ ñàëôåòîê â L(ℓ), è ñîñòîÿùåå èç ñèíèõ ñàëôåòîê â R(ℓ),
� îêàçàëèñü õîðîøèìè, òî çàäà÷à ðåøåíà: òðåáóåìûå òðè ïðÿìûå � ýòî ℓ âìåñòå ñ äâóìÿ ïðÿìûìè,
ïðîòûêàþùèìè âñå ñàëôåòêè óïîìÿíóòûõ äâóõ ñåìåéñòâ. Ïðåäïîëîæèì, ÷òî òàêîé ïðÿìîé ℓ íå
íàøëîñü.

Ðàññìîòðèì ñàìóþ ïðàâóþ ïðÿìóþ ℓ0, äëÿ êîòîðîé êàê ñåìåéñòâî ñèíèõ, òàê è ñåìåéñòâî çåë¼íûõ
ñàëôåòîê â L(ℓ0) � õîðîøèå. Òî ÷òî ℓ0 ñàìàÿ ïðàâàÿ, îçíà÷àåò, ÷òî ïðè åå ñäâèãå âïðàâî äëÿ êàêîãî-òî
èç öâåòîâ (ïóñòü äëÿ îïðåäåëåííîñòè äëÿ ñèíåãî) åñòü äâå ñàëôåòêè ýòîãî öâåòà, ëåæàùèõ (íåñòðîãî)
ëåâåå ℓ0, ÷üè ïðîåêöèè íà îñü OY íå ïåðåñåêàþòñÿ. Îáîçíà÷èì ýòè ñàëôåòêè W1 è W2, ïóñòü äëÿ
îïðåäåëåííîñòè ïðîåêöèÿ W1 íà îñü OY âûøå, ÷åì ïðîåêöèÿ W2. Íî íàøå ïðåäïîëîæåíèå î ïðÿìîé
ℓ0 îçíà÷àåò, ÷òî ñåìåéñòâî çåë¼íûõ ñàëôåòîê â R(ℓ0) � ïëîõîå. Òîãäà åñòü äâå çåë¼íûõ ñàëôåòêè
B1 è B2, ëåæàùèå ñòðîãî ïðàâåå ℓ0, ïðîåêöèè êîòîðûõ íà îñü OY íå ïåðåñåêàþòñÿ. Ïóñòü äëÿ
îïðåäåëåííîñòè ïðîåêöèÿ B1 íà OY âûøå ïðîåêöèè B2. Îïÿòü æå, íå óìàëÿÿ îáùíîñòè, ïóñòü
íèæíÿÿ ãðàíèöà B1 íå âûøå íèæíåé ãðàíèöû W1. Òîãäà ñàëôåòêè W1 è B2 íåëüçÿ ïðîòêíóòü
îäíîâðåìåííî íè ãîðèçîíòàëüíîé íè âåðòèêàëüíîé ïðÿìîé � ïðîòèâîðå÷èå ñ óñëîâèåì.

Ñõåìà îöåíèâàíèÿ
(0.1) Ðàññìîòðåíèÿ ëþáûõ ÷àñòíûõ ñëó÷àåâ, ðàâíî êàê è (÷àñòè÷íî) íåâåðíûå ðàññóæäåíèÿ

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 áàëëîâ

(0.2) Íà÷àëüíûå øàãè, òàêèå êàê ïåðåôîðìóëèðîâêà çàäà÷è â òåðìèíàõ ïðîåêöèé íà îñè, ôîðìó-
ëèðîâêà è äîêàçàòåëüñòâî Ëåììû 1 è ò.ï. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

Ñõåìà äëÿ äàííîãî ðåøåíèÿ

(1.1) Îïèñàíî (èñïîëüçîâàííîå â ðåøåíèè) äîñòàòî÷íîå óñëîâèå òîãî, ÷òî âåðòèêàëüíóþ ïðÿìóþ
ℓ ìîæíî äîïîëíèòü äâóìÿ ãîðèçîíòàëüíûìè òàê, ÷òîáû ýòè òðè ïðÿìûõ ïðîòûêàëè âñå ñàëôåòêè
îäíîãî öâåòà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë



(1.2) Ïðè íàëè÷èè ïóíêòà (1.1): ñ èñïîëüçîâàíèåì ïðèíöèïà êðàéíåãî (êàê â ðåøåíèè), ëèáî æå
ïðè ïîìîùè äâèæåíèÿ ïðÿìîé ℓ ñëåâà íàïðàâî âûáðàíà ïðÿìàÿ ℓ0, ïîäõîäÿùàÿ ïîä òðåáîâàíèÿ
ðåøåíèÿ 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 áàëëà
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