XIX International Zhautykov Olympiad in Mathematics. Day 2. Solutions

Ne4. The sum of n > 2 nonzero real numbers, not necessarily distinct, is 0. For each of 2" — 1 ways to
select several of those numbers (at least one) the sum of the selected numbers is calculated; all the resulting
sums are written in line in non-increasing order. The first number in the line equals S. Determine the
minimum possible value of the second number in the line.

).

Solution. Let us arrange all the numbers in non-decreasing order as follows:

Answer: S(1—

| 3‘H
p—

a1 <ag < ... <am<0<by <bg << by,

where m—+k = n. Clearly, the largest number written in the line is equal to the sum of all positive numbers,
ie. S=by +by+ ... +b = —ay —ag — ... — am, and the second number in the line is obtained from
S either by subtracting the smallest positive number b; or by adding the largest negative number am,.
Denote ¢ = min{by, |am|}, then, on the one hand, S > kby > kc, and on the other hand, S > m|am| > me.

At least one of the numbers m and k is not less than [%1, hence ¢ < min{%, %} < % Therefore the
second number in the line cannot be less than S — ¢ > S(1 — (g%)

The second number in the line could be equal to S(1 — %), for example, if we are given [%] numbers
equal to b%, and L%J numbers equal to —%.

Marking scheme.

Points withih each of the sections ,,Answer and example” and ,,Lower bound” are not additive. The
final mark is equal to the sum of the highest scores of the sections.

Answer and example.

® COTTECE AISWET ...\ttt ettt et et e e e e e e e e e e e 0 points
e Any finite number of examples where the second number is S(1 — %1) ..................... 0 points
2

1. An example where the second highest number equals S(1 — %) for all n of some patity ....1 point
2

2. An example where the second highest number equals S(1 — ﬁ) forallm .................. 2 points
2

Lower bound.
e A correct lower bound is obtained for any finite set of numbersn ......... ... ... .. L. 0 points
3. A correct lower bound is obtained for all numbers n of some parity ......................... 3 points

4. A correct lower bound is obtained for all numbers n ........ ... .. ... 5 points



Ne5. We call a positive integer good if it can be presented in the form az? + bry + cy2 with integral a, b,
¢, x, y and b2 — dac = —20. Prove that the product of every two good numbers is also good.

Solution. In accordance with the other solutions we note that a good number is a number of the form
az? + bry + cy2, where b2 — ac = 5.
Claim. A number n is good if and only if the only odd powers of primes in its prime factorization are
those of primes p such that the congruence 2= — (mod p) is solvable.
Proof. Let n = az? + bxy + cy?, d = (z,y), x = do’, y = dy/, (2',9') = 1. Then n = d?n’, and the
primes with odd powers in the factorization of n’ are the same as in that of n. Consider one such prime p.
It does not divide at least one of the numbers 2’ and 3/; let it be y/. We have an’ = (az’ + by/)2 + 512,
i. e (az’+ by/)2 = —5y/2 (mod p). Since y’ # 0 (mod p), there is an integer a such that ax’ + by’ = ay/
(mod p). This « satisfies @ = —5 (mod p). Thus we have proved that p satisfies the stated condition.
Conversely, let all the primes p, having odd powers in the factorization of n, are such that the congruence
22 = -5 (mod p) is solvable. If n =pp.. . P} is the product of all such primes, then n = d%n’ for some

integer d. Since all the congruences 2 = —5 (mod p); are solvable, it follows from from Chinese Remainder
Theorem that so is the congruence 2= -5 (mod n)’. Let b be the solution of this congruence. This
means that b2 — n/c = —5 for some integer c. But then n = n'd? +bd-0+c-0%isa good number, and

the claim is proved.
To solve the problem it remains to note that the product of two numbers of the form described in the
claim also has that form.

Marking scheme

General

(0.1) The identity (22 + 5y2)(22 + 5t2) = (xz — 5yt)2 +5(xt +y=z)2: ... 0 points

(0.2) The statement is proved for two good numbers of the form ax?+ bry + cy2 with equal a:2 points
(not additive)

(3.1) Proved that if a prime p divides az? + bry + cy2 but not x or y then —5 is a quadratic residue
000X 123 1 point

(3.2) Proved that all n containing only primes p such that —5 is a quadratic residue modulo p are good
3 points

All the points in the scheme for the third solution are additive.

Points from schemes for different solutions are not additive.



Ne6. Several blue and green napkins (possibly of different sizes) with vertical and horizontal sides are
placed on the plane. It turned out that every two napkins of different colours can be intersected by a
vertical or horizontal line (possibly on the border). Prove that one can choose a colour, two horizontal
lines, and one vertical line, so that every napkin of the chosen colour is intersected by at least one chosen
line.

Solution. Notation. Throughout the solution we suppose that we work in the Cartesian plane, with
the axis OX directed horizontally and OY directed vertically. The orthogonal projections onto axes OX
(horizontal) and OY (vertical) will be denoted 7y and 7y respectively. Clearly a vertical line intersecting
all the napkins By, ..., By, exists if and only if the segments 7 (B1),...,7x (B}) have a common point;
henceforth we will say, for sake of brevity, that these segments are pierced by a point (and the napkins are
pierced by a line).

For two segments 1 and {9 on a line we will call their hull (¢1,¢9) the smallest segment containing
both ¢1 and f9. In other words, (€1, ¢9) is the union of ¢ and ¢9, if they overlap, and the union of ¢, {9,
and the interval between, if they do not.

We make use of the following

Lemma 1 (one-dimensional Helly’s theorem). If in a finite family of segments in a line every two
segments overlap, then there is a point piercing them all.

(Generally speaking, the theorem holds even for infinite families, but we have no time for subtleties.)

Proof. Consider the segment with the leftmost right end ¢; = [a, b] and the segment eith the rightmost
left end ¢9 = [c,d]. They overlap; in particular, that means b > ¢. But then the right end of any segment
is no further left than b, while its left end is no frther right than ¢, that is, the segment contains all the
points of the segment [c, b] (that segment is possibly degenerate, but not empty). O

We will use Lemma 1 from the previous solution.

Say that a family of napkins is good if all napkins in the family can be pierced by a horizontal line;
otherwise the family is bad. According to the Lemma, if a family is bad, then it contains two napkins
whose projections onto the y-axos are disjoint.

Every vertical line ¢ partitions the napkins into three groups: the group I(¢) consisting of the napkins
pierced by ¢, the group L({) consisting of all napkins lying strictly to the left of ¢, and the group R(¥)
consisting of all napkins lying strictly to the right of ¢.

Suppose that, for some vertical line ¢, there exists a color (say, blue) such that the family of blue
napkins in L(¢) is good, and the family of blue napkins in R(¢) is also such. If a and b are horizontal lines
piercing those two families, then the three lines ¢, a, and b form a desired collection of three lines piercing
all blue napkins. So, in the dequel, we assume that there is no such line.

Consider the rightmost vertical line £ such that the family of blue napkins in L(¢), as well as the
family of green napkins in L({), is good. This means that there are two napkins of the same color (say,
blue napkins W7 and Wy) such that their y-projections are disjoint, and after shifting ¢ rightwards to
a line ¢, both napkins fall into L(¢). So both napkins lie (non-strictly) to the left of ¢3. Without loss of
generality, we assume that the y-projection of @ is above that of Ws.

By our assumption, the family of green napkins in R(¢) is bad (since the family of green napkins in
L(¢) is good); so R(¢) comtains two green napkins by and by whose y-projections are disjoint. Without
loss of generality, we assume that the y-projection of By is above that of By.

Not losing generality again, we assume that the bottom point of By is no higher than that of Wj.
Then the y-projections of W7 and B9 are disjoint. But their z-projections are also disjoint, since one lies
(non-strictly) to the left of £y, while the other lies strictly to the right of it. Hence these napkins fail to
satisfy the problem requirements. A contradiction.

Marking scheme
(0.1) Consideration of any particular cases, as well as (partially) wrong arguments
............................................................................................... 0 points
(0.2) Initial steps, such as: reformulation of the problem in terms of - and y-projections, or formulating
and proving Lemma 1, ebc. ... ..o 0 points

Scheme for current solution



(1.1) Describing (as in Solution 2) a sufficinnt confition that a vertical line £ can be augmented by two
horizontal ones in order to get a desired triple ...... ... ... . 1 point
(1.2) If (1.1): is present, by means of choosing the rightmost/leftmost/etc. element, or via moving a
vertical line ¢, one chooses a line ¢( sering the aims of Solution 2 ............... ... ... ... ... 2 points



Mamemamuradan xasrvkapasvr XIX Hoymiros osumnuadace. 2-xyhn. Ecenmep wewyi

Neq. Hesre TeH emec HaKThI M CAHHBIH KOCHIHIBICHI HOJTe TeH (n > 2 KoHe caHgap opTypJi GOIybI
mingerti emec). Ochl cangapaps GipHemeyin (kem gerenge Gipeyin) tammayaeid 2™ — 1 ogici G6ap. Op
pJiCTerl TaHMaIFaH CaHIap/blH KOCBIHJIBICHIH ecentel, 6apJblk 27 — 1 KOCBIHIBIHBEL Oip KaTapra ecleiTin
perneH »Ka3blll MBIKKaH. Ocbl KaTtapia Oipiamm can S-ke TeH. Ocbl Karapaarbl eKIHIII CAHHBIH €H KIIIri
MYMKiH MOHI Hemere Tem?

Kayabpr. S(1 — —=).

(5]

HTermyi. BapJbik Oepiaren cangapabl ©Cy peTiMeH TOMEHIeTiieil »Ka3blll MbIFARBIK;

a1§a2§...§am<0<b1§b2§...§bk,

Oy xkepme m + k = n. Karapma »Ka3pliran eH yIKeH CaH 0apJblK OH CAHIAPABIH KOCHLIHJILICHIHA TEH,
OOJTaTBIHBI AHBIK, ArHI S = b1 +bo+...+bj. = —a] —ag —...—am, aJ KeJjeci yJIKeH canjpl ajly yiiin S-Ten
HeMece eH Kili oH by caHbiH a3afiTy Kepek, HeMece eH YJIKEeH Tepic ay, CaHbiH Kocy Kepek. ¢ = min{by, |am|}

nen Genrineiiik. Conna, 6ip karbaan, S > kby > ke, an exinmi karbiHan S > mlam| > me. m xone

k campapuiabin Keminge Oipeyi [2] caHbIHAH KeM eMec, IeMeK ¢ < min{%, %} < S Oaraaaybl JypHIC.

2 (5]
_1
(5]

(2%]) caHbIHA TeH 00J1a aJIaIbl, MBICAJIFA, erep DacTalnKblIa OGeplireH (%1

CaH -5 caHbIHA TeH GoJIca, ajl KaJraH |

(5]

ComgpikTan i3/en oTeipran ekinmi can S — ¢ > S(1 — ) CAHBIHAH K€M eMec.

Mbpsicas. Exinmi cax S(1 —

| can — 5 canpia Ten Gosica, S (1— ) Garasaybl JKeTiae/i.

L3

O[3
l\.’)\3‘>~

Baramnay cxemacsl

«2Kayan osrcone muicary ocone «Baeas 6orimdepiniry apraticoicoindazor ynatiap Kocvamatidv. Kopwi-
motHovL 6a.A0 aPOIP OONMMMIY, eH, MHCO2aPbL YNATUAGPHLY, KOCHIHODLCOIHAG MEN.

2Kayan >koHe MBbICaJI.

® JLYPBIC ZKAVATL & ittt ettt e et e e e e e e e e e e e e e 0 ymait
e Exinmmi can S(1 — ﬁ) CAHBIHA TEH OOIFaH FKAFIANFA MBICAIL .. vvt e eeir e eeeae e, 0 ymaii
2
1..5(1— %1) CaHbBl N CAHBIMEH Oip/ell XKYNThI OOTFAHIATBl XKAFIANFA MBICAT «.\vveereenannn.. 1 ymaii
2
2. Bapawbik n yiin exinnm can S(1 — ﬁ) CaHbIHA TeH OOJIFAHIAFbI YKAFIaWFa MbICAT ........... 2 ymaii
2
Baranay.
e Kes kenren 1mexkTi caniap KUbIHBI YIIHH aJbIHFAH JIYPBIC OAFATIAY 70 . evvvnneeeaine e, 0 ymaii
3. Bipaeit )KynTel n caHAAPBI VITIH AJBIHFAH TYPBIC OAFATAY .\ttt ettt e enieeeaninee s 3 ymaii

4. Bapjblk n caHIapbl VIMH aJbIHFAH JIYPBIC OATATIAY .+ttt ettt et e e i e anaeeanenes 5 ymaii



Ne5. Erep marypan camjbt ar? + bxy + cy2 TYpiHge Kearipyre OoJica, Oyi1 x)epjae a, b, ¢, x, y — OyTiH
caHAap KoHe b2 — dac = —20, coJt caHJbl Jfcakcy, caH Jiell afitambr3. EKi Kakchbl cAHHBIH, KoOeHTinmici jie
JKaKChl CaH OOJIATBIHBIH JIDJIEJICHI3.

MTemryi. Ty>KbIPBIM. 1 CaHBI COHJA, YKOHE TEK COHJA FaHa YKAKChl OOJIAJIbI, erep OHBIH ’Kail caHgapra
KIKTeYiHe Tak Joperkede TyYpFraH TeK XKail p caHgapbl VIITiH 72 =— (mod p) mrermimi TabpLICA.
Honenneyi. n = az? + bry + cy2, d=(z,y),z=d’,y=dy, («/,y') = 1 6oncon. Onma n = d?n’ xoue
n’ xait caHapra KIKTEeIYIH/Ie TaK Joperkese Ke3[AeceTin Kail cangap n caHblHga ga kesgaecedi . Ocbinpait
JKaif p CaHbIH KapacThipaiibik. @/ skome y' cammapuiHbig Keminge Gipeyi p-ra GesinGeiii; os y' Goschn.

Onpa an’ = (az’ + by/)2 + 5¢/2, aram (az’ + by/)2 = —5y/2 (mod p). ¥’ # 0 (mod p) GorramabikTam,

az’ + by’ = ay’ (mod p) Gonarsiaait o cansr TabeLIaIEL. Ockl o ymrin a2 = —5 (mod p). Ocburaiima, 613
Al TBIIFAH KPUTEPUHTe N CAaHbl KAHAFATTAHIBIPDATHIHBIH KOPCETTIK.

Kepiciurmre, n-re kipeTin Tak jgapexKesi OApJILIK p CAHAAPHI YIITiH 22 = -5 (mod p) mremnmiMi GOJICHIH.
Erep n’ = py...pj, Gonca, onna o n = d*n’ xaunait na 6ip d camer yurin. Bapbik 22 = -5 (mod p);
caJIbICTBIPYJIap IrernriMi 6ap OosiranabpiKTal, Kaaabikrap TeopeMachl OO bIHIIBI 22 = -5 (mod n)/ CaJIbl-
CTBIPBLIBIMBIH, /14 TIetriMi 6ap. b CAHbl OCHI CATBICTHIPBIIBIM IernriMi 0osicera. O Jeren ce3 b2 —nlc=—5

(keiibip OyTiH ¢ canbr yrrin). Conma n = n'd%+bd-0+4c-0% - JKaKChHI CaH. Byt Oi3/1iH o/1es eyl assKTai b .

Baranay cxemacsbl

2Kanmer ynaitaap
. xr° + 2%+ = (T2 — + o(xt + y2z)® TEHITT VIIIH: .. .vvt i enerenenenes mavi
(0.1) (2 + 5y?) (2% + 5t%) = (w2 — byt)? + 5(xt + y2)? Tenziri ymi 0 ymaii
. cemn ekl axr® + bxy + cy® Typaeri, 6ipak OpTak a-Cbl Oap caH VIMIH MIENIce: ........... maii
(0.2) E i az? + bry + cy? Typaeri, Gipak opTak 6ap cam ymi i 2 ymaii
(GacKaTapbIMeH KOCHIIMAN b )
Bepiareun mrenrtim yrria 6aragay

(3.1) Erep ax? + by + cy®p, an x,y Jp Gouca, onna —5 canbl mod p GOfbIHIIA KBAJPATTHIK KaJbIHIbL

EKEHI KODCETLIICE! .+ oottt ettt ettt e ettt e e e et et et et e e e e e e e e e ettt et e 1 ymaii
(3.2) —5 canbr modp GO¥BIHITA KBaJAPATTHIK KAJBIHIB DOJATHIH KOHE KYpDaMbIHJA TeK p CaHbl bap
OAPJIBIK YKAKCHI CAHIAD VIIIH JIOJEIIEHCE . .\ ttttttte ettt e et e et et ettt e e e et e e ee s 3 ymaii

Bapawbik ymaitiap 6ip-6ipiMeH KOCHLIAIbI



Ne6. Tyci Kachl HeMece KOK 60TaTHIH, TIKTOPTOYPHITT TiTiH i GipHere Maiabk 6ap (oaap/ sy ermeMepi
opTypJai 601yl MyMKiH). Oap/biH opGipin KaObIpraiapbl KOJIIEHeH XKoHe TiriHeH KeJIeTiH el }Ka3bIKTHIKKA
KOWBIT ITBIKKAH. T'ypJii TYCTI Ke3 KeJreH eKi MailJIbIKThl TiK HeMece KOJIICHEH, ChI3bIKIeH (MYMKIH, IeKapa
OofibiMeH) Kubill oTyre bosarsiabl Gesriai. Keseci maprrel kanarartaHabparbie Oip TyC TanIal aayra
OoJIaTBIHBIH JIDJIEJJICHI3: eKi KOJIjIeHeH KoHe 6ip TIK Ty3y/1l TaHaayra 60/1a/1bl *KoHe TaH/1all aJraH TYCTiH
Oap/IbIK MafJIBIKTaAPbIH OCHl TAHJAAFaH VI TY3Y/IiH KeMinjge Oipeyi Kusibl.
MTemyi. Bearineynaep. OX xone OY ecrepine opTOroHa/ b HPOEKIHIAY OHEPAIUSIIAPBIH, CONKECiH-
me, Ty JKoHe Ty Jien OenrineiiMiz. By, ..., B, MallbIKTapsl YIIH OTapAbiH, OapabreiH KeceTin kane OY
ecine mapasuiesb Ty3yl COHJA, KOHE TeK COHJA FaHa TabbLIabl, erep 6apisik 7y (B1),. .., mx (B}.) kecin-
JIVIEPiHiH opTaK HYKTeci Tabbliaca. EHai ochlHgall opTak HYKTeci 6ap Karaaiijipl mytpey Jen aTafiThiH
GotaMbI3 (a1 MaJIBIKTAp YIIH my3ymen mypey JTen aTaiiMbl3).

Bip ty3yneri eki (] koHe {9 KeciHIiTepi YIIH OMapablH kabvievs aen (1-mai 1e, {9-Hi Je KaMTUTHIH
eH Kimm kecini afitambiz (as onbl ((1,09) apkplibl Oesrineiimiz). Backa cos3ben aiitkana, ((1,0o) — o
(1 xoue l9 xecinpicinin Oipiryi 6ostajsl, erep osap KHUbLIbICCA, KoHe (1, {9 YKoHE OJIap/IblH, apachIHIAFbI
UHTEPBAIIbIH Oipiryi 60/1a/bl, erep ojap KUBLIBICIIACA.

Bisre keqeci nemma KazkeT 60712051

JIemma 1 (Gipeamemai Xensnm teopemacshr). Erep Ty3ymeri KeciHITep/in 1mekTi TOOBIHIA Ke3
KeJI'eH €Ki KeCiH/li KUbLIBICCA, OHJIA OJIaP/IbIH OapJIbIFblH TYHPEHTIH HYKTe TaObLIAJIbI.

Honenneyi. OH kak 1reti e cost opHaTackaH {1 = [a, b, *KoHe coJl XKaK 11eTi OH OH KaKTa OpHAJTACKAH

U9 = [c,d] kecingicin Kapacrbipaiiblk. Ouiap KubLIbCaabl Jered b > ¢ TeHcizzirin Gingipeni. Onga kes3
KeJIT'eH KeCiHIiHiH OH IIeTiHIH OpHAJIACYBI D-HBIH, COJI YKAFbIHJIA eMec, aJ COJI MIeTiHIH OPHAJIACYBI C-HBbIH, OH
KarblHia eMec. JleMek GapJ bk KeciHainepain [c, b] kecimmicinge nHykTeci 6ap. O

Ecen memrimine kermeiixk.

Erep tomrarsl Oapablk MaiabiKTapabl Oip KeJIIeHeH ChI3BIKIEH TYHIN oTe ajcak, 0i3 MailabIKTap/IbiH,
oTOACBIH JfCaKCHl, Al Kepi Karmaitma orcaman jgen ataiivmer3. Jlemma 1 Goiibiaia ykaman ordackiaga OY
OCiHe TPOEeKIHSLIAPHl KUBLIBICIANTHIH eKi MailJIbIK Oap.

Opbip TiK £ CHI3BIFBIHA KATBHICTHI DAPJIBIK MaMlJIBIKTAp YIII Typre Oe/IiHe/Ii: OHBIMEeH TeCLITeH, KATaH COJI
JKAKTa »KATaThIH KOHEe KATaH OH YKAKTa »KATKAH; MYHIail MallJIbIKTap/blH *KUbIHTBIKTaPbIH, CONKECIHIIIE,
I1(¢), L(¢) xxone R({) nen Genrineiimiz. Erep keii6ip Tyc yuria (aHBIKTBUIBIK, YIIiH, KOK) Keidbip ¢ KOIbIHIA
exi TonThiH ekeyi me — L(¢) immingeri Kok maiiabikrapaan xkoue R({) imingeri KoK MailJIbIKTapaan Typa-
THIH O0JIca, — KAKChl OOJIBII MIBIKTHI, COMAH KeiliH ecem IIemriiml: KakeTTi yiur kou £ Oipre aTajraH exi
0TOACBHIHBIH OapJIBIK MAMIBIKTAPBIH TECII 6TeTiH eKi Ko, MyHaail ¢ Tikeseil ChI3BIFBI YKOK JIeIl ecernTeiik.

En on opuasnackan £ Ty3yin Kapacroipaiibik, os ymin L({g) imingeri Kok Te, XKoHe Kacblil Mailibl-
KTap TOOBI KaKChl OosiaThIHjAAM. () eH OH »KaKra OOJIybl OHBI KelOIp TycTep YIIH OHFa KbI/IKBITKAHIA
(KoK YIIiH aHBIKTHIK VIITIH) COJ KaFbIHIA OCHI TYCTI eKi MaillbiK (KaTaH emec) yKaTKaubiH Oligipeni. OY
OCiHJler] IpoeKNuATaphl KABLIbICIARTHIH (). Ocbl MaitapiKTapas W1 xxone Wy nen Genrineilik, HAKTBLIBIK
ymin W1 mpoeknusacsr OY ocine Wo mpoeknugcbHaH 2Korapbl 001cbH. Bipak () Ty3y CBI3BIFBI TypaJIbl
bomxamMbIMbi3 R((g) iminmeri »Kacblr MaflTbIKTapasiy otbachl Hamap ekemin Oinaipeni. Coman keitin By
JKoHe B9 eki »Kachll MailyibIKTap {() OH yKarblHJa OpHaIacKaH, ojapisiy OY ocine npoeknusiapbl KUbLIbI-
craiipl. AHbIK Oosty yinin By npoekiusicel OY npoeknuscsl Bo NPOEKITUSCHIHAH YKOFapbl 60JiChIH. Tarsl
Jla, JKAJIIBLIBIKTHL KOFaaTnait, B Temenri meri W7 Temenri merinen xorapbl 6omachkiH. Coman Keilin
W koHe B9 MallsIBIKTapIpl KOJIIeHeH HeMece TiK CBI3BIKIIEH 6ip yaKBITTa TeCy MYMKIH eMec - OyJT IapTKa
KAMNIIIBL.

Baramnay cxemacsl
(0.1) Kes kesren Keke KarJailsiap/ipl KapacTeipy, conpai-ak (iminapa) aypbic emec JpJesey

(0.2) Bacrankpl Kagamaap, MBICATBI, OCHTEP/Eri MPOEKIUIAp TYPFBICHIHAH MOCeTeHI KafiTa TYKbl-
poiMay, 1 JleMMaHbl aifiTy KOHE JRJIEIIEY HKOHE T.0. « ettt ettt ettt e e e 0 ymaii

(1.1) ¢ TiK CBI3BIKTDHI €Ki KOJIIEHEH, CBI3BIKICH TOJIBIKTBIPYTa GOTaIbI el MIeNTiMIe Hai1aJanblIaThIH
JKeTKLIKTI MapT CUIATTAIFAH, OCBLAAMINA OCBI VII KOJI Oipaeil TycTi OapJIbIK MalIBIKTapabl TECIT oTeTl
JIETEH TYZKBIDBIM. .« ettt ittt ettt e et ettt e e e e e e e e e e et et e e e e e e e e e e 1 ymaii



(1.2) Mlenrimze (1.1) mynkTi 6ap GosFaH »kafgaiija: erep MEKTIK MPUHIAI KOJIIAHBLIBIT (TITertiMeri-
neit), memece ¢ TY3yiHiH KO3raJgyblnaa (COIIAH OHFa Kapail) £ Ty3yl TAHJAIBII AJCBIHCA ... ... .. 2 ymaii



XIX Meorcoynapoonan 2Kaymukosckan orumnuada no mamemamure. Bmopoti densv. Pewerus saday

Neq., Cymmva n > 2 HEHYJIEBBIX BeIeCTBEHHBIX dnces (He 00sg3aTeqbHO PasaudHbIX) paBHa Hymo. Jlisa
Kaxk 010 13 2" — 1 c11oco6oB BHIGPATH HECKOIBKO (HE MEHee OJIHOIr0) M3 ITUX YUCE/I TOJACTUTANN CYyMMY
BBIOPAHHBIX 9YHCEJ U BCe mojydeHnble 2'' — 1 ¢cyMM BBIIHCAIH B CTPOKY B HEBO3PACTAIONIEM IOPAIKE.
[IepBoe umcsio B cTpoke pasuo S. HaliinTe HanMeHbIlee BOSMOYKHOE 3HAUYEHWE BTOPOTO YHCJIA B CTPOKe.

Otger: S(1 — —-).

(51

Pemenne. 3anymepyem Bce 3a3aHHBIC YNC/Ia B HOPS/IKE BO3PACTAHUA CJIEIYIOIUM 00Pa30M:
a1 <ap < ... <am<0<by <by<... <y,

rae m + k = n. O4ueBUgHO, 9TO HaAMOOJbBINEE YNUCI0, 3AMHUCAHHOE B CTPOKY, PABHO CyMMe BCEX MO0
TeJIbHBIX 4duces, T.e. S = by +bg + ...+ b = —a] —ag — ... — am, a clempyoliee HoIydaercd us S
au60 BBIYMTAHWEM HAMMEHBINEro IMOJIOXKUTEIbHOTO Yucjaa by, Jmbo mpubaBieHHeM HAaHOOIBIIEr0 OTPHU-
MATETIHHOTO UUCAA Q. Obo3uatunmMm ¢ = min{by, |am|}, Toraa, ¢ ogmoit cropomst, S > kby > ke, a ¢
apyroit, S > mlam| > me. Tlo kpaiiueii Mmepe omHO U3 duces m u k He MeHbIIe, YeM (%}, 3HAYNT, BEpHA
S

OlleHKA, ¢ < min{%, %} < I
2

. CoOTBETCTBEHHO, BTOPOE UHCIO B CTPOKE HE MOYKET ObITH MeHBIIe, YeM

_1
S—c>5(1- [%1).

Bropoe 4ucsio B ¢cTpoke MoxKer paBHATbCs S(1 — %1), HAIPUMED, €CJIM U3HAYAIBHO ObLIM 33/ 1aHbl (%W
2
quceJ, paBHbIX %, u L%J quceJ, paBHBIX —%J.
2 2

CxeMa oreHnBaHUS.

Baanrve snympu kascdozo us pasdenos ,,Omeem u npumep” u ,,Ouenra” ne cymmupyromes. Mmozosas
2 »
OUEHKA PABHA CYMME HAUBOADUUT baNN06 KaHCAO20 U3 PA3OEN0E.

OTBeT U mpumep.
® BEDHDBIT OTBET ...\ttt e e e e e e e e et e e e 0 6anoB

e Jl1060€e KOHEIHOE KOJMYECTBO MPUMEPOB, B KOTOPBIX BTOPOe dncyio paBao S(1 — L) ...... 0 6as10B
1. TIpumep, B KOTOpOM BTOpOE "ncso paBHo S(1 —

2. Ilpumep, B KOTOPOM BTOpPOE YHCJIO paBHO S(1 —

| -/

oIS oS

J— JE—
SN—

OuneHkKa.
e Bepnas orenka, moydeHHasd JJid JJIOOOTO KOHETHOTO HAOOPA THUCEIT T «vvvvvrvreenenenennns 0 6aJy10B
3. Bepnasg onenka, mojy4eHHast JIJig BCEX YHUCET 1 OMHOU UETHOCTH .. ..veveennteenanneeennnn. 3 6asia

4. BepHas ONMEHKA, TOTYUCHHAT JITIT BCEX T+t vttt et e e e e e e e et eeeananannns 5 6asoB



Ne5. Hazopém HaTypaJibHOE YHUCIO TOPOULUM, €CIAN OHO TPEJICTABIAETCS B BUJIE ar? + bry + cy2, e a,
b, ¢, T, y — 1eJble YUCIa U b2 — 4ac = —20. JlokakuTe, 94TO IPOU3BEJCHUE JIBYX XOPOIIUX UHUCEJ — TOXKE
XOpoIITee IHCIIO.

Pemtenune. 3amernm, 9To XOpOIIee YUCIO — 9TO YHCTIO BHIA ar? + bxy + cy2, rae b2 — ac = 5.

IIpeamoxkenune. Yucsao n Xopoliee TOrIA U TOJIBKO TOIIA, KOIJAA B €0 Pas3jozKeHHe Ha IPOCThIE MHO-
JKUTEJIH B HEUSTHBIX CTEIEHsX BXOJAT JIUIIb IPOCTBIE p, U KOTOPBIX PA3PEIHMO CpaBHEHHe T2 = —
(mod p).
TokazarenbeTso. [lyets n = ax? + bay + cy?, d = (z,y), v = do’, y = dy/, («/,y/) = 1. Torma n =
= d2n,, U Pa3JIO?KEHUEe TL/ Ha MIPOCThI€ MHOXKHUTEJIN COACP2KUT B HEYETHBIX CTEIIEHAX TE KE qucJjia, 9TO "
n. PaccMoTpuM oHO Takoe mpoctoe p. Xors 661 0100 n3 uncen «' u ' He KpaTHO p; mycTh 310 3. VMeem
an’ = (az’ + by/)2 +5y'2, o ectb (az’ + by/)2 = —5y/2 (mod p). [Tockoasky 3 # 0 (mod p), cymecryer
nesoe «, aaga koroporo az’ + by’ = ay’ (mod p). dng storo a mmeem o* = —5 (mod p). Takum o6paszowm,
MBI JIOK&3aJIH, 9TO N yJA0BAETBOPAET C(POPMYJINPOBAHHOMY KPUTEPHIO.

Ob6paTHO, ycTh BCe MPOCTHIE P, BXOAAIINE B N ¢ HEYETHBIM IMOKA3aTeJIeM, TAKOBBI, YTO PA3PEITHMO
cpaBHeHHe 72 = —5 (mod p). Ecm n = py ... pj, — IpousBeienue Beex TAKAX MPOCTHIX, TO N = d?n’ upu
HeKOTOpoM 1e/10M d. TIoCKOIbKY pa3peluMbl Bee CpaBHeHUs 12 = —5 (mod p);, mo KuTACKOI TEOpeme 00

OCTaTKaX pa3peliuMo U CpaBHEHUE 22 =-5 (mod n)/. [IycTh b — pemenne 3TOro cpaBHeHUs. JTO 3HAYHT,

aro b2 — n'c = =5 JIJIST HEKOTOPOTO IIeJIoro ¢. A Torma n = n'd2+bd-0+c- 02— XOopollee YUCJI0. ITO
3aBEPIIACT JOKA3ATEJIHCTBO MIPEIJIOKEHUSI.
Jlnst perteHns 33249 OCTAIOCH 3aMETHTD, YTO MIPOU3BEIEHNE IBYX UHCE] BHIA, OMHCAHHOTO B TPE/I-

JIO?ZKEHUH, TOXKe nMeeT TaKOM BU/I.

CxeMa OIleHUBaHUS

O6mue 6aJ1IbI
0.1) ToxnmecTBo 22 +592) (22 +5t2) = (22 — 5yt)2 + 5(xt +y2)2 0 6asLIOB
Y Y Y
0.2) YTBepkKIaeHHe TOKA3aHO I JABYX XOPOIIHX YHCE]T BHUIA ar? + bry + cy? ¢ OJIMHAKOBBIMH @
y Y Y
2 basia
(He CyMMUDYeTCsT ¢ OCTAThHBIMN )
Cxema i JAaHHOTO PeIlleHus
3.1) Joka3zaHo, 4TO ecau ar? + bay + cy? JIEJTATCS Ha P, & T U Y HE JIENATC, TO —d — KBaJIPATUIHbBII
yrcy Y

BBITET N0 D! ottt e e 1 6as
(3.2) Jokazano, 9T0 XOPOIIHU BCe YUC/IA, COACPKAIIME TOIBKO HIPOCTHIE P, JJisi KOTOPBIX —b — KBaJpa-
THUHDBIT BBITET . . o ittt et e e e e e e e e e e e e e et e e e e e e e e e e e e e e 3 dasia

Bce GaJuibr u3 cxeMbl TPETHETO PelieHust CyMMUPYIOTCH.
Baisr u3 cxem oneHUBaHUS PA3HBIX PEIICHUN HE CYMMHUPYIOTCH.



Ne6. Ha mockocTh TOJIOKIIN HECKOJIBKO CHHHX U 3€JIEHBIX MPSIMOYTOJIBHBIX caadeTok (BO3MOXKHO, pa3-
HBIX PA3MePOB) ¢ BEPTHKAJIBHBIMA U TOPU30HTAIBHBIME cTOpOoHAME. OKA3a/10Ch, 4TO J100be /Be catdeTKu
Pa3HOTO [BETA MOYKHO Iepecedb BePTUKAJIBHONW WM MOPU30HTATLHON MPIMOM (BO3MOMKHO, MO TPAHMUIIE).
Jlokakure, 4TO MOYKHO BbIOpaTh LBET, JB€ I'OPU30HTAJIbHBIX IIPAMBIX U OJHY BEPTUKAJIbHYIO IPAMYIO TaK,
YTO KaXK/IYI0 caaderky BLIOPAHHOTO IBETA MepeceKaeT XOTd Obl OJHA U3 BHIOPAHHBIX MPSAMBIX.

Pemenne. O6o3navennsi. Onepanuu opToronaabnoit npoeknuu Ha ocu OX n OY 00603Ha4UM Ty CO-
oTBeTcTBenHo Ty . Ouesnano, Juid caaderoxk By, ..., B Haiigercd nepecekalonias ux Bce npamas, Hapaj-
nenpHas OY, TOrIa U TOJIBKO TOTMA, KOTAa OTpe3KH 7 x (B1), ..., mx (B}) conepzxar o0y TOUKY; qaJee
JJIsT KPATKOCTH TOBOPHM NPOMBKAIOMEA TOUKOi (a 1utsi candeTor npomuikatomces IpsMoi).

Jnst nByx orpeskoB (1 u f9 Ha mpsaAMoil ux oboaroukod ((1,¢9) GynemM Ha3bIBATh HAMMEHBIIUH OTpe-
30K, comepzamuii (1 u lo. Unbivu cioBavu, ((1,09) — obbeaunenne (| u {9 ecou OHU TEPECEKAIOTCS,
obbejuuenue {1, (9 n uurepBaia MexKjy HUMH, eciu {1 u {9 He 1ePeceKarTCs.

Ham monamoburcsa

Jlemma 1 (omHOMepHasi Teopema Xesuin). Ecian B (KonedHoM) cemeiicTBe OTPE3KOB Ha HPSMOil
JIIO0BIE JIBAa OTPE3Ka IePeceKalTCsl, TO CYIIeCTBYeT TOUYKA, IPOTHIKAIOIIAS BCe OTPE3KH.

Boobiie rosopsi, TeopeMa BepHa 1 0e3 yCJIOBHS KOHETHOCTH, HO MBI ceiiaac He OyIeM 3aHUMATbCS STUMH
TOHKOCTSIMU.

JokazarenbcTBO. PaccMOTPHM OTPE30K € CAMBIM JIEBBIM IPABBIM KOHIIOM {1 = [a, b] u caMbIM IpaBbiM
7eBeIM KoHIIOM (9 = [¢, d]. To 4ro onn mepecekarorcst o3Hadaer, B 4acTHOCTH, 910 b > c. Ho Torga smoboit
OTPe30K HMeeT IPaBblii KOHEI[ He JieBee b U JIeBBIIl KOHEI[ He IIpaBee ¢, TO e€CTb COIAEPZXKHUT BCE TOUYKH U3
oTpeska [¢, b] (BO3MOKHO, BHIPOZKIEHHOIO B TOYKY, HO He IyCTOrO). ]

Bepnemca x pelrenuno 3a1a4du.

Bynem nazpiBaTh cemeiicTBo caiheTox TopouiuM, eciid Bee caiheTKu B ceMeiicTBe MPOTHIKAITCS OHOM
TOPUBOHTAIBHON MPSIMOii, U NA0TuM B IpOoTUBHOM ciayuae. [1o Jlemme 1, moxoe cemMeiicTBO COMEPIKUT JIBe
caJi(peTKH, MPOEKINT KOTOPHIX Ha ochb OY He mepecekaroTcs.

OTHOCHTEIBHO KazKI0# BEPTHKAIBHOM IIPAMOii £ Bce caiadeTKu IeIATCa Ha TPU TUIA: IPOTKHYTHIE €I,
JIe’KaIme CTPOro JeBee, U JIeJKAIie CTPOro Ipasee; 0003HAYNM MHOYKECTBa TaKuX caaderok wepes [({),
L(¢) n R(¢) coorercrBenno. Ecau ajist Kakoro-to npeta (jjist ONPEeIeJIeHHOCTH — CHHEro) Jisi HEKOTOPO#
npsamoii £ 06a cemeiicTBa — cocTosiee u3 cuHuX caaderok B L({), u cocrosiiee u3 cuuux canderok B R({),
— 0Ka3aJMCh XOPOIUMHI, TO 33/1a9a PeIieHa: TpedyeMbie TPH MpsMble — 3T0 £ BMECTe C JBYMS HPSMBIMH,
HPOTBHIKAIOIIMME Bce caadeTKH YIOMAHYTHIX JIBYX ceMeiicTB. llpemmonoxkmum, 9T0 Takoil mpsimoit ¢ He
HAILIOCH.

Paccmorpum camyio upasyio upsamyio £, jijist KOTOpoil Kak ceMeifCcTBO CHHUX, TaK U CeMefiCTBO 3e/18HbIX
casderok B L({y) — xopormue. To aro £ camas mpaBast, O3HAYAET, YTO MPH €€ CIBUTE BIIPABO JJIsl KAKOTO-TO
U3 1BETOB (MyCTh JJIsT ONPEIeJIEHHOCTH JJIsl CHHET0) eCTh JiBe caladeTKH 3TOro IBeTa, JeKalmxX (HECTPOro)
nesee {(), 4pu npoexun Ha ock OY He nepecekatorca. Oboznaunm st canderku Wi n Wy, nycers mia
onpeneseHHocTn npoekmnus Wy Ha ock OY Beime, yem npoekius Wo. Ho Hale mpeanosioxkenne o IpsaMoit
{( o3madaeT, UTO ceMeicTBO 3eaéubix canderok B R({)) — maoxoe. Toraa ects nBe 3e16HbIX camderku
By n B9, sexxamyue crporo npasee {(, npoeknuu Koropsix Ha ocbk OY He nepecekarorcs. Ilycrs js
onpejiesienHoctu upoekius B Ha OY Bbinte npoeknun Bg. Ousarh ke, He yMajisds OOLIHOCTH, IyCTh
HIDKHASA Tpanuna [ me Bpime mmexnedl rpanunsr W7. Torma canderkn W7 um By Henb3d OPOTKHYTD
OHOBPEMEHHO HU FOPU30HTAJIBHONW HU BEPTHKAJIHHON HMPAMON — HIPOTHBOPEUHE C YCJIOBHEM.

Cxema OIleHUBaAHUSA
(0.1) PacemoTpenust TOOBIX YACTHBIX CJIYUYAECB, PABHO KaK M (YACTHYHO) HEBEPHBIE PACCYKICHUI
.............................................................................................. 0 dangos

(0.2) Hauampubie maru, Takne Kak nepedOpMyTHPOBKA 33/1a90 B TEPMUHAX MPOEKIH HA OCH, (DOPMY-
JIUPOBKA U JIOKA3ATEJBCTBO JIEMMBL 1 M ML oot e 0 6asoB
Cxema g JaHHOTO pelieHusd

(1.1) Omucano (MCHOJB30BAHHOE B PEIEHUN) JIOCTATOYHOE YCJIOBHE TOTO, YTO BEPTHKATIBHYIO MPIMYTO
{ MOYKHO JOMOJHUTH JABYMSI TOPU30HTAJBHBIMU TaK, ITOOBI 3TH TPHU MPAMBIX HPOTHIKAIN Bce caadeTKn
OIHOTO IIBETA, .« ettt ettt tte e ettt e e e ettt e e e et e e e et e e e ittt e e ettt e ettt e e e 1 6ann



(1.2) Tlpn Hasmaun myukta (1.1): ¢ ncnoap3oBaHreM MPUHIATA KpaifHero (Kak B pereHnn), Jubo xKe
IIPH IIOMOIIY JBUXKeHHWd IpaAMOil ¢ ciaeBa HampaBo BblOpana mpsMad {(), HOAXOAAImas IoJ, TpeOOBaHUs
|0 1E1 1805151576 2 basia
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