
XIX International Zhautykov Olympiad in Mathematics. Day 1. Solutions

�1. Pete has a deck of 1001 cards; the numbers 1, 2, . . . , 1001 are written on those cards with a blue
pen, one number per card. Pete arranged the cards in a circle, with the blue numbers on their bottom
sides. Then, for each card C, Pete considered 500 cards following C in the clockwise order and counted
the number f(C) of those whose blue numbers are larger than the blue number on C. Pete wrote the
number f(C) on the top side of C with a red pen. Prove that Basil, who sees all the red numbers on the
cards, can determine the blue number on each card.

Solution. In both solutions, we denote k = 500 and n = 2k + 1 = 1001.
Suppose, for the sake of contradiction, that there exist two arrangements of Pete’s cards which result

in the same arrangement of red numbers. Let those arrangements be A = (a1, a2, . . . , an) and B =
= (b1, b2, . . . , bn) (in each string, we list the blue numbers in the clockwise order, starting from a fixed
position).

Put I = {i : ai ̸= bi}; by our assumption, I ̸= ∅. Notice that the sets NA = {ai : i ∈ I} and NB =
= {bi : i ∈ I} coincide. Let a be the smallest element in NA; then a = ai = bj for some i, j ∈ I with
i ̸= j. Notice here that ai < bi and bj < aj . Shifting the numeration (and, perhaps, swapping the two
arrangements), we may assume that i = 1 and j ≤ k + 1.

Consider now the red number at position 1. It should be equal to k minus the cardinality of each of
the sets

A1 = {s : 2 ≤ s ≤ k + 1 and as < a1} and B1 = {s : 2 ≤ s ≤ k + 1 and bs < b1}.

However, if s ∈ A1, then a = a1 > as; by definition of a, we get bs = as < a1 < b1 and hence s ∈ B1.
Thus, A1 ⊆ B1. On the other hand, we have j ∈ B1 (since bj = a < b1) and j /∈ A1 (since aj > a = a1),
so the inclusion is strict. Hence |A1| < |B1|. A contradiction.

Marking scheme

(0) Only very initial observations and steps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points
Examples of such observations and steps:
(a) A proof that, among two cards, one is in the neighborhood of the other;
(b) Just considering two blue arrangements providing the same collection of red numbers.
(c) Noticing, as in the above Remark, that Basil also knows the number of cards in the neighborhood

of C whose blue numbers are smaller than that on C.

Scheme for current solution

(1.1) Focusing on the number a from Solution 1, i.e., the minimal (or maximal) number by which the two
blue arrangements differ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 point

(1.2) One fails (or forgets) to show that the inclusionA1 ⊂ B1 is strict, but uses this result at most 5 points



�2. Let Ω be the circumcircle of a scalene triangle ABC. The line tangent at C to the circumcircle
of triangle ABC meets the line AB at point D. A line passing through D intersects the segments AC
and BC at K and L, respectively. Points M and N are chosen on the segment AB so that AC ∥ NL
and BC ∥ KM . Let NL and KM intersect at point P inside the triangle ABC. The line CP meets the
circumcircle ω of MNP again at Q. Prove that the line DQ is tangent to ω.
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Figure 1

Solution. Since AC ∥ NL and BC ∥ KM , we get

DN

DA
=

DL

DK
=

DB

DM
,

which yields DM ·DN = DA·DB. So the powers of D
with respect to Ω and ω are equal. Denote by R the
intersection point of the line CD and the line tangent
to ω at Q, then

∠RQP = ∠QMP = ∠QMN + ∠NMP =

∠QPN + ∠DBC = ∠CPL+ ∠DCA =

= ∠KCP + ∠DCA = ∠RCQ.

Hence RC = RQ which implies than R and D both lie
on the radical axis of Ω and ω. But this radical axis
cannot be the line RD since otherwise it would pass
through the point C which lies on Ω but outside ω. Therefore points R and D must coincide.

Marking scheme

Common points.
0. Proof that the powers of D with respect to Ω and ω are equal: . . . . . . . . . . . . . . . . . . . . . . . . . 2 points

Scheme for current solution
1. Proof that the triangle RQC is isosceles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 points

For an incomplete computational solution (Cartesian or complex coordinates, vector or trigonometry
calculus, etc.) points can only be awarded if the partial results of computations have been formulated in an
equivalent form of the geometric statements mentioned in the scheme above.



�3. Given positive integers a1, a2, . . ., ak. Let S(n) denote the number of solutions of the equation
a1x1 + · · · + akxk = n in nonnegative integers x1, x2, . . ., xk. It is known that S(n) ̸= 0 for all large
enough n. Prove that S(n+ 1) < 2S(n) for all large enough n.

Solution.
Lemma 1. The number of solutions of the equation a1x1+ · · ·+akxk = n in non-negative integers does

not exceed (n+ 1)k−1.
Proof. For a given n each solution (x1, x2, x3, . . . , xk) is uniquely determined by the sequence (x2, x3, . . . , xk).

Since 0 ⩽ xi ≤ n, the number of such sequences does not exceed (n+ 1)k−1.
Lemma 2. If the equation a1x1+ · · ·+ akxk = n admits a solution in non-negative integers for all large

enough n, then for all large enough n the number of such solutions is at least cnk−1, where c is positive
real number not depending on n.

Proof. Since the equation a1x1 + · · · + akxk = n is solvable in integers, the congruence a2x2 + · · · +
+ akxk ≡ n (mod a1) is also solvable; let (t2, . . . , tk) be a soluton of this congruence.

The number of ways to choose a number xi ≡ ti (mod a1) not exceeding a given M is at least

[Ma1
]. Therefore there are at least [ n

ka1a2
] · · · · · [ n

ka1ak
] sequences (x2, x3, . . . , xk) of non-negative integers

satisfying xi ≡ ti (mod a1) and aixi ⩽
n
k for 2 ⩽ i ⩽ k. For each such sequence the number n− a2x2 −

− a3x3 − · · · − akxk ≥ n − (k−1)n
k is non-negative and divisible by a1, that is, each such sequence may

be expanded to a solution (x1, . . . , xk). Thus the number of solutions in question is at least [ n
ka1a2

] · · · · ·
· [ n
ka1ak

], and the lemma follows imediately.

Back to the solution of the problem, there exist for some integer n sequences (r1, . . . , rk) and (s1, . . . , sk)
such that a1r1 + · · · + akrk = n and a1s1 + · · · + aksk = n + 1. Then the numbers vi = si − ri satisfy
a1v1 + · · · + akvk = 1. For each n, to each solution (x1, x2, x3, . . . , xk) of the equation a1x1 + · · · +
+ akxk = n + 1 in non-negative integers we assign the solution (x1 − v1, . . . , xk − vk) of the equation
a1x1+ · · ·+akxk = n in integers. If xi ⩾ vi for all i, the numbers xi−vi are also non-negative. Therefore
the difference S(n+1)−S(n) does not exceed the number of solutions of the equation a1x1+ · · ·+akxk =
= n+ 1 where at least one of xi is less than the respective vi. For each i the number of such values of xi
is finite; for every such value xi = j the number of solutions of the equation a1x1 + · · · + akxk = n + 1
with xi = j, that is, a1x1 + · · · + ai−1xi−1 + ai+1xi+1 + · · · + akxk = n + 1 − jai, does not exceed

(n + 2 − jai)
k−2 ⩽ (n + 2)k−2 by Lemma 1. Accordingly, the entire difference S(n + 1) − S(n) does

not exceed A(n+ 2)k−2 with some constant A. But S(n) itself is, by Lemma 2, at least Cnk−1 for some

positive C. It remains to note that A(n+ 2)k−2 < Cnk−1 for all large enough n.
It follows from this solution that the factor 2 in the problem can be replaced by 1 + ε with any ε > 0.

Marking scheme

General
(0.1) The problem is solved for ai pairwise coprime: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1 point

(not additive)

Scheme for current solution
(1.1) Lemma 1: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 point

(additive with either of items (1.2), (1.3), (1.4) )
(1.2) Lemma 2: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 points
(1.3) The correspondence between the solutions (xi) and (xi − vi) for two values of the RHS differing

by 1: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 point
(1.4) (1.2) together with (1.3): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 points



Ìàòåìàòèêàäàí õàëû©àðàëû© XIX Æºóòiêîâ îëèìïèàäàñû. 1-ê³í. Åñåïòåð øåøói

�1. Ïåòÿ ê°ê ©àëàììåí 1, 2, . . . , 1001 ñàíäàðûí 1001 êàðòà¡à æàçûï øû©òû (ºðáið êàðòàäà äºë áið
ñàí æàçûë¡àí). Ñîñûí îë êàðòàëàðäû ê°ê ñàíäàðûìåí ò°ìåí ©àðàòûï, øå­áåð áîéûíà ©àíäàé äà áið
ðåòïåí ©îéûï øû©òû. Êåéií îë ºðáið C êàðòàñû ³øií, C-äàí êåéií ñà¡àò òiëi áà¡ûòûìåí îðíàëàñ©àí
500 êàðòàëàðäû ©àðàñòûðûï, ñîë 500 êàðòàëàðäà¡û ê°ê ñàíäàðäû­ ©àíøàñû C êàðòàñûíäà æàçûë¡àí
ê°ê ñàííàí àðòû© åêåíií ñàíàï, ñîë ñàíäû f(C) äåï áåëãiëåäi. Ïåòÿ ©ûçûë ©àëàììåí ºð C êàðòàñûíû­
æî¡àð¡û æà¡ûíà f(C) ñàíûí æàçäû. Âàñÿ áàðëû© ©ûçûë ñàíäàðäû ê°ðiï, ©àé êàðòàäà ©àé ê°ê ñàí
æàçûë¡àíûí ©àëïûíà êåëòiðå àëàòûíûí äºëåëäå­iç.

Øåøói. Ò°ìåíäåãi øåøiìäåðäå áiç áåëãiëåóëåðäi ©îëäàíàìûç: k = 500 æºíå n = 2k + 1 = 1001.

Øåøói. Åñåïòåãi äºëåëäåó êåðåê øàðò æàë¡àí äåëiê; á´ë ê°ê ñàíäàðäû­ êåéáið åêi îðíàëàñóû ³øií
©ûçûë ñàíäàðäû­ áiðäåé îðíàëàñóû åêåíäiãií áiëäiðåäi. Îñû ê°ê îðíàëàñóëàð îë A = (a1, a2, . . . , an)
æºíå B = (b1, b2, . . . , bn) áîëñûí (ºðáið æà¡äàéäà ê°ê ñàíäàð ©àíäàé äà áåëãiëi îðûííàí áàñòàï ñà¡àò
òiëiìåí ê°ðñåòiëãåí).

I = {i : ai ̸= bi} áîëñûí; áiçäi­ ò´æûðûì áîéûíøà I ̸= ∅. NA = {ai : i ∈ I} æºíå NB = {bi : i ∈
∈ I} æèûíäàðû áåòòåñåäi. NA æèûíûíäà å­ êiøi ýëåìåíò a áîëñûí; îíäà êåéáið i, j ∈ I ³øií
a = ai = bj , ºði i ̸= j. ai < bi æºíå bj < aj åêåíií áàé©àéû©. Í°ìiðëåðäi ©îç¡àé îòûðûï (ì³ìêií
îðûíäàðûìåí àóûñòûðà îòûðûï), i = 1 æºíå j ⩽ k + 1 äåï åñåïòåñåê áîëàäû.

Åíäi 1 ïîçèöèÿñûíäà¡û ©ûçûë ñàíäû ©àðàñòûðàéû©. Îë ºð

A1 = {s : 2 ⩽ s ⩽ k + 1 è as < a1} è B1 = {s : 2 ⩽ s ⩽ k + 1 è bs < b1}.

æèûííû­ ýëåìåíòòåð ñàíû ³øií, k àçàéòó îñû ýëåìåíòòåð ñàíûíà òå­. Áiðà© òà, åãåð s ∈ A1 áîëñà,
îíäà a = a1 > as; îñûäàí, a ñàíûíû­ àíû©òàìàñû áîéûíøà, bs = as < a1 < b1 åêåíi øû¡àäû, îë
äåãåí ñ°ç s ∈ B1. Îñûëàéøà, A1 ⊆ B1. Åêiíøi æà¡ûíàí j ∈ B1 (°éòêåíi bj = a < b1) æºíå j /∈ A1
(°éòêåíi aj > a = a1), ñîíäû©òàí A1 ⊂ B1 åíói ©àòà­ ò³ðäå áîëàäû. Ñîíûìåí, |A1| < |B1|, îë ì³ìêií
åìåñ.

Áà¡àëàó ñõåìàñû

(0) Åñåï øåøóäå òåê áàñòàï©û ©àäàìäàð æàñàëñà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 ´ïàé
Áàñòàï©û ©àäàìäàð ìûñàëäàðû:
(a) Êåç êåëãåí åêi êàðòàíû­ áiði åêiíøiñiíi­ ìà­àéûíäà îðíàëàñ©àíûí äºëåëäåó.
(b) �ûçûë ñàíäàðäû­ áiðäåé îðíàëàñóûí áåðåòií ê°ê ñàíäàðäû­ åêi ãèïîòåòèêàëû© îðíàëàñóûí

¡àíà ©àðàñòûðó.
(c) Âàñÿíû­ C ìà­ûíäà¡û êàðòàëàðäû­ ñàíûí áiëåòiíií åñêåðãåí, îëàðäà¡û ê°ê ñàíäàð C-äà¡û

ñàííàí àç.

Áåðiëãåí øåøiìãå áà¡àëàó ñõåìàñû

(1.1) a ñàíûí øåøiìíåí çåðòòåï, ÿ¡íè ê°ê ñàíäàðäû­ åêi îðíàëàñóû åðåêøåëåíåòií å­ êiøi (íåìåñå
å­ ³ëêåí) ñàíäû ©àðàñòûðó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ´ïàé

(1.2) Êåëåñi ©àòåìåí äºëåëäåíãåí (íåìåñå äºëåëäåíáåãåí) ôàêò ³øií: A1 ⊂ B1 ©àòà­ ò³ðäå, áiðà©
åñåïò øåøóiíäå ©îëäàíûë¡àí . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .5 ´ïàéäàí àðòû© åìåñ



�2. Òå­á³éiðëi åìåñ ABC ³øá´ðûøûíà ñûðòòàé ñûçûë¡àí Ω øå­áåðãå C í³êòåñiíäå æ³ðãiçiëãåí
æàíàìà ò³çó AB ò³çóií D í³êòåñiíäå ©èÿäû. D àð©ûëû °òåòåòií ò³çó AC æºíå BC ©àáûð¡àëàðûí,
ñºéêåñiíøå, K æºíå L í³êòåëåðiíäå ©èÿäû. AB ©àáûð¡àñûíàí AC ∥ NL, BC ∥ KM áîëàòûíäàé
M æºíå N í³êòåëåði áåëãiëåíãåí. NL æºíå KM ò³çóëåði P í³êòåñiíäå ©èûëûñàäû (P △ABC-íû­
iøiíäå æàòûð). CP ò³çói MNP ³øá´ðûøûíà ñûðòòàé ñûçûë¡àí ω øå­áåðií åêiíøi ðåò Q í³êòåñiíäå
©èÿäû. DQ ò³çói ω-íû æàíàéòûíûí äºëåëäå­iç.
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Ðèñ. 1

Øåøói. AC ∥ NL, BC ∥ KM ïàðàëëåëüäiãiíåí

DN

DA
=

DL

DK
=

DB

DM

åêåíi øû¡àäû, äåìåê DM ·DN = DA ·DB, ñîíäû-
©òàí D í³êòåñiíi­ ω æºíå Ω-¡à ©àòûñòû äºðåæåñi
òå­.

R àð©ûëû CD ò³çói ìåí ω-¡à Q í³êòåñiíäå æ³ð-
ãiçiëãåí æàíàìàíû­ ©èûëûñó í³êòåñií áåëãiëåéiê,
ñîíäà

∠RQP = ∠QMP = ∠QMN + ∠NMP =

= ∠QPN + ∠DBC = ∠CPL+ ∠DCA =

= ∠KCP + ∠DCA = ∠RCQ.

Äåìåê, RC = RQ, îë R æºíå D í³êòåëåðiíi­ åêåói
äå Ω æºíå ω øå­áåðëåðiíi­ ðàäèêàëü °ñiíäå æàò©àíûí áiëäiðåäi. Áiðà© îñû ðàäèêàëü °ñü RD ò³çói
åìåñ, °éòêåíi êåði æà¡äàéäà îë C í³êòåñi àð©ûëû °òå ò´ðà, Ω-íû æàíàï, áiðà© ω-íû­ ñûðòûíäà
æàòóøû åäi. Äåìåê, R æºíå D í³êòåëåði áåòòåñåäi.

Áà¡àëàó ñõåìàñû

Æàëïû ´ïàéëàð

0. D í³êòåñiíi­ Ω æºíå ω-¡à ©àòûñòû äºðåæåñi òå­ åêåíi ê°ðñåòiëñå: . . . . . . . . . . . . . . . . . . . . . 2 ´ïàé

1. △RQC òå­á³éiðëi åêåíií ê°ðñåòñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 ´ïàé

Àÿ©òàëìà¡àí åñåïòåó øåøiìi (êîîðäèíàòàëàð, ê³ðäåëi ñàíäàð, âåêòîðëàð, òðèãîíîìåòðèÿëû©
æºíå ò.á.) ³øií àðàëû© åñåïòåóëåðäi­ íºòèæåëåði áàëëäû© ñûçáàäà ê°ðñåòiëãåí ýêâèâàëåíòòi ãåî-
ìåòðèÿëû© ìºëiìäåìåëåð ò³ðiíäå ò´æûðûìäàë¡àí æà¡äàéäà ¡àíà ´ïàé àëó¡à áîëàäû.



�3. a1, a2, . . ., ak íàòóðàë ñàíäàðû áåðiëãåí. a1x1 + · · · + akxk = n òå­äåóiíi­ òåðiñ åìåñ á³òií
ñàíäàð æèûíûíäà¡û øåøiìäåð ñàíûí S(n) äåï áåëãiëåéiê. Áàðëû© æåòêiëiêòi ³ëêåí n ñàíäàðû ³øií
S(n) ̸= 0 åêåíi áåëãiëi. Áàðëû© æåòêiëiêòi ³ëêåí n ñàíäàðû ³øií S(n+ 1) < 2S(n) åêåíií äºëåëäå.

Øåøói.

Ëåììà 1. a1x1 + · · · + akxk = n òå­äåóiíi­ òåðiñ åìåñ á³òií ñàíäàð æèûíûíäà¡û øåøiìäåð ñàíû

(n+ 1)k−1 ñàíûíàí àñïàéäû.
Äºëåëäåói. Áåðiëãåí n ñàíû ³øií (x1, x2, x3, . . . , xk) øåøói ñ°çñiç ò³ðäå (x2, x3, . . . , xk) æèûíûìåí

áåðiëåäi. Áiðà© 0 ⩽ xi ≤ n, ñîíäû©òàí îñûíäàé æèûíäàð ñàíû (n+ 1)k−1 ñàíûíàí àñïàéäû.
Ëåììà 2. Åãåð a1x1 + · · · + akxk = n òå­äåóiíi­ áàðëû© æåòêiëiêòi ³ëêåí n ³øií òåðiñ åìåñ á³òií

ñàíäàð æèûíûíäà¡û øåøiìi áîëñà, îíäà îñûíäàé áàðëû© æåòêiëiêòi ³ëêåí n øåøiìäåð ñàíû cnk−1

ñàíûíàí êåì åìåñ, á´ë æåðäå c ñàíû n-ãå òºóåëñiç î­ ñàí.
Äºëåëäåói. a1x1 + · · ·+ akxk = n òå­äåóiíi­ á³òií øåøiìäåði áîë¡àíäû©òàí, a2x2 + · · ·+ akxk ≡ n
(mod a1) ñàëûñòûðóûíû­ äà øåøiìi áàð; îë (t2, . . . , tk) øåøiìi áîëñûí.

M -íåí àñïàéòûí òåðiñ åìåñ á³òií ñàíäàð iøiíåí xi ≡ ti (mod a1) áîëàòûíäàé xi ñàíäàðûí êåìiíäå

[Ma1
] ºäiñïåí òà­äàï àëñà© áîëàäû. Ñîíäû©òàí (x2, x3, . . . , xk) òåðiñ åìåñ á³òií ñàíäàð æèûíûíû­

ñàíû êåìiíäå [ n
ka1a2

] · · · · · [ n
ka1ak

], á´ë æåðäå xi ≡ ti (mod a1) æºíå aixi ⩽ n
k 2 ⩽ i ⩽ k áîë¡àí

æà¡äàéäà. Áàðëû© îñûíäàé æèûíäàð ³øií n − a2x2 − a3x3 − · · · − akxk ≥ n − (k−1)n
k ñàíû òåðiñ

åìåñ æºíå a1 ñàíûíà á°ëiíåäi, ÿ¡íè ºð îñûíäàé æèûíäû ©àíäàé äà áið (x1, . . . , xk) øåøiìiíå äåéií
òîëû©òûðñà© áîëàäû. Îñûëàéøà, òå­äåóäi­ øåøiìäåð êåì äåãåíäå [ n

ka1a2
]·· · ··[ n

ka1ak
], îñûäàí ëåììà

ò´æûðûìû øû¡àäû.
Åñåï øåøiìiíå ê°øåéiê. Åñåï øàðòû áîéûíøà êåéáið íàòóðàë n ³øií a1r1 + · · ·+ akrk = n æºíå

a1s1+ · · ·+aksk = n+1 áîëàòûíäàé (r1, . . . , rk) æºíå (s1, . . . , sk) æèûíäàðû òàáûëàäû. Òå­äåóëåðäi
áið-áiðiíåí àçàéòûï, vi = si − ri ñàíäàðûíû­ a1v1 + · · · + akvk = 1 òå­äåóií ©àíà¡àòòàíäûðàòûíûí
áàé©àéìûç. �ð îñûíäàé n ³øií a1x1+ · · ·+akxk = n+1 òå­äåóiíi­ ºð (x1, x2, x3, . . . , xk) øåøiìi ³øií
(x1 − v1, . . . , xk − vk) øåøiìií ñºéêåñòåíäiðåìiç. Åãåð áàðëû© i ³øií xi ⩾ vi áîëñà, xi − vi ñàíäàðû
äà òåðiñ åìåñ áîëàäû. Îñûëàéøà, S(n+ 1)− S(n) àçàéòûíäûñû òå­äåóiíi­ a1x1 + · · ·+ akxk = n+ 1
øåøiìäåð ñàíûíàí àðòû© åìåñ (á´ë æåðäå êåìiíäå áið xi ñàíû î¡àí ñºéêåñ vi ñàíûíàí àðòû© åìåñ).
�ð îñûíäàé i ³øií îñûíäàé xi ñàíäàðûíû­ ñàíû øåêòi; ºð xi = j ³øií a1x1 + · · · + akxk = n + 1
òå­äåóiíi­ xi = j áîëàòûíäàé øåøiìäåð ñàíû øåêòi, äåìåê ëåììà-1 áîéûíøà a1x1+ · · ·+ai−1xi−1+

+ ai+1xi+1 + · · · + akxk = n + 1 − jai òå­äåóiíi­ øåøiìäåð ñàíû (n + 2 − jai)
k−2 ⩽ (n + 2)k−2

ñàíûíàí àñïàéäû. Ñîíäû©òàí áàðëû© S(n + 1)− S(n) àçàéòûíäûñû ©àíäàé äà áið ò´ðà©òû A ñàíû

³øií A(n+2)k−2 ñàíûíàí àñïàéäû. Àë S(n) ñàíû ëåììà-2 áîéûíøà ©àéñiáið î­ C ñàíû ³øií Cnk−1

ñàíûíàí êiøi. Åíäi æåòêiëiêòi ³ëêåí n ñàíû ³øií A(n+ 2)k−2 < Cnk−1 åêåíií áàé©àó ¡àíà ©àëäû.
Æî¡àðûäà¡û ê°ðñåòiëãåí øåøiìíåí 2 ê°áåéòêiøií 1 + ε ê°òåéòêiøiíå àóûñòûðó¡à áîëàòûíûí

áàé©àó¡à áîëàäû (á´ë æåðäå ε > 0).

Åñåïòi áà¡àëàó ñõåìàñû

Áåðiëãåí øåøiìãå áà¡àëàó ñõåìàñû

(0.1) Åñåï òåê °çàðà æàé ai ñàíäàðû ³øií øåøiëñå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ´ïàé
(áàñ©à ïóíêòòåðìåí ©îñûëìàéäû)

(1.1) Ëåììà 1: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ´ïàé
(Êåç êåëãåí (1.2), (1.3), (1.4) ïóíêòòåðìåí ©îñûëàäû)

(1.2) Ëåììà 2: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 ´ïàé
(1.3) (xi) æºíå (xi − vi) øåøiìäåðiíi­ (î­ æà©òà¡û ñàíäàðäû­ àéûðìàøûëû¡û 1-ãå òå­ êåçäå)

ñºéêåñòiãií ©àðàñòûðñà:
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ´ïàé

(1.4) (1.2) ïóíêòòåði (1.3) ïóíêòiìåí áiðãå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 ´ïàé



XIX Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå. Ïåðâûé äåíü. Ðåøåíèÿ çàäà÷

�1. Ó Ïåòè åñòü 1001 êàðòî÷êà, íà êîòîðûõ íàïèñàíû ñèíåé ðó÷êîé ÷èñëà 1, 2, . . . , 1001; íà êàæäîé
êàðòî÷êå íàïèñàíî ðîâíî îäíî ÷èñëî. Ïåòÿ âûëîæèë êàðòî÷êè ïî êðóãó ñèíèìè ÷èñëàìè âíèç. Çàòåì
äëÿ êàæäîé êàðòî÷êè C Ïåòÿ ðàññìîòðåë 500 êàðòî÷åê, ñëåäóþùèõ çà C ïî ÷àñîâîé ñòðåëêå, è íàø¼ë
êîëè÷åñòâî f(C) òåõ èç íèõ, íà êîòîðûõ ñèíèå ÷èñëà áîëüøå, ÷åì ñèíåå ÷èñëî íà C. ×èñëî f(C)
Ïåòÿ íàïèñàë íà âåðõíåé ñòîðîíå êàðòî÷êè C êðàñíîé ðó÷êîé. Äîêàæèòå, ÷òî Âàñÿ, âèäÿ òîëüêî âñå
êðàñíûå ÷èñëà, ìîæåò âîññòàíîâèòü, êàêîå ñèíåå ÷èñëî íà êàêîé êàðòî÷êå íàïèñàíî.

Ðåøåíèå. Â ðåøåíèÿõ íèæå ìû èñïîëüçóåì îáîçíà÷åíèÿ k = 500 è n = 2k + 1 = 1001.
Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå çàäà÷è íåâåðíî; ýòî çíà÷èò, ÷òî äëÿ íåêîòîðûõ äâóõ ðàñïîëîæå-

íèé ñèíèõ ÷èñåë ïîëó÷àåòñÿ îäíî è òî æå ðàñïîëîæåíèå êðàñíûõ. Ïóñòü ýòè ñèíèå ðàñïîëîæåíèÿ �
ýòî A = (a1, a2, . . . , an) è B = (b1, b2, . . . , bn) (â êàæäîì ñëó÷àå ïåðå÷èñëåíû ñèíèå ÷èñëà â ïîðÿäêå
îáõîäà ïî ÷àñîâîé ñòðåëêå, íà÷èíàÿ ñ ôèêñèðîâàííîãî ìåñòà).

Ïóñòü I = {i : ai ̸= bi}; ïî íàøåìó ïðåäïîëîæåíèþ, I ≠ ∅. Çàìåòèì, ÷òî ìíîæåñòâà NA = {ai : i ∈
∈ I} è NB = {bi : i ∈ I} ñîâïàäàþò. Ïóñòü a � íàèìåíüøèé ýëåìåíò â NA; òîãäà a = ai = bj äëÿ
íåêîòîðûõ i, j ∈ I, ïðè÷¼ì i ̸= j. Îòìåòèì, ÷òî ai < bi è bj < aj . Ñäâèãàÿ íóìåðàöèþ è, âîçìîæíî,
ìåíÿÿ ðàñïîëîæåíèÿ ìåñòàìè, ìû ìîæåì ñ÷èòàòü, ÷òî i = 1 è j ⩽ k + 1.

Ðàññìîòðèì òåïåðü êðàñíîå ÷èñëî íà ïîçèöèè 1. Îíî äîëæíî ðàâíÿòüñÿ k ìèíóñ ìîùíîñòè êàæ-
äîãî èç ìíîæåñòâ

A1 = {s : 2 ⩽ s ⩽ k + 1 è as < a1} è B1 = {s : 2 ⩽ s ⩽ k + 1 è bs < b1}.

Îäíàêî, åñëè s ∈ A1, òî a = a1 > as; îòñþäà ïî îïðåäåëåíèþ ÷èñëà a ïîëó÷àåì bs = as < a1 < b1, à
çíà÷èò, s ∈ B1. Òàêèì îáðàçîì, A1 ⊆ B1. Ñ äðóãîé ñòîðîíû, èìååì j ∈ B1 (ïîñêîëüêó bj = a < b1)
è j /∈ A1 (ïîñêîëüêó aj > a = a1), òàê ÷òî âêëþ÷åíèå A1 ⊂ B1 ñòðîãîå. Èòàê, |A1| < |B1|. ÷òî
íåâîçìîæíî.

Ñõåìà îöåíêè

(0) Òîëüêî ñàìûå íà÷àëüíûå øàãè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ
Ïðèìåðû òàêèõ íà÷àëüíûõ øàãîâ:
(a) Äîêàçàòåëüñòâî òîãî, ÷òî ñðåäè ëþáûõ äâóõ êàðòî÷åê îäíà ëåæèò â îêðåñòíîñòè äðóãîé.
(b) Òîëüêî ðàññìîòðåíèå äâóõ ãèïîòåòè÷åñêèõ ðàñïîëîæåíèé ñèíèõ ÷èñåë, äàþùèõ îäíî è òî æå

ðàñïîëîæåíèå êðàñíûõ.
(c) Çàìå÷àíèå î òîì, ÷òî Âàñÿ çíàåò êîëè÷åñòâî êàðòî÷åê â îêðåñòíîñòè C, ñèíèå ÷èñëà íà êîòîðûõ

ìåíüøå, ÷åì ÷èñëî íà C.

Ñõåìà äàííîãî ðåøåíèÿ

(1.1) Èññëåäóåòñÿ ÷èñëî a èç ïåðâîãî ðåøåíèÿ, ò. å. íàèìåíüøåå (èëè íàèáîëüøåå) ÷èñëî, ïî êîòîðîìó
ðàçëè÷àþòñÿ äâà ðàñïîëîæåíèÿ ñèíèõ ÷èñåë . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë

(1.2) Íåâåðíî äîêàçàí (èëè íå äîêàçàí) ôàêò, ÷òî âêëþ÷åíèå A1 ⊂ B1 ñòðîãîå, íî ýòîò ôàêò èñïîëü-
çóåòñÿ â ðåøåíèè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . íå áîëåå 5 áàëëîâ



�2. Êàñàòåëüíàÿ â òî÷êå C ê îêðóæíîñòè Ω, îïèñàííîé îêîëî íåðàâíîáåäðåííîãî òðåóãîëüíèêà
ABC, ïåðåñåêàåò ïðÿìóþ AB â òî÷êå D. ×åðåç òî÷êó D ïðîâåäåíà ïðÿìàÿ, ïåðåñåêàþùàÿ îòðåçêè
AC è BC â òî÷êàõ K è L ñîîòâåòñòâåííî. Íà îòðåçêå AB îòìåòèëè òî÷êè M è N òàê, ÷òî AC ∥
∥ NL è BC ∥ KM . Ïóñòü NL è KM ïåðåñåêëèñü â òî÷êå P , ëåæàùåé âíóòðè òðåóãîëüíèêà ABC.
Ïðÿìàÿ CP âî âòîðîé ðàç ïåðåñåêàåò îêðóæíîñòü ω, îïèñàííóþ îêîëî òðåóãîëüíèêà MNP , â òî÷êå
Q. Äîêàæèòå, ÷òî ïðÿìàÿ DQ êàñàåòñÿ ω.
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Ω

ω

Ðèñ. 1

Ðåøåíèå. Çàìåòèì, ÷òî èç ïàðàëëåëüíîñòåé AC ∥
∥ NL, BC ∥ KM ñëåäóåò, ÷òî

DN

DA
=

DL

DK
=

DB

DM
,

òî åñòü DM ·DN = DA ·DB, ïîýòîìó ñòåïåíü òî÷êè
D îòíîñèòåëüíî ω è Ω ðàâíû.

Ïóñòü R � òî÷êà ïåðåñå÷åíèÿ ïðÿìîé CD è êà-
ñàòåëüíîé, ïðîâåä¼ííîé â òî÷êå Q ê ω, òîãäà

∠RQP = ∠QMP = ∠QMN + ∠NMP =

= ∠QPN + ∠DBC = ∠CPL+ ∠DCA =

= ∠KCP + ∠DCA = ∠RCQ.

Ñëåäîâàòåëüíî, RC = RQ, ÷òî îçíà÷àåò, ÷òî òî÷êè
R è D îáå ëåæàò íà ðàäèêàëüíîé îñè îêðóæíîñòåé
Ω è ω. Îäíàêî ýòà ðàäèêàëüíàÿ îñü íå ìîæåò ÿâëÿòüñÿ ïðÿìîé RD, èíà÷å îíà áû ïðîõîäèëà ÷åðåç
òî÷êó C, êîòîðàÿ ëåæèò íà Ω, íî ñíàðóæè ω. Ñëåäîâàòåëüíî, òî÷êè R è D ñîâïàäàþò.

Ñõåìà îöåíèâàíèÿ.

Îáùèå áàëëû.

0. Äîêàçàíî, ÷òî ñòåïåíü òî÷êè D îòíîñèòåëüíî Ω è ω ðàâíû: . . . . . . . . . . . . . . . . . . . . . . . . . . .2 áàëëà

Ñõåìà äëÿ äàííîãî ðåøåíèÿ.

1. Äîêàçàíî, ÷òî òðåóãîëüíèê RQC ðàâíîáåäðåííûé . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

Çà âû÷èñëèòåëüíîå ðåøåíèå (â êîîðäèíàòàõ, â êîìïëåêñíûõ ÷èñëàõ, â âåêòîðàõ, òðèãîíîìåò-
ðè÷åñêîå, è ò.ä.), íå äîâåä¼ííîå äî êîíöà, ìîæíî ïîëó÷èòü áàëëû òîëüêî, åñëè ðåçóëüòàòû ïðîìå-
æóòî÷íûõ âû÷èñëåíèé ñôîðìóëèðîâàíû â âèäå ðàâíîñèëüíûõ ãåîìåòðè÷åñêèõ óòâåðæäåíèé, óêà-
çàííûõ â ñõåìå îöåíèâàíèÿ.



�3. Äàíû íàòóðàëüíûå ÷èñëà a1, a2, . . . , ak. Îáîçíà÷èì ÷åðåç S(n) êîëè÷åñòâî ðåøåíèé óðàâíåíèÿ
a1x1 + · · · + akxk = n â öåëûõ íåîòðèöàòåëüíûõ ÷èñëàõ x1, x2, . . ., xk. Èçâåñòíî, ÷òî S(n) ̸= 0 äëÿ
âñåõ äîñòàòî÷íî áîëüøèõ n. Äîêàæèòå, ÷òî S(n+ 1) < 2S(n) äëÿ âñåõ äîñòàòî÷íî áîëüøèõ n.

Ðåøåíèå.

Ëåììà 1. Êîëè÷åñòâî ðåøåíèé óðàâíåíèÿ a1x1 + · · ·+ akxk = n â öåëûõ íåîòðèöàòåëüíûõ ÷èñëàõ

íå ïðåâîñõîäèò (n+ 1)k−1.
Äîêàçàòåëüñòâî. Ïðè äàííîì n ðåøåíèå (x1, x2, x3, . . . , xk) îäíîçíà÷íî çàäà¼òñÿ íàáîðîì (x2, x3, . . . , xk).

Îäíàêî 0 ⩽ xi ≤ n, ïîýòîìó òàêèõ íàáîðîâ íå áîëåå (n+ 1)k−1.
Ëåììà 2. Åñëè óðàâíåíèå a1x1 + · · · + akxk = n èìååò ðåøåíèå â öåëûõ íåîòðèöàòåëüíûõ ÷èñëàõ
ïðè âñåõ äîñòàòî÷íî áîëüøèõ n, òî ïðè âñåõ äîñòàòî÷íî áîëüøèõ n êîëè÷åñòâî òàêèõ ðåøåíèé íå
ìåíåå cnk−1, ãäå c � ïîëîæèòåëüíîå ÷èñëî, íå çàâèñÿùåå îò n.
Äîêàçàòåëüñòâî. Ïîñêîëüêó óðàâíåíèå a1x1+· · ·+akxk = n ðàçðåøèìî â öåëûõ ÷èñëàõ, ðàçðåøèìî
è ñðàâíåíèå a2x2 + · · ·+ akxk ≡ n (mod a1); ïóñòü (t2, . . . , tk) � ðåøåíèå ýòîãî ñðàâíåíèÿ.

Ñðåäè öåëûõ íåîòðèöàòåëüíûõ ÷èñåë, íå ïðåâîñõîäÿùèõ äàííîãî M , âûáðàòü ÷èñëî xi ≡ ti
(mod a1) ìîæíî íå ìåíåå, ÷åì [Ma1

] ñïîñîáàìè. Ïîýòîìó ñóùåñòâóåò íå ìåíåå [ n
ka1a2

] · · · · · [ n
ka1ak

]

íàáîðîâ (x2, x3, . . . , xk) öåëûõ íåîòðèöàòåëüíûõ ÷èñåë, â êîòîðûõ xi ≡ ti (mod a1) è aixi ⩽
n
k ïðè

2 ⩽ i ⩽ k. Äëÿ êàæäîãî òàêîãî íàáîðà ÷èñëî n−a2x2−a3x3−· · ·−akxk ≥ n− (k−1)n
k íåîòðèöàòåëü-

íî è êðàòíî a1, òî åñòü êàæäûé òàêîé íàáîð ìîæíî äîïîëíèòü äî íåêîòîðîãî ðåøåíèÿ (x1, . . . , xk).
Òàêèì îáðàçîì, êîëè÷åñòâî ðåøåíèé óðàâíåíèÿ íå ìåíåå [ n

ka1a2
] · · · · · [ n

ka1ak
], îòêóäà íåìåäëåííî

ñëåäóåò óòâåðæäåíèå ëåììû.
Ïåðåéä¼ì ê ðåøåíèþ çàäà÷è. Ïî óñëîâèþ äëÿ íåêîòîðîãî íàòóðàëüíîãî n ñóùåñòâóþò íàáîðû

öåëûõ ÷èñåë (r1, . . . , rk) è (s1, . . . , sk), äëÿ êîòîðûõ a1r1+ · · ·+ akrk = n è a1s1+ · · ·+ aksk = n+1.
Âû÷èòàÿ, ïîëó÷àåì, ÷òî ÷èñëà vi = si − ri óäîâëåòâîðÿþò ñîîòíîøåíèþ a1v1 + · · · + akvk = 1. Ïðè
êàæäîì n ñîïîñòàâèì êàæäîìó ðåøåíèþ (x1, x2, x3, . . . , xk) óðàâíåíèÿ a1x1 + · · · + akxk = n + 1 â
öåëûõ íåîòðèöàòåëüíûõ ÷èñëàõ ðåøåíèå (x1−v1, . . . , xk−vk) óðàâíåíèÿ a1x1+ · · ·+akxk = n. Åñëè
xi ⩾ vi ïðè âñåõ i, ÷èñëà xi − vi òîæå áóäóò íåîòðèöàòåëüíûìè. Òàêèì îáðàçîì, ðàçíîñòü S(n +
+ 1) − S(n) íå ïðåâîñõîäèò êîëè÷åñòâà ðåøåíèé óðàâíåíèÿ a1x1 + · · · + akxk = n + 1, â êîòîðûõ
õîòÿ áû îäíî èç xi íå ïðåâîñõîäèò ñîîòâåòñòâóþùåãî vi. Äëÿ êàæäîãî i òàêèõ çíà÷åíèé xi êîíå÷íîå
÷èñëî; äëÿ êàæäîãî òàêîãî çíà÷åíèÿ xi = j êîëè÷åñòâî ðåøåíèé óðàâíåíèÿ a1x1 + · · ·+ akxk = n+
+ 1 c xi = j, òî åñòü a1x1 + · · · + ai−1xi−1 + ai+1xi+1 + · · · + akxk = n + 1 − jai, ïî ëåììå 1 íå

ïðåâîñõîäèò (n + 2− jai)
k−2 ⩽ (n + 2)k−2. Ïîýòîìó è âñÿ ðàçíîñòü S(n + 1)− S(n) íå ïðåâîñõîäèò

A(n+2)k−2 äëÿ íåêîòîðîãî ïîñòîÿííîãî A. À ñàìî S(n) ïî ëåììå 2 íå ìåíüøå Cnk−1 äëÿ íåêîòîðîãî

ïîëîæèòåëüíîãî C. Îñòàëîñü çàìåòèòü, ÷òî A(n+ 2)k−2 < Cnk−1 ïðè âñåõ äîñòàòî÷íî áîëüøèõ n.
Èç ïðèâåä¼ííîãî ðåøåíèÿ âèäíî, ÷òî ìíîæèòåëü 2 â óñëîâèè çàäà÷è ìîæíî çàìåíèòü íà 1+ε ïðè

ëþáîì ε > 0.
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