XIX International Zhautykov Olympiad in Mathematics. Day 1. Solutions

Nel. Pete has a deck of 1001 cards; the numbers 1,2,...,1001 are written on those cards with a blue
pen, one number per card. Pete arranged the cards in a circle, with the blue numbers on their bottom
sides. Then, for each card C', Pete considered 500 cards following C' in the clockwise order and counted
the number f(C') of those whose blue numbers are larger than the blue number on C. Pete wrote the
number f(C') on the top side of C' with a red pen. Prove that Basil, who sees all the red numbers on the
cards, can determine the blue number on each card.

Solution. In both solutions, we denote k£ = 500 and n = 2k + 1 = 1001.
Suppose, for the sake of contradiction, that there exist two arrangements of Pete’s cards which result

in the same arrangement of red numbers. Let those arrangements be A = (aj,a9,...,an) and B =
= (by,b9,...,bn) (in each string, we list the blue numbers in the clockwise order, starting from a fixed
position).

Put Z = {i: a; # b;}; by our assumption, Z # &. Notice that the sets Ny = {a;: i € Z} and Ng =
= {b;: i € I} coincide. Let a be the smallest element in N 4; then a = a; = b; for some 4,j € T with
t # j. Notice here that a; < b; and bj < aj. Shifting the numeration (and, perhaps, swapping the two
arrangements), we may assume that i = 1 and j < k + 1.

Consider now the red number at position 1. It should be equal to £ minus the cardinality of each of
the sets

Al ={s:2<s<k+1 and as<ay} and By ={s:2<s<k+1 and bs<by}.

However, if s € Ay, then a = a1 > as; by definition of a, we get bs = as < a; < by and hence s € Bj.
Thus, A} C By. On the other hand, we have j € By (since b; = a <bq) and j ¢ A; (since a; > a = ay),
so the inclusion is strict. Hence |A1| < |B1]. A contradiction.

Marking scheme

(0) Only very initial observations and Steps ...............oiiriiiiiiiii i 0 points
FExamples of such observations and steps:
(a) A proof that, among two cards, one is in the neighborhood of the other;
(b) Just considering two blue arrangements providing the same collection of red numbers.
(c) Noticing, as in the above Remark, that Basil also knows the number of cards in the neighborhood
of C' whose blue numbers are smaller than that on C.

Scheme for current solution

(1.1) Focusing on the number a from Solution 1, i.e., the minimal (or maximal) number by which the two
blue arrangements differ ... ... ... 1 point

(1.2) One fails (or forgets) to show that the inclusion A1 C Bj is strict, but uses this result at most 5 points



Ne2. Let € be the circumcircle of a scalene triangle ABC. The line tangent at C' to the circumcircle
of triangle ABC meets the line AB at point D. A line passing through D intersects the segments AC
and BC at K and L, respectively. Points M and N are chosen on the segment AB so that AC' || NL
and BC' || KM. Let NL and KM intersect at point P inside the triangle ABC. The line C'P meets the
circumcircle w of M N P again at (). Prove that the line D(@ is tangent to w.

Solution. Since AC' || NL and BC' || KM, we get

DN DL DB

DA DK DM’
which yields DM -DN = DA-DB. So the powers of D
with respect to {2 and w are equal. Denote by R the

intersection point of the line C'D and the line tangent
to w at @, then

/RQP = /QMP = /QMN + /NMP =
/QPN + /DBC = /CPL + /DCA =
- /KCP+ /DCA = /RCQ.

Figure 1

Hence RC' = R(Q) which implies than R and D both lie

on the radical axis of €2 and w. But this radical axis

cannot be the line RD since otherwise it would pass

through the point C' which lies on € but outside w. Therefore points R and D must coincide.
Marking scheme

Common points.
0. Proof that the powers of D with respect to 2 and w are equal: ......................... 2 points

Scheme for current solution
1. Proof that the triangle RQC' is isosceles ........... i 3 points

For an incomplete computational solution (Cartesian or complex coordinates, vector or trigonometry
calculus, etc.) points can only be awarded if the partial results of computations have been formulated in an
equivalent form of the geometric statements mentioned in the scheme above.



Ne3. Given positive integers ay, ag, ..., ap. Let S(n) denote the number of solutions of the equation
a1x1 + - -+ + agpxp, = n in nonnegative integers x1, x9, ..., . It is known that S(n) # 0 for all large
enough n. Prove that S(n+ 1) < 25(n) for all large enough n.

Solution.
Lemma 1. The number of solutions of the equation a1z +- - -+ agzj = n in non-negative integers does

not exceed (n + 1)k_1.

Proof. For a given n each solution (x1,x9, 23, ..., 2} ) is uniquely determined by the sequence (z9, z3, . ..
Since 0 < x; < n, the number of such sequences does not exceed (n + 1)k_1.
Lemma 2. If the equation aq2q +- - -+ a2, = n admits a solution in non-negative integers for all large

k_l, where ¢ is positive

enough n, then for all large enough n the number of such solutions is at least cn
real number not depending on n.

Proof. Since the equation ajxy + --- + apx} = n is solvable in integers, the congruence agxg + - - - +
+ apxp, =n (mod aq) is also solvable; let (t9,...,t;) be a soluton of this congruence.

The number of ways to choose a number z; = t; (mod aj) not exceeding a given M is at least

M
[a—l]. Therefore there are at least | k:a?az] e [k‘a?ak

satisfying z; = ¢; (mod a1) and a;z; < ' for 2 <i < k. For each such sequence the number n — agzg —
(k—1)n
k

be expanded to a solution (x1,...,z}). Thus the number of solutions in question is at least |

] sequences (z9,x3, ..., xy) of non-negative integers

is non-negative and divisible by aq, that is, each such sequence may
n
ka1a2] .....

—agrg — - — aprp =N —

- [=2—], and the lemma follows imediately.
kajap

Back to the solution of the problem, there exist for some integer n sequences (rq,...,r;) and (sq, ..., sg)
such that ajrqy +---+aprp = n and ajsy +--- + agsp = n+ 1. Then the numbers v; = s; — r; satisty
aivy + -+ 4+ apvp = 1. For each n, to each solution (x1,z9,23,...,2}) of the equation ajzq + --- +
+ apz = n+ 1 in non-negative integers we assign the solution (x1 — vy,...,2} — vp) of the equation
a1z +---+apr) = nin integers. If x; > v; for all 7, the numbers x; —v; are also non-negative. Therefore
the difference S(n+1) —S(n) does not exceed the number of solutions of the equation ayz1+---+apz) =
= n + 1 where at least one of z; is less than the respective v;. For each i the number of such values of z;
is finite; for every such value x; = j the number of solutions of the equation ajzq +--- +apzr = n +1
with z; = j, that is, ajzq + - +a;_1%;_1 + a; 417041 + - + agpr, = n + 1 — ja;, does not exceed
(n+2—ja)F=2 < (n +2)"=2 by Lemma 1. Accordingly, the entire difference S(n + 1) — S(n) does
not exceed A(n + 2)k_2 with some constant A. But S(n) itself is, by Lemma 2, at least Cn*=1 for some
positive C. It remains to note that A(n + Z)k_2 < Cn*=1 for all large enough n.

It follows from this solution that the factor 2 in the problem can be replaced by 1 4 ¢ with any € > 0.

Marking scheme

General

0.1) The problem is solved for a; PalrwiSe COPIIMIC: ... ...t e 1 point

( p i P p p
(not additive)

Scheme for current solution

(L.1) Lemma L oo e ettt e 1 point
(additive with either of items (1.2), (1.3), (1.4) )

(1.2) Lemma 2: ...t e 2 points

(1.3) The correspondence between the solutions (x;) and (z; — v;) for two values of the RHS differing
DY Lt 1 point

(1.4) (1.2) together with (1.3): ... .o e 4 points

,xk).



Mamemamuradan xaswkapasvr XIX Hoymiros osumnuadace. 1-xyn. Ecenmep wewyi

Nel. Tlerst kok kamammen 1,2, ...,1001 caumapsia 1001 kaprara »Kasbill MHIKTH (op6ip KapTaga 1 6ip
can Kasblaran). COCBIH 0J1 KapTaJgap/pl KOK CaHIaPbIMEH TOMEeH KapaThii, Tmerbep GoiibiHa KaHaail 1a 6ip
peTIeH Koubln MLIKTHL. Keiiin o1 opbip C' KapTacsl yirin, C-J1aH Keilid caraT Tijai 6arbIThIMEH OpHAJIACKAH
500 kapTaapapl KapacTeIphi, cos 500 KapTajgapaarbl KOK caHIapablH KaHmachkl C' KapTachlHIa Ka3blIFaH
KOK CAaHHAH apThIK eKeHiH caHal, cosi canipl f(C) meu Genrinesi. [erst kpi3bLi kasammven op C' KapTachiHbIH
skoraprbl karbiHa f(C') caHblH Ka37pl. Bacs Gap/ablK KbI3BLT CAHAAD/BI KODIl, Kail Kaprajla Kaii KoK caH
JKa3bLIFaHbIH KAJIbIHA KeJITipe aJaThIHbIH JI0JIe/1eHI3.

Termyi. Tomenaeri memntimaepae 6i3 Oenrieynepai koaganambr3: k = 500 xxone n = 2k + 1 = 1001.
Hlermryi. EcenTeri goienaey Kepek mapT KaJraH JeIiK; Oy KOK CaHIapIblH Keibip eKi opHaJIacybl VIIiH
KBI3BLT CAHIAP/BIH Oipjeit oprasacybl ekeniria 6iiaipeai. Ocol Kok opaastacytap o1 A = (a1, a9, ..., an)
xkoue B = (b, by, ..., by) Goucein (opbip Kargaiia KoK canjgap Kauaaii 1a 6esariii opblHHAH OacTal carar
TiniMen kepceriaren).

Z = {i: a; # b;} 6oscen; 6i3xain TyKBIpBIM Goitbramma Z # &. Ny = {a;: i € T} wone Ng = {b;: i €
€ 7} xubHgapsl Oerteceni. N4 KUBIHBIHIA €H Killi 71eMeHT a GOJICHIH; OHJA Ke#bip ,j € 7 ymin
a=a; = bj, opi ¢ # j. a; < b; KoHe bj < aj ekeHiH Oaiikaiibik. Homipiepai Ko3rail oThIpBIN (MyMKiH
OPBIHJIAPBIMEH ayBICTBIPA OTHIPHIN), ¢ = 1 xkone j < k + 1 jen ecenrecek 6osra bl

Enmi 1 mo3unusachlHIaFbl KbI3bLI CAHIbl KapacThipaibik. O op

Al ={s:2<s<k+1 u as<ay} m By={s:2<s<k+1 u bs<bi}.

JKUBIHHBIH 9JIEMEHTTED CaHbl YIIiH, k a3afiTy ochbl 3J1eMeHTTeD CaHblHA TeH. bBipak Ta, erep s € Ay 6ouca,
OHJA G = ] > Gg; OCBLIAH, G CAHBIHBIH AHBIKTAMACHI 6017151Hma, bs = ag < a1l < bl eKeHl bIFaabl, OJI
Jdered ce3 s € By. Ocpuraitma, Aj C By. Exinmi xarsinan j € By (efiTkeni bj = a < by) xone j ¢ A;
(efiTkeni aj > a = ay), congpikran Aj C By enyi katan Typie 6onapl. Conbiven, A1 | < By, o1 mymkin
emec.

Baranay cxemacsr

(0) Ecen mrenyie TeK GacTaKbl KATAMIAD FKACATICA .o vt vetattt et et atat e et e e eeeeeaeaeenn 0 ymaii

Bbacmanxw xadamoap muicardapovl:

(a) Kes kesren eki kapraubi, 6ipi eKiHIIICIHIH MaHANBIHIA OPHATACKAHBIH JJIEIIeY.

(b) KpI3bL1 cangap/ sy, 6ipeil OpHATACYBIH OEPETiH KOK CaHIAP/IBIH €Ki THIOTeTHKAJIBIK OPHATACYBIH
raHa KapacThIpy.

(c) Bacaubiy, C' MaHBIHIAFH KapTaJap/biH CAaHBIH OLIETiHIH ecKepreH, oiapaarbl Kok caHmap C-garbi
CaHHAH a3.

Bepinren memivre 6aranay cxeMacsl

(1.1) a canbiH mIemivMHEH 3epTTel, sIFHU KOK CAHIAP/bIH eKi OpHAIacybl epeKIneaeHeTiH el Kimi (Hemece
EH YIKEH) CAHIIBI KADACTDBIDY .ttt tettt et ete ettt et et et e ettt et e et ettt e et 1 ymaii
(1.2) Keuseci karemen mpsesienren (Hemece mostesienteren) dbakr yinin: Ay C By karan Typie, Oipak
€CEIT TITETTYIHTE KOTTAHBIIIFAH . oottt ettt ee e e et e et e et ee e aaaa e e eeans 5 ymaiijaH apThIK eMecC



Ne2. TenOyitipsii emec ABC' ymbypsimibiaa ceipTTail cohi3piran ) mendepre C' HYKTeCiHIe KYpriziares
»KaHama Ty3y AB Ty3yin D mykreciuge Kugabl. D apkpLibl eTererin Ty3y AC kone BC KabbIpraJaphiH,
coiikecinme, K »xone L mykrenepiume xusanl. AB kabpipraceinan AC || NL, BC || KM 6onarsiamaii
M xone N nykresepi 6enrinenren. NL xxone KM rysynepi P uykrecinge kubliabicajipl (P AABC-ubin
iminge kareip). C'P ry3yi M N P ymbypeiiibiHa ChIPTTAN CBI3BLIFAH W TeHGepiH exinm per () HyKTeciHe
Kusibl. D() Ty3yi w-HbI *KAHANTHIHBIH TOJI€JJIeH]3.

ITemryi. AC || NL, BC' || KM napaJsuiesnbiirinen

DN DL DB
DA DK DM

ekeHi mbra e, gemek DM - DN = DA - DB, conbi-
KTaH [) HYKTeCiHiH w :KoHe ()-fa KATBICTHI JoperKeci
TeH.

R apkpLibt C'D Ty3yi MeH w-Fa () HYKTeciHnae xKyp-
rizijreH »KaHaMaHbIH KUBLIBICY HYKTECIH OeJriieiik,
COHJIA

/RQP = /QMP = /QMN + /NMP =
— /QPN + /DBC = /CPL + /DCA =
— /KCP+ /DCA = /RCQ.

Jemex, RC = R(Q), on R xone D HyKTesepiHiy ekeyi
ne ) »KoHe w IMeHOep IepiHiH, paJauKaab OCiHae KaTKaHbIH Oligipemi. Bipak ocel pamgukaab ecb RD Ty3yi
emec, oifiTkeni Kepi xarmaiima on C HYKTeci apKblIbl ©Te Typa, ()-Hbl KaHam, OipakK w-HBIH CHIPTHIHIA
Karymel eai. Jemek, R »xone D HyKTesaepi 6errece/.

Baranay cxemacsl

2Kanmer ynaitaap
0. D nmykTeciuin () »KoHe w-Fa KATBICTHI J9PEKeCi TeH €KeHI KOPCETLICE: . ....vveenrerennnn.. 2 ymaii

1. ARQC TeHOVHIPIL EKEHIH KOPCETCE! .\ v ittt ettt ettt ettt et e et e e et 3 ymait

Asxmaamazan ecenmey wewimi (K00pounamarap, Kypoeai candap, 6eKmopaap, MpPu2oHOMEMPUANLIK,
orcore m.0.) ywin apanvik ecenmeyaepdiy, Homustceaepi 6aridvk coi3ba0a KOPCemii2eH SKEUSANEHMIMI 20~
MEMPUANBLE MANMOIEMENED MY PIHOE MY AHCUPBMOIGN2at sHcazdalida 2ana ynal asy2a 60460t



Ne3. aq, a9, ..., ap HaTypay camjapbl Oepinren. aijxy + --- + apr) = n TenJeyinin Tepic emec OyTiH
CaHap KUBIHBIHIATH TermimMaep cansia S(n) aen Genariteifik. Bapabik KeTKUIIKTI yIKeH 1 canapsl YIIiH
S(n) # 0 exeni Gearini. Bapabik xKeTKUTIKTI yiken n cangaps! yirin S(n + 1) < 25(n) exenin mgosese.

Temyi.
Jlemma 1. aqxq + -+ + apxp = n Tenjeyinid Tepic emec OYTiH caH/1ap KUBIHBIHJIAFBI IICIIIMIED CaHbI
(n+ l)k_1 CaHbIHAH aCTaiiIbl.
Hanenneyi. Bepinren n cansl yimin (x1, 29,3, ..., x},) menryi co3ciz Typae (29,23, ..., T),) ZKHbHBIMEH
Gepineai. Bipak 0 < x; < n, COHIBIKTAH OCBIHIAN KUBIHAAD CaHbl (1 + 1)k_1 CAHBIHAH aCIaiiabl.
Jlemma 2. Erep ayxq + -+ + apo), = n Tenjeyinin 0ap/blK KeTKLIKTI yIKeH n yHiiH Tepic emec OyTin
CaHJAD KUBIHBIHIAFEI IIeIriMi 0oJIca, OHIa OCBIHAal OApPJIbIK YKeTKIIIKTI VIKeH N HIeHIiMIeD CAHBI enf—1
CaHBIHAH KeM eMec, OyJI KepJe ¢ CAHbl N-Ire TOYeJICi3 OH CaH.
Hanenneyi. ajxq + - -+ + aprp, = n Tengeyinin OyTiH memriMaepi OoMraHIBIKTaH, agxo + - -+ + ALTp =N
(mod a1) cambicTEIPYBIHBIH, A2 mentivi 6ap; o (tg, ..., t}.) memrivi GOJICHIH.

M-nen acnaititera Tepic emec G6yrin cangap iminen x; = ¢; (mod aq) GosaTsiHgail r; canIapbIH KeMinje
[a—]\{} oficmen Tapzan ajcak 6omagsl. COHOBIKTaH (x9,3,...,T}) Tepic emMec GYTiH caHIAp KUBIHBIHBIH
CAHbI KeMiHJIE [k:anw] Ceee [m], 6yn mepre r; = t; (mod ay) weme a;v; < 7 2 < i < k Gosran

Karmaiina. bapnaelk ocelnmail XKUBIHIAD VIIH 7L — AT — A3T3 — *+* — ART) > N — @ caHBl Tepic

eMeC JKoHe (] CaHblHa OeJiiHe/l, sitPHU 9D OChIHJA YKUbIH/bL KaHaal ja 6ip (zq,... ,xk) uiemiMine Jeftin
TOJBIKTHIPCAK, 60161, OchlTaiinma, TeHaeyaiH MermiMaIep KeM JereHe | - karllak]’ OCBIJIAH JIEMMa,
TY>KBIPBIMBI TITBIFATH.

Ecenr memimine kemeilik. Ecen mapTsl 6oiibinina Keifbip HaTypaa n VIIH ar] + -« - + agrp = n KoHe
a1s1 +---+aps, = n+1 6onarsinnait (ry,...,ry) xKoHe (s, ..., ) KUbIHIAPLI TabbLTaAbL. Tenaeynepai
Oip-Oipinen azaffTbll, v; = S; — T; CaHJAPBIHbIL, a1V] + * - + apv = 1 Tenjeyin KaHaraTTaH/blpaTblHbIH
OaitkaiiMbI3. Op OCHIHAAI N yuIiH a2z +- - - +apxy, = n+1 rengeyiunin op (21, 9,23, . .., T}) memmivi yurin
(1 —vq,...,2} — v}) memimin cofikecrenaipemis. Erep 6apawik ¢ ymin z; > v; 6oica, x; — v; canzapsl
na repic emec Gomaer. Ocblaaiiita, S(n + 1) — S(n) asaiireinasicer TeHeyinin a1z + -+ apag =n+1
MIenTriMIep CAHBIHAH apThIK emec Oy yKepye KemiHje 6ip ; CaHbl OFaH COHKeC U; CAHBIHAH APTHIK EMEC).
Op OCBIHJAll ¢ YITH OCBhIHJail x; CaHJAPLIHLIH CaHbl IMeKTi; op x; = j VIIH ajx] + - + aprg = n + 1
TeHjeyinin x; = j OosarbiHgail memrimMaep caHbl MeKTi, JeMek JeMMa-1 Ooffbinmma aqx] +- - - +a; _1T;_1 +
+ a1 12541 + -+ aprp = n+ 1 — ja; Tenueyinin menrimaep camsl (n 4 2 — ja))f =2 < (n + 2)k2
canpraan acnaiiapl. Comapikran 6apiasik S(n + 1) — S(n) asafiTeiHabicsl Kangail 1a 6ip TypakTbl A cambl
1

kajag

yuiin A(n+ 2)k_2 canpiHad acuaiiapl. As S(n) canbl gemma-2 Goiibiaiia Kaiicibip oy C' canpl yiiin Cnk—
caHblHAH Kimmi. Exal KeTkigikTi yikeH n caubt yiria A(n + Z)k_2 < CnF~1 exenin Oaiikay raHa KaJijbl.
7Korapbijarbl KOPCETUITEeH TermiMHeH 2 KeOefiTKimin 1 4+ ¢ KoTeUTKilrine ayblcThipyFra 00IaThIHBIH

Gaiikayra 6omaasl (Oy1 kepie € > 0).

EcenTti 6arasay cxemacsbl

Bepinaren memivre 6arasay cxeMacsol
(0.1) Ecen Tex e3apa xKail a; CAHIAPHI VIIH TTEIILTICE: ..ttt ittt ettt ee e aeeen e, 1 ymaii
(backa MyHKTTepMEH KOCBLIMAMIbI)

(L.1) JIEMMA Li oot et e e et e e 1 ymaii
(Kes keqren (1.2), (1.3), (1.4) myHKTTEpMEH KOCHLIATH )
(1.2) JIEMMA 20 ot e et e 2 ymaii

(1.3) (z;) =xoue (x; — v;) memrimaepinin (OH YKAKTATBI CANIAP/BIH AfBIPMAIILLIBITBL 1-re TeH Ke3ze)
COMKeCTIriH KapacTeIpca:
................................................................................................ 1 ymaii

(1.4) (1.2) mynkrrepi (1.3) TMYHKTIMEH GIPTE: .ttt ittt e et 4 ynaii



XIX Meacoynapodnasn 2Kaymurosckas orumnuada no mamemamuxe. Ilepeuii denwv. Pewenus s3aday

Nel. V Ilern ectp 1001 kapTodKa, HA KOTOPBIX HAITMCAHBI CUHEH pydkoil ynciaa 1,2, ..., 1001; na kaxmoii
KapTOYKe HAMTMCAHO POBHO OJHO YHCJIO. [leTst BBIIOKWMI KAPTOYKY 110 KPYTY CHHUMH YHUC/IaAMU BHU3. 3aTeM
st Kaxk ot kaprouku C' [lerst pacemorpest 500 kaprodek, ciaeayomux 3a C' 110 9acoBO# cTpesiKe, U HAIIE T
konmaectBo f(C') Tex W3 HUX, HA KOTOPLIX CHHHE YHCIa Oosbiie, dem cunee unciao Ha C. Hucno f(C)
[Terst manucasn wa Bepxueit cropone kaproukn C' KpacHoit pyukoii. {lokaxkure, aro Bacs, Bujs TOJIbKO Bee
KPACHBIE 9HCJIa, MOYKET BOCCTAHOBUTH, KAKOE CHHEE YHNCJI0 HA KAKOM KApTOYKe HAHCAHO.

Pemnenne. B perrenngax uHuKke Mbl Hcnoab3dyeM obo3nadenus k = 500 u n = 2k + 1 = 1001.

[TpenmosiozkumM, 910 yTBEPKICHNE 33191 HEBEPHO; ITO 3HAYUT, UTO JIjisi HEKOTOPBIX JBYX PACIIOJIOMKE-
HUI CHHUX 9HCEJT TOJIYIaeTCs OHO M TO K€ PACHOJIOKEHNe KPACHBIX. [IycTh 3TH CHHUEe DACIOIOKEHHsT —
om0 A = (a1,a9,...,an) 1 B = (b1,by,...,bp) (B KaKI0M Ciydae MEPEUNCICHBI CHHEE TUCJIA B HOPSTKE
00X0/1a 10 YacoBoii cTpesike, HAYUHAsI ¢ (PUKCHPOBAHHOTO MECTA).

Ilycts Z = {i: a; # b;}; no Hamemy npeanookenuio, Z # &. 3amernm, uro MEOKecTBa N4 = {a;: 1 €
€I} u Ng ={b;: i € I} coBuanator. Ilycts @ — naumenbinuit snement B N 4; Torga a = a; = bj nus
HEKOTODPBIX ¢, j € Z, mpuuém ¢ # j. Ormernm, 410 a; < b; bj <aj. Casurasi HyMeparuio 1, BO3MOKHO,
MEHSST PACTIOJIOKEHNST MECTAMU, Mbl MOYKeM CYuTaTh, 910 1 = 1 u j < k + 1.

PaccmorpuMm Tenepb Kpachnoe ducsio Ha no3uiiyu 1. OHO J0/IZKHO PABHATHCA k MHHYC MOIIHOCTH KazK-
JIOTO U3 MHOXKECTB

Al ={s:2<s<k+1 uw as<ay} mw By={s:2<s<k+1 u bs<bi}.

Oxnaxko, ecnu s € Ay, TO @ = a] > ag; OTCIO/A N0 ONPEJIEIEHIIO YUCIa a HoaydaeM bs = as < a] < by, a
sHaunt, s € By. Takum o6pazom, A; C By. C apyroii croponsr, umeeM j € By (IOCKOIbKY bj=a< b1)
u j ¢ Ay (nockonbky a; > a = ag), Tak uro smouenne Ay C By crporoe. Urak, [Aq] < [By]. uro
HEBO3MOKHO.

Cxema OIleHKH

(0) ToMBKO CAMBIE HATATBHBIE TIIATH .+« o v v vttt ettt e ettt e e et e e e et e e e e e 0 6asIoB

IIpumepvl MAKUT HAUAADHUT ULAL0E:

(a) JokazarejbCTBO TOrO, 4T0 Cpeu JIOObIX JIBYX KAPTOUYEK OJHA JIEZKHT B OKPECTHOCTH JIPYTOil.

(b) TosbKO paccMOTpeHHe ABYX IHIOTETHIECKUX PACTIONOKEHHH CHHUX YHCeJ, JAOINIX OJHO U TO Ke
PACIOIOKEHNE KPACHBIX.

(c) Bameuanue o ToM, uTo Bacs 3HaeT KOJIHIECTBO KAPTOYEK B OKpecTHOCTH C') CHHEE YHCJIa Ha KOTOPBIX
MeHbIie, gem aucjao na C'.

CxeMa JAaHHOrO perIeHus

(1.1) Uccmemyercs 9ucyio a U3 ePBOTO PEINeHns, T. . HauMeHblee (HIn HanboJIbIIee) YUCI0, 110 KOTOPOMY
PA3INYAIOTCS IBA, PACHOJOKECHUA CHHIX THCEIL ...\ttt en et et e et e e et e e et e e e e et e e e 1 Gamn
(1.2) Hesepno gokazan (nim He goxasam) ¢akr, 4to BRI4YeHne A1 C By crporoe, HO 3TOT GaKT HCIOIb-
BYETCS B PEIIIEHTIL . .. vv e v vttet e ettt e e ettt et e e e e e et e e e e He OoJsiee 5 GaIoB



Ne2. Kacarenpunass B Touke C' K OKpyKHOCTH §), OMUCAHHOI OKOJIO HEPABHOOEIPEHHOTO TPEYTOJbHUKA
ABC, nepecekaer npsamyio AB B Touke D. Yepes Touky D mpoBeieHa MpsiMasi, IePeceKaronas 0TPe3KH
AC n BC B toukax K u L coorsercrBenno. Ha orpeske AB ormernau touku M u N tak, aro AC ||
| NL u BC || KM. Ilycts NL u KM uepecekiauch B Touke P, nexameil Bayrpu rpeyrossnuka ABC.
[Ipsamas C'P Bo BTOpOii pa3 mepecekaer OKPYZKHOCTDH W, OMUCAHHYO0 OKOJI0 Tpeyroibhuuka M N P, B Touke
Q. Hokazkure, aro npsimas D() Kacaercs w.

Pemenne. Saverum, uro u3z napasuieabnocreit AC ||
| NL, BC' || KM cneayer, aro

DN DL DB
DA~ DK~ DM’

t0 ectb DM -DN = DA-DB, 103TOMy CT€lleHb TOYKH
D otnocuTe1bHO W U ) PABHBI.

[Iycts R — Touka mepecedenus: upsmoit C'D u Ka-
caTeJIbHOMN, TPOBEIEHHON B TOUKe () K W, TOrIa

/RQP = /QMP = ZQMN + /NMP =
= /QPN + /DBC = /CPL + /DCA =
— /KCP+ /DCA = /RCQ.

CnenoBarenbno, RC' = R(), 9T0 03HAYAET, 9TO TOYKH

R u D obe nexkar Ha paguKaJbHON OCH OKPY2KHOCTEI

Q n w. OxHako 9Ta paJuKaabHas OCh He MOXKET SBISITbCd OpaAMoil RD, nHadue oHa Obl TPOXOIIIA Uepes
touky C', KoTopas Jjiezxkut Ha (), HO cHapyx)u w. CjegoBare/ibHO, TOYKH R u D cOBIaIatoT.

CxeMa oreHnBaHUS.

Ob1ue 6aabl.
0. /Tokazano, 9T0O cTereHh TOYKH ) OTHOCUTENHHO () W W PABHBLL «.\vtreieanneanenn. 2 baJsia

Cxema 1jig JaHHOTO pPeHIeHusd.
1. Jlokazano, 4To TpeyroJbHuK REQ)C PaBHOOEIAPEHHDBIM .. ...v'tvir et nineneeanns. 3 6asia

3a evuucAumesvbHoe pewerue (6 K0OpOUHAMAT, 68 KOMNAEKCHUEL YUCAGT, 6 8EKMOPAL, MPULOHOMEM -
puseckoe, u m.d.), ne 006edéHH0E 00 KOHUG, MOHCHO NOAYHUMD OAANDL MOALKO, ECAU PESYALIMANL NPOME-
ACYMOUHDLL BOIYUCAEHUTE CHOPMYAUPOBAHDL 6 GUIE PABHOCUABHBIL 2EOMEMPULECKUT YMEEPAHCIEHUT, YKa-
3GHHBLT 6 CTeMe OUCHUBAHUA.



Ne3. Jlansl HATYpasIbHbBIE UHCTA G, (9, - . ., . OOO3HAYIMM depe3 S(n) KOJMIeCTBO pelleHnil ypaBHeHN
a1x1 + -+ + apxp = n B HeJIBIX HEOTPUIATENbHBIX UHCJIAX T, L2, ..., T}. VI3BecTHO, uT0 S(N) # 0 114
BCEX JIOCTATOYHO Oosibimux n. Jokaxure, uro S(n + 1) < 25(n) m1dg Bcex J0CTATOYHO OOJIBIIHX 7.

Pemienne.
Jlemma 1. KosnmdecTso permenuii ypaBHeHns 4141 + - -+ + GpT), = N B IEJBIX HCOTPUIATEILHBIX THCIAX
He mpeBocxoautT (n + 1)k_1.
HoxkazarenbcTso. [Ipn nannom n pemenne (21, £9, 3, . .., L) ONHO3HAYHO 3a138TCsd HAOOPOM (9,23, . . ., Tf).
Oanaxo 0 < x; < n, mosToMy Takux HabOpOB He Gosee (n + 1)k_1.
Jlemma 2. Eciu ypasHenue a1xq + -+ -+ ap2j. = N UMeeT pelieHHe B IeJbIX HeOTPUIATEIbHBIX YHCIaX
IIPU BCEX JOCTATOYHO OOJIBIIUX 7, TO IIPU BCEX JOCTATOYHO OOJIBIIMX 7 KOJMYECTBO TAKUX PEIICHHH He
senee enf 1 rre ¢ — nonoxkuTesbHOE MO, He 3aBHCAIICE OT N.
HoxkazarenbcTBo. Ilocko/bKy ypasHenue a1y +- - +agT; = N PaspelumMo B HeJblX YUCJAaX, PA3PeIIUMO
I CPaBHEHHE a9x9 + -+ + apx), =n (mod ay); mycTs (to,...,1) — pelleHne STOr0 CpaBHEHMUS.
Cpenn mesibIX HEOTPHIATENBHBIX YHCENT, He IPeBOCXOAAMUX jJanHoro M, BeIOpaTh 4ucio r; = t;

(mod aq) MOXkHO He MeHee, 4Yem [M] criocobamu. [losTomy cymecrByer He mMenee [#m] ceee [m}

al
HabopoB (29,3, ..., %)) HeIbIX HEOTPUIATEIBHBIX YUCesI, B KOTOPBIX 2; = t; (mod a1) u a;x; < % pu

(k—1)
k

. n
2 <1 < k. g KazKJ10ro Takoro Habopa Yuc/aIo 1 — agx9 — a3x3 — - -+ — ApTf > N — HEOTPUIIATEb-
HO M KPATHO a1, TO €CTb KaxKJblil Takoil HAOOP MOXKHO IONOTHHUTD 10 HEKOTOPOTO pemrenud (rq, ..., T ).
Takum 06pa3oM, KOJUIECTBO PEIEHHH ypaBHEHUs] He MeHee [W?ag} | kaTak]’ OTKY/Ia HEMEJJIEHHO
cJIeJlyeT YTBEPKJICHUE JIEMMBbI.

Ilepeitném k pemennto 3a1adu. [lo ycioBuio jjis HEKOTOPOro HATYPAJBHOIO M CYIIECTBYIOT HAOGOPHI
meJIbIX duces (11,...,7%) u (S1,...,8)), I KOTOPBIX @171 + -+ aprp =nua;s)+---+apsp =n+1.
Brrauras, mosydaeM, 9To YHCIA U; = S; — T; YAOBIETBOPAIOT COOTHOIIEHMIO av] + - -+ + apvg = 1. IIpn
KazKJOM 7l COLOCTABUM KazKJOMY PeIleHuio (r1,9,23,...,LL) YPaBHeHud ajr] + -+ aprp =n+ 1 B
IEJIBIX HEOTPHUIATENbHBIX YUCIaX perrenne (r] — vy, .. . y T — Uk;) ypaBHeHus a1xq +---+apr; = n. Ecan
r; > v; TIPH BCEX i, YUCTA T; — v; TOXKe OYIyT HEOTPHIATEIbHBIME. TakuMm obpa3oM, pasHocTs S(n +
+ 1) — S(n) He IPeBOCXOIUT KOJMYECTBA pelleHNil YpaBHEHUd a1x] + -+ + apZp = n + 1, B KOTOPHIX
XOTsl OBl OJTHO W3 X; He IPEBOCXOIUT COOTBETCTBYIOMIETO v;. [l KayK/I0ro i TaKuX 3HAYEHUH T; KOHEUHOe
9UCII0; [JIsl KazZKJI0r0 TAKOrO 3HAYEHUS X; = j KOJIMYECTBO PeIleHuil ypaBHEeHHS 41T + -+ + apTp = n +
+1cx; =7, 10 €CcTh A1 + -+ + a;_1%T;_1 + @j41%41 + -+ + aprp = n+ 1 — ja;, no memme 1 ne

npeBocxoauT (n + 2 — jaz-)k_2 < (n+ 2)k_2. [Tosromy u Bes pasnocts S(n + 1) — S(n) ne npeBocxoauT

A(n—|—2)k_2 JIsl HEKOTOPOTO mocTostHHOro A. A camo S(n) 1o jemme 2 He MeHblIe CnF=1 1na nexoroporo

nosozxkuresnsaoro C'. Ocranoch 3aMeTuTh, 9ro A(n + Q)k_Q < CnF~1 npu Beex pocTaTouHO GOABIINX M.
13 mpuBeIEHHOTO PellleHns] BU/IHO, YTO MHOKHUTEIb 2 B YCIOBUH 33141 MOZKHO 3aMeHHTh Ha 1+ ¢ Ipn

awboM € > 0.

CxeMa oIleHUBaHUS

O6iue 6aJ1IbI
(0.1) Baza4a pemreHa Ajis MOMAPHO B3AMMHO IPOCTBIX (U1 « .. cvneuenenatann e anaanaaeannns 1 GaJun
(He CyMMUDYeTCsT ¢ OCTAThHBIMN )

Cxema g JaHHOTO pelieHusd

(1.1) JIeMMa Lt oottt e e 1 6asn
(cymmupyercs ¢ mobbim u3 nyukTos (1.2), (1.3), (1.4))

(1.2) JIEMMA 20 oottt et e e e e e e e 2 f6asia

(1.3) CoorBercTBue MexKIy permenusymu (x;) u (x; — v;) I TPABBIX YacTeil, OTaInIaomuxcs Ha 1:
................................................................................................ 1 6ann

(1.4) (1.2) BMECTE € (1.3) oottt ettt et e e e e 4 6ajma



	day1sol_eng (1)
	day1sol_kaz (1)
	day1sol_rus (1)

