XIX International Zhautykov Olympiad in Mathematics
Almaty, 2 february 2023

First day
(Time allowed is 4.5 hours. Each problem is worth 7 points)

Nel. Pete has a deck of 1001 cards; the numbers 1,2,...,1001 are written on those cards with a blue
pen, one number per card. Pete arranged the cards in a circle, with the blue numbers on their bottom
sides. Then, for each card C, Pete considered 500 cards following C' in the clockwise order and counted the
number f(C) of those whose blue numbers are larger than the blue number on C'. Pete wrote the number
f(C) on the top side of C with a red pen. Prove that Basil, who sees all the red numbers on the cards,
can determine the blue number on each card.

Ne2. Let € be the circumcircle of a scalene triangle ABC. The line tangent at C' to the circumcircle of
triangle ABC' meets the line AB at point D. A line passing through D intersects the segments AC and
BC at K and L, respectively. Points M and N are chosen on the segment AB so that AC' || NL and
BC || KM. Let NL and KM intersect at point P inside the triangle ABC. The line C'P meets the
circumcircle w of M N P again at (). Prove that the line D@ is tangent to w.

Ne3. Given positive integers ay, as, ..., ax. Let S(n) denote the number of solutions of the equation a;z; +
+ .-+ + agrr = 1 in nonnegative integers i, T, ..., Tx. It is known that S(n) # 0 for all large enough n.
Prove that S(n + 1) < 2S5(n) for all large enough n.



XIX Meorcoynapoonas XKaymukosckas osumnuada no mamemamure
Asamamu, 2 despans 2023 20da

IlepBolit geHD
(Bpems Boimosinenus: paborst 4,5 vaca. Kaxkias 3aja4a onenupaercst B 7 6asios.)

Nel. V Ileru ectp 1001 kapToUuKa, Ha KOTOPBIX HAIIMCAHBI CHHEH pyukoit uncaa 1,2, ..., 1001; Ha KaxK 10k
KapTO4Ke HalluCaHO POBHO OJHO 41HKCJIO. HGTH BbIJIOZKWJI KaPpTO4YKU 110 KPYI'y CUHMUMMA YUCJIaM1 BHU3. BaTeM
g kaxaoit kaproukn C' [Tersa pacemorpen 500 kaprodek, caeayomux 3a C' 0 9acoBOil CTpeIKe, U HAITET
koamdectBo f(C) Tex W3 HHUX, HA KOTOPBIX cuHEE 9ucsa Gosbire, yeM cunee guciao Ha C. Yucao f(C)
[leTst manucaJr Ha BepxHeil cropone Kaprouku C KpacHoit pyukoit. Jlokaxkute, uTo Bacd, Buas TOJIBKO Bce
KpacHBIe 9HCJIa, MOXKeT BOCCTAaHOBHTH, KaKOe CHHee YHNCJI0 Ha KaKOi KapTOYKe HaINCaHoO.

Ne2. Kacarenbnass B Touke C' K OKpPY:KHOCTH ), OIMMCAHHON OKOJIO HEPABHOOEIPEHHOTO TPEYTrOJbHUKA
ABC, uepecekaer npsmyio AB B Touke D. Yepes Touky D nposejieHa mnpsiMasi, mMepecekaronas 0TPe3KH
AC u BC B roukax K u L coorBercrBenno. Ha orpeske AB ormerwnaun toukn M u N tak, uro AC' || NL u
BC' || KM. Tycrs N L u K M nepecekaunch B Touke P, nexaineit BayTpu tpeyroabinka ABC. Tpsvast C'P
BO BTOPO#l pa3 ImepecekaeT OKPYKHOCTDb W, OMUCAHHYIO 0KOJ10 Tpeyroybuuka M N P, B Touke (). lokazxkure,
qro npsamas D() KacaeTcs w.

Ne3. Jlanbl HATypaJbHBIE YUCAA A1, A2, - . ., g OB03HAUAM dYepe3 S(n) KOJIMUECTBO peIeHuil ypaBHEHUST
a1y + -+ + apTp = N B IEJBIX HEOTPUIATEIBHBIX YHCIAX T1, T2, ..., Tg. VI3BecTHO, uT0 S(N) # 0 11
BCEX J0CTATOYHO Oosbmmx n. Joxazkure, 4ro S(n + 1) < 25(n) aasg Bcex ZOCTATOYHO HOIBITHX 1.



Mamemamuxadan xaswkaparvr XIX Hoymirxos osumnuadacs
Aamamon, 2 axnan 2023 oo
Bipiumi xkyH
(ZKymbicTor opbingay yakpirsl 4,5 carar. Op ecen 7 ynaitra 6arajana/pl)

Nel. Tlers kek kamammen 1,2, ...,1001 canmapsia 1001 kaprara »Kasbill MHIKTH (9p6ip KapTaga 191 6ip
can Kasblaran). COChIH 0J1 KapTaJaap/ibl KOK CAHJIAPHIMEH TOMEeH KapaThill, menbep GoiibiHa KaHaail 1a 6ip
permien Koiibin mbIKTHL. Keifin o1 opbip C' kapracs yiria, C-1aH Keiiin caraT Tijai OarbITHIMEH OpHAJIACKAH
500 kapTaJapabl KapacTeIphiir, cos 500 Kapragapaarbl KOK CaH ap/blH KaHmackl C' KapTaChIHIa YKa3bLIFaH
KOK CAHHAH apTHIK eKeHiH canai, cot cauisl f(C) men Gearinesi. [lers Kbr3bLn kamaMmmen op C' KApTACHIHbBIH
ykoraprel karbiaa f(C') canbin xka3abl. Bacs 6apiablk KBI3BLI CAHIAPIB KOPIM, Kail Kaprala Kail KoK cau
ZKa3blJIFaHbIH KAJIIbIHA KeJITipe aJIaTbIHbIH JI9JIe/1/IeH]I3.

Ne2. TenpOyitipai emec ABC' ymbypsimibiaa ceiprrail coi3piran () mendepre C' HYKTeCiH€ KYpriziarex
xaHama Ty3y AB Ty3yin D mykreciuge kusabl. D apkpeuisl etereria Ty3y AC xone BC kabbiprasiapbi,
colikecinmre, K xkoue L mykrenepimge kusiabl. AB kadbipraceinan AC || NL, BC || KM 6Goaareiamaii
M »xone N nykrenepi Gerrinenren. N L xone KM Ty3yaepi P uykrecinge kublibicaas (P AABC-HbIH
e kareip). C'P ry3yi M N P yuiGypeIibiHa CHIPTTAN CBI3BLIFAH W TeHGepiH eKiHm per () HyKTeciHe
Kusibl. D) Ty3yi W-HbI XKAHANTHIHBIH JT9JIJJICH]3.

Ned. aq, as, ..., ap Harypag caHgapbl OepinreH. a;x; + --- + aprry = n TeHJeyiHiH Tepic emec OyTiH
CaHJap KUBIHBIHIAFE! TeTTiMaep canbia S(n) men Genriieiik. Bappik *KeTKUIIKTI YIKeH 1 caHgapbl YIMiH
S(n) # 0 exeni Genriii. Bapablk KeTKUTKTI yiaken n cangapst yirin S(n + 1) < 25(n) ekenin mosese.



