
XIX International Zhautykov Olympiad in Mathematics

Almaty, 2 february 2023

First day

(Time allowed is 4.5 hours. Each problem is worth 7 points)

�1. Pete has a deck of 1001 cards; the numbers 1, 2, . . . , 1001 are written on those cards with a blue
pen, one number per card. Pete arranged the cards in a circle, with the blue numbers on their bottom
sides. Then, for each card C, Pete considered 500 cards following C in the clockwise order and counted the
number f(C) of those whose blue numbers are larger than the blue number on C. Pete wrote the number
f(C) on the top side of C with a red pen. Prove that Basil, who sees all the red numbers on the cards,
can determine the blue number on each card.

�2. Let Ω be the circumcircle of a scalene triangle ABC. The line tangent at C to the circumcircle of
triangle ABC meets the line AB at point D. A line passing through D intersects the segments AC and
BC at K and L, respectively. Points M and N are chosen on the segment AB so that AC ∥ NL and
BC ∥ KM . Let NL and KM intersect at point P inside the triangle ABC. The line CP meets the
circumcircle ω of MNP again at Q. Prove that the line DQ is tangent to ω.

�3. Given positive integers a1, a2, . . ., ak. Let S(n) denote the number of solutions of the equation a1x1+
+ · · ·+ akxk = n in nonnegative integers x1, x2, . . ., xk. It is known that S(n) ̸= 0 for all large enough n.
Prove that S(n+ 1) < 2S(n) for all large enough n.



XIX Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå

Àëìàòû, 2 ôåâðàëÿ 2023 ãîäà

Ïåðâûé äåíü

(Âðåìÿ âûïîëíåíèÿ ðàáîòû 4,5 ÷àñà. Êàæäàÿ çàäà÷à îöåíèâàåòñÿ â 7 áàëëîâ.)

�1. Ó Ïåòè åñòü 1001 êàðòî÷êà, íà êîòîðûõ íàïèñàíû ñèíåé ðó÷êîé ÷èñëà 1, 2, . . . , 1001; íà êàæäîé
êàðòî÷êå íàïèñàíî ðîâíî îäíî ÷èñëî. Ïåòÿ âûëîæèë êàðòî÷êè ïî êðóãó ñèíèìè ÷èñëàìè âíèç. Çàòåì
äëÿ êàæäîé êàðòî÷êè C Ïåòÿ ðàññìîòðåë 500 êàðòî÷åê, ñëåäóþùèõ çà C ïî ÷àñîâîé ñòðåëêå, è íàø¼ë
êîëè÷åñòâî f(C) òåõ èç íèõ, íà êîòîðûõ ñèíèå ÷èñëà áîëüøå, ÷åì ñèíåå ÷èñëî íà C. ×èñëî f(C)
Ïåòÿ íàïèñàë íà âåðõíåé ñòîðîíå êàðòî÷êè C êðàñíîé ðó÷êîé. Äîêàæèòå, ÷òî Âàñÿ, âèäÿ òîëüêî âñå
êðàñíûå ÷èñëà, ìîæåò âîññòàíîâèòü, êàêîå ñèíåå ÷èñëî íà êàêîé êàðòî÷êå íàïèñàíî.

�2. Êàñàòåëüíàÿ â òî÷êå C ê îêðóæíîñòè Ω, îïèñàííîé îêîëî íåðàâíîáåäðåííîãî òðåóãîëüíèêà
ABC, ïåðåñåêàåò ïðÿìóþ AB â òî÷êå D. ×åðåç òî÷êó D ïðîâåäåíà ïðÿìàÿ, ïåðåñåêàþùàÿ îòðåçêè
AC è BC â òî÷êàõ K è L ñîîòâåòñòâåííî. Íà îòðåçêå AB îòìåòèëè òî÷êè M è N òàê, ÷òî AC ∥ NL è
BC ∥ KM . Ïóñòü NL èKM ïåðåñåêëèñü â òî÷êå P , ëåæàùåé âíóòðè òðåóãîëüíèêà ABC. Ïðÿìàÿ CP
âî âòîðîé ðàç ïåðåñåêàåò îêðóæíîñòü ω, îïèñàííóþ îêîëî òðåóãîëüíèêàMNP , â òî÷êå Q. Äîêàæèòå,
÷òî ïðÿìàÿ DQ êàñàåòñÿ ω.

�3. Äàíû íàòóðàëüíûå ÷èñëà a1, a2, . . . , ak. Îáîçíà÷èì ÷åðåç S(n) êîëè÷åñòâî ðåøåíèé óðàâíåíèÿ
a1x1 + · · · + akxk = n â öåëûõ íåîòðèöàòåëüíûõ ÷èñëàõ x1, x2, . . ., xk. Èçâåñòíî, ÷òî S(n) ̸= 0 äëÿ
âñåõ äîñòàòî÷íî áîëüøèõ n. Äîêàæèòå, ÷òî S(n+ 1) < 2S(n) äëÿ âñåõ äîñòàòî÷íî áîëüøèõ n.



Ìàòåìàòèêàäàí õàëû©àðàëû© XIX Æºóòiêîâ îëèìïèàäàñû

Àëìàòû, 2 à©ïàí 2023 æûë

Áiðiíøi ê³í

(Æ´ìûñòû îðûíäàó óà©ûòû 4,5 ñà¡àò. �ð åñåï 7 ´ïàé¡à áà¡àëàíàäû)

�1. Ïåòÿ ê°ê ©àëàììåí 1, 2, . . . , 1001 ñàíäàðûí 1001 êàðòà¡à æàçûï øû©òû (ºðáið êàðòàäà äºë áið
ñàí æàçûë¡àí). Ñîñûí îë êàðòàëàðäû ê°ê ñàíäàðûìåí ò°ìåí ©àðàòûï, øå­áåð áîéûíà ©àíäàé äà áið
ðåòïåí ©îéûï øû©òû. Êåéií îë ºðáið C êàðòàñû ³øií, C-äàí êåéií ñà¡àò òiëi áà¡ûòûìåí îðíàëàñ©àí
500 êàðòàëàðäû ©àðàñòûðûï, ñîë 500 êàðòàëàðäà¡û ê°ê ñàíäàðäû­ ©àíøàñû C êàðòàñûíäà æàçûë¡àí
ê°ê ñàííàí àðòû© åêåíií ñàíàï, ñîë ñàíäû f(C) äåï áåëãiëåäi. Ïåòÿ ©ûçûë ©àëàììåí ºð C êàðòàñûíû­
æî¡àð¡û æà¡ûíà f(C) ñàíûí æàçäû. Âàñÿ áàðëû© ©ûçûë ñàíäàðäû ê°ðiï, ©àé êàðòàäà ©àé ê°ê ñàí
æàçûë¡àíûí ©àëïûíà êåëòiðå àëàòûíûí äºëåëäå­iç.

�2. Òå­á³éiðëi åìåñ ABC ³øá´ðûøûíà ñûðòòàé ñûçûë¡àí Ω øå­áåðãå C í³êòåñiíäå æ³ðãiçiëãåí
æàíàìà ò³çó AB ò³çóií D í³êòåñiíäå ©èÿäû. D àð©ûëû °òåòåòií ò³çó AC æºíå BC ©àáûð¡àëàðûí,
ñºéêåñiíøå, K æºíå L í³êòåëåðiíäå ©èÿäû. AB ©àáûð¡àñûíàí AC ∥ NL, BC ∥ KM áîëàòûíäàé
M æºíå N í³êòåëåði áåëãiëåíãåí. NL æºíå KM ò³çóëåði P í³êòåñiíäå ©èûëûñàäû (P △ABC-íû­
iøiíäå æàòûð). CP ò³çói MNP ³øá´ðûøûíà ñûðòòàé ñûçûë¡àí ω øå­áåðií åêiíøi ðåò Q í³êòåñiíäå
©èÿäû. DQ ò³çói ω-íû æàíàéòûíûí äºëåëäå­iç.

�3. a1, a2, . . ., ak íàòóðàë ñàíäàðû áåðiëãåí. a1x1 + · · · + akxk = n òå­äåóiíi­ òåðiñ åìåñ á³òií
ñàíäàð æèûíûíäà¡û øåøiìäåð ñàíûí S(n) äåï áåëãiëåéiê. Áàðëû© æåòêiëiêòi ³ëêåí n ñàíäàðû ³øií
S(n) ̸= 0 åêåíi áåëãiëi. Áàðëû© æåòêiëiêòi ³ëêåí n ñàíäàðû ³øií S(n+ 1) < 2S(n) åêåíií äºëåëäå.


