
XVIII International Zhautykov Olympiad in Mathematics

Almaty, 17 february 2022

Second day

(Time allowed is 4.5 hours. Each problem is worth 7 points)

�4. In triangle ABC, a point M is the midpoint of AB, and a point I is the incentre. Point A1 is the
re�ection of A in BI, and B1 is the re�ection of B in AI. Let N be the midpoint of A1B1. Prove that
IN > IM .

�5. A polynomial f(x) with real coe�cients of degree greater than 1 is given. Prove that there are
in�nitely many positive integers which cannot be represented in the form

f(n+ 1) + f(n+ 2) + · · ·+ f(n+ k)

where n and k are positive integers.

�6. Do there exist two bounded sequences a1, a2, . . . and b1, b2, . . . such that for each positive integers n
and m > n at least one of the two inequalities |am − an| > 1√

n
, |bm − bn| > 1√

n
holds?



XVIII Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå

Àëìàòû, 17 ôåâðàëÿ 2022 ãîäà

Âòîðîé äåíü

(Âðåìÿ âûïîëíåíèÿ ðàáîòû 4,5 ÷àñà. Êàæäàÿ çàäà÷à îöåíèâàåòñÿ â 7 áàëëîâ.)

�4. Â òðåóãîëüíèêå ABC òî÷êà M � ñåðåäèíà ñòîðîíû AB, à I � öåíòð âïèñàííîé îêðóæíîñòè.
Òî÷êà A1 ñèììåòðè÷íà òî÷êå A îòíîñèòåëüíî ïðÿìîé BI, à òî÷êà B1 ñèììåòðè÷íà òî÷êå B îòíîñè-
òåëüíî ïðÿìîé AI. Ïóñòü N � ñåðåäèíà îòðåçêà A1B1. Äîêàæèòå, ÷òî IN > IM .

�5. Äàí ìíîãî÷ëåí f(x) ñ âåùåñòâåííûìè êîýôôèöèåíòàìè ñòåïåíè âûøå 1. Äîêàæèòå, ÷òî ñóùå-
ñòâóåò áåñêîíå÷íî ìíîãî íàòóðàëüíûõ ÷èñåë, íå ïðåäñòàâèìûõ â âèäå

f(n+ 1) + · · ·+ f(n+ k)

ñ íàòóðàëüíûìè n è k.

�6. Ñóùåñòâóþò ëè äâå îãðàíè÷åííûå ïîñëåäîâàòåëüíîñòè a1, a2, . . . è b1, b2, . . . òàêèå, ÷òî äëÿ ëþáûõ
íàòóðàëüíûõ m > n âûïîëíåíî õîòÿ áû îäíî èç äâóõ óñëîâèé

|am − an| >
1√
n

èëè |bm − bn| >
1√
n
?

Ìàòåìàòèêàäàí õàëû©àðàëû© XVIII Æºóòiêîâ îëèìïèàäàñû

Àëìàòû, 17 à©ïàí 2022 æûë

Åêiíøi ê³í

(Æ´ìûñòû îðûíäàó óà©ûòû 4,5 ñà¡àò. �ð åñåï 7 ´ïàé¡à áà¡àëàíàäû)

�4. I í³êòåñi ABC ³øá´ðûøûíà iøòåé ñûçûë¡àí øå­áåð öåíòði.M í³êòåñi AB ©àáûð¡àñûíû­ îðòà-
ñû. A1 í³êòåñi A í³êòåñiíå BI ò³çóiíå ©àðà¡àíäà¡û, àë B1 í³êòåñi B í³êòåñiíå AI ò³çóiíå ©àðà¡àíäà¡û
ñèììåòðèÿëû í³êòåëåð. N í³êòåñi A1B1 êåñiíäiñiíi­ îðòàñû. IN > IM òå­ñiçäiãií äºëåëäå­iç.

�5. Äºðåæåñi 1-äåí ³ëêåí, àë êîýôôèöèåíòòåði íà©òû ñàíäàð áîëàòûí f(x) ê°ïì³øåñi áåðiëãåí.
f(n+ 1)+ · · ·+ f(n+ k) ò³ðiíäå ê°ðñåòóãå áîëìàéòûí (á´ë æåðäå n, k � íàòóðàë ñàíäàð) øåêñiç ê°ï
íàòóðàë ñàíäàðûíû­ òàáûëàòûíûí äºëåëäå­iç.

�6. Êåç êåëãåí íàòóðàë m > n ñàíäàðû ³øií |am − an| > 1√
n
íåìåñå |bm − bn| > 1√

n
øàðòòàðûíû­

êåìiíäå áiðåói îðûíëàäàòûíäàé, åêåói äå øåêòåëãåí a1, a2, . . . æºíå b1, b2, . . . ñàíäàð òiçáåãi òàáûëàäû
ìà?


