XVIIT International Zhautykov Olympiad in Mathematics
Almaty, 17 february 2022

Second day
(Time allowed is 4.5 hours. Each problem is worth 7 points)

Ne4, In triangle ABC, a point M is the midpoint of AB, and a point [ is the incentre. Point A; is the
reflection of A in BI, and By is the reflection of B in AI. Let N be the midpoint of A;B;. Prove that
IN > IM.

Ne5. A polynomial f(x) with real coefficients of degree greater than 1 is given. Prove that there are
infinitely many positive integers which cannot be represented in the form

fln+1)+f(n+2)+--+ f(n+k)

where n and k are positive integers.

Ne6. Do there exist two bounded sequences aq, as, ... and by, by, ... such that for each positive integers n
and m > n at least one of the two inequalities |a,, — a,| > \/iﬁ, |byy — bi| > \/iﬁ holds?
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Bropoii geHb
(Bpems Boimosinenus: paborst 4,5 vaca. Kaxkias 3aja4a onenupaercst B 7 6asios.)

Ne4. B tpeyronbauke ABC touka M — cepemuna croponsl AB, a [ — IeHTp BOUCAHHOH OKPYKHOCTH.
Touka A; cummerpudna Touke A oTHOCUTE/NILHO HpsMoit BI, a Touka B cuMmMmerpudna touke B orHOCH-
resipHO Tipamoit Al. [lycte N — cepenmna orpeska A B;. Jlokaxkure, uto IN > [ M.

Ne5. JTan muorousteH f(x) ¢ BemecTBeHHBIME KO(MduimenTamu crenenu Boime 1. Jlokazkure, 9410 CyIie-
cTByeT OeCKOHETHO MHOTO HATYPAJIbHBIX UUCEN, He TPeJICTAaBUMBIX B BU/IE

fin+1)+---+ f(n+ k)

C HaTypaJIbHbBIMH 1 U k.

Ne6. CymiecTBYIOT JIM JIBE OrpaHUYEHHbIE TI0C/IeI0BATEILHOCTH A1, A3, . . . U by, bo, . . . TaKHe, 9TO JIj1s JIIOOBIX
HATYPAJbHBIX M > N BBIIOJIHEHO XOTsI OBl OJHO U3 JABYX YCJIOBHIA

1 1
| — an| > —= mmm b, — b,| > —=7

Vi Vi
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Exinmi xkyun
(ZKymbicTor opbiaay yakpiThl 4,5 carar. Op ecen 7 ynaifra GarajaHapl)

Neq. [ nykreci ABC ymbypoinibiaa inmnreit chi3pirad mendep nenrpi. M aykreci AB KabblprachblHbIH OPTa-
cei. A mykreci A nykrecine Bl Ty3yine kaparanmarel, ajg By aykreci B uykrecine Al Ty3yiHe KaparaH arsl
cummMeTpusyibl HyKTesaep. N uykreci Ay By kecinmgicinin opracel. IN > [ M TeHCI3AIrH mo1e/11eHi3.

Ne5. Topexkeci 1-men yiakeH, an koabddurmenTrepi HaKThl cangap 6ojatbin f(z) Kemmyimeci 6epiires.
f(n+1)4+---+ f(n+ k) rypinge kepceryre 6onmaiiTsie (6y1 Kep/e n, k — HATYpaJ CaHAap) MIEeKCi3 Ko
HATYPaJ CAaHIAPBIHBIH TaOBIIATHIHBIH 191 ICHI3.

Ne6. Kes xe/ren narypaj m > n canjapbl YIIH |d, — a,| > \/iﬁ nemece |by, — b,| > \/ig MIAPTTAPBIHBIH,

KeMiH/e Oipeyi OopbIHJIaIaThIH/IAM, eKeyi jie TMeKTeIreH a1, do, . . . 2KoHe by, by, ... cangap Tiz0eri Tabblia bl
ma?



