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First day

(Time allowed is 4.5 hours. Each problem is worth 7 points)

�1. Non-zero polynomials P (x), Q(x), and R(x) with real coe�cients satisfy the identities

P (x) +Q(x) +R(x) = P (Q(x)) +Q(R(x)) +R(P (x)) = 0.

Prove that the degrees of the three polynomials are all even.

. . . . . . . . . . . .

�2. A ten-level 2-tree is drawn in the plane: a vertex A1 is marked, it is connected
by segments with two vertices B1 and B2, each of B1 and B2 is connected by
segments with two of the four vertices C1, C2, C3, C4 (each Ci is connected with
one Bj exactly); and so on, up to 512 vertices J1, . . . , J512. Each of the vertices
J1, . . . , J512 is coloured blue or golden. Consider all permutations f of the vertices
of this tree, such that (i) if X and Y are connected with a segment, then so are
f(X) and f(Y ), and (ii) if X is coloured, then f(X) has the same colour. Find
the maximum M such that there are at least M permutations with these properties, regardless of the
colouring.

�3. In parallelogram ABCD with acute angle A a point N is chosen on the segment AD, and a point M
on the segment CN so that AB = BM = CM . Point K is the re�ection of N in line MD. The line MK
meets the segment AD at point L. Let P be the common point of the circumcircles of AMD and CNK
such that A and P share the same side of the line MK. Prove that ∠CPM = ∠DPL.



XVIII Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå

Àëìàòû, 16 ôåâðàëÿ 2022 ãîäà

Ïåðâûé äåíü

(Âðåìÿ âûïîëíåíèÿ ðàáîòû 4,5 ÷àñà. Êàæäàÿ çàäà÷à îöåíèâàåòñÿ â 7 áàëëîâ.)

�1. Íåíóëåâûå ìíîãî÷ëåíû P (x), Q(x) è R(x) ñ âåùåñòâåííûìè êîýôôèöèåíòàìè óäîâëåòâîðÿþò
òîæäåñòâàì

P (x) +Q(x) +R(x) = P (Q(x)) +Q(R(x)) +R(P (x)) = 0.

Äîêàæèòå, ÷òî ñòåïåíè âñåõ òð¼õ ìíîãî÷ëåíîâ ÷¼òíû.

. . . . . . . . . . . .

�2. Íà ïëîñêîñòè íàðèñîâàíî 10-ýòàæíîå 2-äåðåâî: îòìå÷åíà âåðøèíà A1, îíà
ñîåäèíåíà îòðåçêàìè ñ äâóìÿ âåðøèíàìè B1 è B2, êàæäàÿ èç êîòîðûõ ñîåäè-
íåíà îòðåçêàìè ñ äâóìÿ èç ÷åòûðåõ âåðøèí C1, C2, C3, C4 (êàæäàÿ èç âåðøèí
Ci ñîåäèíåíà ðîâíî ñ îäíîé âåðøèíîé Bj); è òàê äàëåå âïëîòü äî 512 âåðøèí
J1, . . . , J512. Êàæäàÿ âåðøèíà J1, . . . , J512 ïîêðàøåíà â îäèí èç äâóõ öâåòîâ: ãî-
ëóáîé èëè çîëîòîé. Ðàññìàòðèâàþòñÿ âñåâîçìîæíûå ïåðåñòàíîâêè f ìíîæåñòâà
âåðøèí íàðèñîâàííîãî äåðåâà, òàêèå ÷òî (i) åñëè âåðøèíû X è Y áûëè ñîåäè-
íåíû îòðåçêîì, òî âåðøèíû f(X) è f(Y ) òàêæå ñîåäèíåíû îòðåçêîì, è (ii) åñëè âåðøèíà X áûëà
ïîêðàøåíà â êàêîé-òî öâåò, òî âåðøèíà f(X) ïîêðàøåíà â òîò æå öâåò. Äëÿ êàêîãî ìàêñèìàëüíîãî
M çàâåäîìî íàéäóòñÿ õîòÿ áû M ðàçëè÷íûõ ðàññìàòðèâàåìûõ ïåðåñòàíîâîê?

�3. Â ïàðàëëåëîãðàììå ABCD ñ îñòðûì óãëîì A íà îòðåçêå AD îòìå÷åíà òî÷êà N , à íà îòðåçêå
CN � òî÷êà M òàê, ÷òî AB = BM = CM . Òî÷êà K ñèììåòðè÷íà òî÷êå N îòíîñèòåëüíî ïðÿìîé
MD. ÏðÿìàÿMK ïåðåñåêàåò îòðåçîê AD â òî÷êå L. Ïóñòü P � îáùàÿ òî÷êà îïèñàííûõ îêðóæíîñòåé
òðåóãîëüíèêîâ AMD è CNK, ïðè÷åì òî÷êè A è P ëåæàò ïî îäíó ñòîðîíó îò ïðÿìîéMK. Äîêàæèòå,
÷òî ∠CPM = ∠DPL.

Ìàòåìàòèêàäàí õàëû©àðàëû© XVIII Æºóòiêîâ îëèìïèàäàñû

Àëìàòû, 16 à©ïàí 2022 æûë

Áiðiíøi ê³í

(Æ´ìûñòû îðûíäàó óà©ûòû 4,5 ñà¡àò. �ð åñåï 7 ´ïàé¡à áà¡àëàíàäû)

�1. Êîýôôèöèåíòòåði íà©òû ñàíäàð áîëàòûí, í°ëäiê åìåñ P (x), Q(x) æºíå R(x) ê°ïì³øåëåði ³øií

P (x) +Q(x) +R(x) = P (Q(x)) +Q(R(x)) +R(P (x)) = 0

òåïå-òåäiãi îðûíäàëàäû. Îñû ³ø ê°ïì³øåíiíi ºð©àéñûñûíû äºðåæåñi æ´ï ñàí åêåíií äºëåëäåiç.

. . . . . . . . . . . .

�2. Æàçû©òû©òà 10 ©àáàòòû 2-à¡àøû (2-äåðåâî) ñàëûí¡àí. Îñû à¡àøòà A1

í³êòåñi áåëãiëåíãåí æºíå îñû í³êòå B1 æºíå B2 í³êòåëåðiìåí êåñiíäiìåí ©î-
ñûë¡àí. B1 æºíå B2 í³êòåñiíi ºð©àéñûñû C1, C2, C3, C4 í³êòåëåðiíi åêåóiìåí
êåñiíäiìåí ©îñûë¡àí (ºð Ci í³êòå äºë áið Bj í³êòåìåí ©îñûë¡àí); . . ., îñû-
ëàé êåòå áåðå ©îñûëóëàð J1, . . . , J512 í³êòåëåðiíå äåéií îðûíäàë¡àí. J1, . . . , J512
í³êòåëåðiíi ºð©àéñûñû åêi ò³ñòi áiðåóiíå áîÿë¡àí: ê°ê ò³ñ íåìåñå àëòûí ò³ñ.
Êåëåñi çàäûëû©òàðìåí àíû©òàë¡àí, ñàëûí¡àí à¡àøòû ò°áåëåðiíi áàðëû©
ì³ìêií f îðûí àóûñòûðóëàðûí ©àðàñòûðàéû©: (i) åãåð X æºíå Y ò°áåëåði êåñiíäiìåí ©îñûëñà, îíäà
f(X) æºíå f(Y ) ò°áåëåði äå êåñiíäiìåí ©îñûë¡àí; (ii) åãåð X ò°áåñi ©àíäàé äà áið ò³ñêå áîÿëñà, îíäà
f(X) ò°áåñi äå äºë ñîë ò³ñêå áîÿë¡àí.M ñàíûíû ©àíäàé å ³ëêåí ìºíiíäå, êåïiëäi ò³ðäå êåì äåãåíäå
M ºðò³ðëi (©àðàñòûðûï îòûðûë¡àí) îðûí àóûñòûðóëàð òàáûëàäû?

�3. ABCD ïàðàëëåëîãðàìûíäà ∠A < 90◦. AD êåñiíäiñiíäå N , àë CN êåñiíäiñiíäå M í³êòåñi AB =
= BM = CM áîëàòûíäàé áåëãiëåíãåí.K í³êòåñiN í³êòåñiíåMD ò³çóiíå ©àðà¡àíäà¡û ñèììåòðèÿëû
í³êòå. MK ò³çói AD êåñiíäiñií L í³êòåäå ©èÿäû. P í³êòåñi � AMD æºíå CNK ³øá´ðûøòàðûíà
ñûðòòàé ñûçûë¡àí øåáåðëåðäi îðòà© í³êòåñi áîëñûí, æºíå äå A æºíå P í³êòåëåði MK ò³çóiíi
áið æà¡ûíäà æàòûð. ∠CPM = ∠DPL òåäiãií äºëåëäåiç.


