XVIIT International Zhautykov Olympiad in Mathematics
Almaty, 16 february 2022

First day
(Time allowed is 4.5 hours. Each problem is worth 7 points)

Nel. Non-zero polynomials P(z), Q(z), and R(z) with real coefficients satisfy the identities
P(x) +Qx) + R(z) = P(Q(z)) + Q(R(x)) + R(P(x)) = 0.

Prove that the degrees of the three polynomials are all even.

Ne2. A ten-level 2-tree is drawn in the plane: a vertex A; is marked, it is connected

by segments with two vertices B; and B, each of By and B, is connected by

segments with two of the four vertices Cy,Cy, C3,Cy (each C; is connected with

one B; exactly); and so on, up to 512 vertices Ji, ..., Js12. Each of the vertices

J1, ..., J512 is coloured blue or golden. Consider all permutations f of the vertices

of this tree, such that (i) if X and Y are connected with a segment, then so are

f(X) and f(Y), and (ii) if X is coloured, then f(X) has the same colour. Find

the maximum M such that there are at least M permutations with these properties, regardless of the
colouring.

Ne3. In parallelogram ABC'D with acute angle A a point N is chosen on the segment AD, and a point M
on the segment C'N so that AB = BM = C'M. Point K is the reflection of N in line M D. The line M K
meets the segment AD at point L. Let P be the common point of the circumcircles of AMD and CNK
such that A and P share the same side of the line M K. Prove that Z/CPM = ZDPL.



XVIIT Mestcoynapodnas 2Kaymuikosckas osumnuada no Mamemamuke
Aamamuoi, 16 geepans 2022 zoda

IlepBolit HeHD
(Bpems BoimosiHenust paborhl 4,5 daca. Kaxkias 3aja4a onenupaercst B 7 6asios.)

Nel. Henynessie muorounenst P(z), Q(z) u R(x) ¢ BemecrBeHHbIME KOYbDMUIUEHTAME Y/I0BIETBOPSAIOT
TOXKJIECTBAM

P(x) + Q) + R(x) = P(Q()) + Q(R(z)) + R(P(x)) = 0.
JlokazKuTe, 4TO CTENEeHN BCEX TPEX MHOTOUIEHOB YETHBI.

Ne2. Ha miockocru vapucoBano 10-3razkHoe 2-jepeBo: orMedena Bepiiuna Ay, ona
COeJIMHEHA OTPE3KaMU C JBYyMs BepumHamu By u Bs, KaxKaas 3 KOTOPBIX COeIH-
HeHa orpe3kamu ¢ aBywms u3 gerbipex Beprund Cp, Cy, C3, Cy (Kaxknast u3 BepIimH
C; coenuHeHa POBHO C OJIHOH BepIIMHON B;); W Tak Jajee BILIOTH 10 512 Bepmmu
J1, ..., J519. Kaxknasa sepmuna Ji, . . ., J510 TOKpalieHa B OUH U3 JIBYX IIBETOB: TO-
JyOoit man 30y10T0M. PaccMaTpuBaloTest BCEBO3MOXKHbBIE TIEPECTAHOBKHU [ MHOXKECTBa,
BEPIINH HAPHCOBAHHOIO JlepeBa, Takue 4To (1) ecau Bepimuabl X u Y ObLId coe/Tu-
Henbl orpe3kom, To Beprmmabl f(X) n f(Y) makxke coemunenbr orpeskom, u (i) ecam Beprmmua X Oblia
MOKpallleHa B KaKOi-To 1Bet, T0 BepimuHa f(X) MOKpaieHa B TOT ke IBer. /Ijisi KAKOrO MaKCHMAJIBLHOTO
M 3aBenomo HaiiayTcss X0Ts Ob1 M pa3IudHBIX PACCMATPUBAECMBIX HEPECTAHOBOK?

Ne3. B napamienorpamve ABC'D ¢ octpeim yriiom A Ha orpeske AD ormedena Toduka N, a Ha OTpe3Ke
CN — touka M tak, uro AB = BM = CM. Touka K cumMerpudHa Touke N OTHOCHTEILHO HMPSIMOM
M D. Tlpamasa M K nepecekaer orpe3ok AD B Touke L. [lycts P — 00mias TOYKa OMUCAHHBIX OKPYKHOCTEH

tpeyroabHUKOB AM D u C'N K, npudem touku A u P nexkar o oguay cropony ot npsmoit M K. JlokaxkwuTe,
yro LZ/CPM = ZDPL.

Mamemamuradan xaswkapanv X VI 2Kaymiros osumnuadacs
Aamamu, 16 axnarn 2022 scoin
Bipinamri kyxa
(2K ymbicTh opbiEIay yakeiThl 4,5 carar. Op ecen 7 ynaifra GarajaHapl)

Nel. Kospdpunuentrepi HakTs cammap 6onarsid, Hoimik emec P(x), Q(x) xoue R(r) kenmymmenepi yirin
P(z) + Q(z) + R(z) = P(Q(z)) + Q(R(z)) + R(P(z)) =0
Tene-TeHIiri opbiaaaaa bl. OChl VI KONMMYIITEHIHIH 9pKAlChICHIHBIH, T9PerKeci Ky CaH eKeHiH ToJIeIIeH]3.

Ne2. ZKaswikroikra 10 kabarTh 2-aramsl (2-1epeBo) canabiaran. Ockl aramra A;

HYKTecl OeJIriIeHreH KoHe OChbl HYKTe B »KoHe By HyKTejiepiMeH KecCiHJIMeH KO-

celIral. By xkoHe By HykTecinin opkaiicsichl C, Cy, C3, Cy HYKTeIepiHin ekeyiMeH

kecingimen kocouiran (op C; Hykre jost 6ip B; HYKTeMEH KOCBLIFAH); ..., OCBI-

Jait kere 6epe KOChLIyIap Ji, . .., J51o HYKTEAEpine jeiiin opuragaarad. Jy, ..., J51o

HYKTeJIePiHiH 9pKalChIChl eKi TYCTiH Oipeyine OosiiraH: KOK TYC HEMece aJThIH TYC.

Keneci 3anaplLIbIKTapMeH aHBIKTAJIFAH, CAJBIHFAH afalllThiH TeOeaepiHiH OapJibiK

MYMKIiH f OpBIH ayBICTBIPYJIAPBIH KapacThipaiibik: (i) erep X kone Y Tebesepi KeciHIiMeH KOCBLICA, OHJIA
f(X) xone f(Y) rebesepi ge kecingimen kocbuiran; (ii) erep X rebeci kanuaii na 6ip rycke 6ostica, oHja
f(X) mebeci ge o1 cont Tycke bosiral. M caHbIHBIH KaHIal eH YJIKeH MOHIH/Ie, KeNLIl Typ/e KeM JIereH e
M oprypai (KapacThIPHIT OTHIPHLIFaH) OPBIH aybICTHIPYJIAp TaObLIATH?

Ne3. ABC' D nmapasnenorpambiaga ZA < 90°. AD kecingicinge N, an CN keciugicinge M nykreci AB =
= BM = C'M 6onarbingait 6esriienren. K nykreci N nykrecine M D Ty3yine KaparaH1arbl CAMMETPHSIIbI
aykre. M K T1y3yi AD xecingicia L nykrene Kusabl. P aykreci — AM D xone C'N K ymoOyphIIITapbiHa
CBIPTTAl CBHI3LLIFAH IeHOEpIepaiH, OpTak HyKTeci 00JICHH, XKoHe e A xome P mykrenaepi MK Ty3yinin
0ip xareiagaa karolp. ZCPM = ZDPL Tenairin maJesaeHis.



