
Complete solution of ea
h problem is worth 7 points.

Marking s
heme for problem 4

Let ` ∩CI = X, C

1

be the point where AB tou
hes the in
ir
le.

1. Proving that RN tou
hes the in
ir
le or IX = IN : 2 points

2. Proving that the triangle XRN is isos
eles or ∠XRI = ∠NRI: 3 points

3. Proving that R, T , I, M are 
on
y
li
, or MS ‖ IC
1

: 5 points

Items 1, 2, 3 are not additive.

Marking s
heme for problem 5

I. Complete solution 
onsists of the following steps.

1. Corre
t proof of f(5x) = xf(5) for all x ∈ Z: 2 points

2. Complete proof of f(x) = xf(1) for all x not divisible by 5: 4 points

3. Che
king that the fun
tions given by 1. and 2. satisfy the 
ondition: 1 point

This 
he
king should in
lude the referen
e to the equivalen
e 5 | 4x+3y ⇔ 5 | 3x+y ⇔ 5 | x+2y,

otherwise it is 
onsidered in
omplete.

Small gaps may lead to 1 or 2 points penalty in any of the steps 1, 2, 3.

II. Partial a
hievements

1. Proving that f(−x) = −f(x) and (or) f(2x) = 2f(x) for all x ∈ Z: 1 point

2, Proving the equivalen
e 5 | 4x+ 3y ⇔ 5 | 3x+ y ⇔ 5 | x+ 2y: 1 point

3. \Five-additivity" f(5x+ 5y) = f(5x) + f(5y) obtained: 1 point

4. Con
lusion that f(5x) = xf(5): 2 points

5, Small partial a
hievements, e.g. f(0) = 0, f(−1) = −f(1) et
.: 0 points

6. Guessing (without proof) that f(x) = xf(1) for x not divisible by 5 and adequate veri�
ation

of the obtained fun
tion: 1 point

The items 2, 3 are not additive with 4.

Marking s
heme for problem 6

Alternating 
olouring of rows: 0 points

Alternating 
olouring of rows and 
orre
t 
al
ulation of the resulting sum: 1 point

Proof that the answer does not ex
eed 3n

2

+ kn+ b for some k; b ∈ Z: 1 point


