Marking Scheme

of the 15t day problems in Mathematics

Problem No 1. Answer: p = 13,q = 3.
15t solution. First, noticethatp® — 1 =p?* —p = glg®— 1) =g°—1>g%— 1, hencep = g.
It followsthatp® — g’ =p—g=0andp = qg.

Further, from the original equation we obtain

q(g’—1)(¢*—q+ V(g +g + 1) =p(p’ - 1). (*)

The primality of p together with p =g implies either g*—1:p or g°—g+1: p or
g*+q+1:ip. Anyway,wehaveq*+qg+1=p }qi.

Suppose that ¢ = 5. Then g = 1,5%, so that qi >1,5¢% and g +q + 1 = 1,5g7, hence
0,5g% —g — 1 < 0. So we obtain g < 1 + +/3 which contradicts g = 5.

Thus we have g = 3. (5 points)

1. If g =2 then p® —p = 126. It is easy to check that the cases p = 2,3,5 are not
suitable. Now, for » =7 we have p® —p = 7% — 7 = 126, because the function x% — x is

increasing for x = % Thus the case g = 2 is not possible.

2. If g =3 then p® —p = 2184. One can easily verify that the value » =13 is
appropriate, and for p = 13 we have p® — p = 2184 . (+2 points)

2nd solution. As in the 1% solution, we have p = q? =>qg? sothat p >q,p>qg°—qg+ 1
Therefore g% + g + 1 :p. Further, 2p = 2g* > g*+ g+ 1hence

g°+q+1=p (1). (5 points)

Then *) becomes qlg—1(g°—q+1)=(g°+q)(g"°+ q+2), or
g —2q°+2g—1=¢g+ q+2/ie.qg°—3g°+q—3=(g*+ 1)(g—3)=0,¢g =3. Then
from (1) p = 37 +3 + 1 = 13. (+2 points)



Problem No 2
Solution.

Choose a point K on the extension of MD beyond D such that DK = NB (see Fig. 1). It
follows from ~/KDA=180°-~/ADC=/ABN, DA=AB, and DK=NB that
AKDA=ANBA. Therefore KA=AN and MK =MD+DK =MD+ NB=MN. Hence,
AKMA = ANMA and #DMA = Z/NMA . Similarly we can prove that /MNA = /BNA.

Take a point H on the segment MN such that MH =MD . Then NH =BN . Since
/DMA = /HMA and MD = MH, the pointsD and H are symmetric with respect to AP .
Similarly, B and H are symmetric with respect to AN. Hence /DAB=2/MAN.
Therefore,

Z/HPA= /DPA= /ABD =90° —%ADAB =90° - ZMAN .
It means that PH 1 AQ. In the same way we can prove that QH L AP . Thus the altitudes of
APQ meetat H.

Marking scheme:

If correctly proved that triangles ADM and AHM are equal (or similar) — (4 points)
If correctly proved that BH and AQ are perpendicular lines (or similar) — (+ 3 points)
Statement that BP and AQ are perpendicular, without proof — (1 point)



Problem No. 3

First solution.

Note that every figure consists of two right isosceles triangles with leg 1. The hypotenuse of such
triangle may be directed either from lower left to upper right corner of a square (we call it left
hypotenuse) or from upper left to lower right corner (we call it right hypotenuse). Since each
hypotenuse belongs to two triangles, the number of triangles with left hypotenuse is even. On the
other hand, every figure of the first kind contains exactly one triangle with left hypotenuse, while
every other figure contains an even number of such triangles. It follows that the number of
figures of the first kind (big triangles) is even.

Now we colour the columns of the rectangle in black and white: columns with even
numbers will be black and the rest will be white. Figures of the first and third kind can lie in a
single column (in this case (we call them vertical) or intersect two neighbouring columns (then
they are horizontal). Obviously the black part of a figure of the second kind or a vertical figure
has integral area. The black part of a horizontal figure always has area 1/2. Since the whole black
area is integral, the total number of horizontal figures is even.

Applying the same argument to rows we prove that the total number of vertical figures is
also even. Thus we have proved that the total number of figures of the first and the third kind is
even, and the number of figures of the first kind is also even, whence the desired result follows.
Second solution.

We begin with proving that the number of figures of the first kind is even in the same way as in
the above solution. Then we colour our rectangle black and white as a chessboard, that is, so that
unit squares sharing a side are of different colours. Every figure of the second kind covers an
integral black area. The black part of every other figure has area $1\over 2$. Thus the total
number of triangles and parallelograms is even, and it remains to subtract the even number of
triangles.

Third solution.

The figures of the third kind (parallelograms) can be distributed into 2 groups: horizontal
(covered by one row) and vertical (covered by one column). First we consider a horizontal
colouring of the rectangle, as shown in the Fig. 2 below.

Fig. 2

Obviously the black and white areas of this colouring are equal.

Note that in every figure of the second kind (we shall call it merely a square) both black
and white parts always have area 1/2. On the other hand, in a figure of the first kind (a triangle)
as well as in a vertical parallelogram black and white areas are either 3/4 and 1/4 respectively



(then we say that the figure is almost black) or 1/4 and 3/4 respectively (and we call it almost
white). Suppose we have a squares, b horizontal parallelograms, ¢ vertical parallelograms and d
triangles. We need to prove that b + ¢ is even. Let ¢ = ¢1 + ¢c2, d = d1 + dz2, where c1, C2, d1, d2
are numbers of almost white vertical parallelograms, almost black vertical parallelograms,
almost white triangles, and almost black triangles, respectively.

Since black and white parts of the rectangle have equal areas,

Yoa+¥ob+3cr1+Vacr +¥di+¥do=Yoa+%b+VYaci+3acot Yady + 3 do,
therefore c1 + d1 =c2 + do.

Using vertical colouring in the same way, we get b1 + d3 = b2 + d4, where b1 and b are
the numbers of almost white and almost black horizontal parallelograms in the new colouring (b2
+ b2 = b), d3 and d4 are the numbers of almost white and almost black triangles in the new
colouring (dz + ds =d =d1 + d2).

Now we have b +c=by +ba +c1+C2=2Db2+2 Co + ds+ d2 — (d1 +d3) =2 bo+2 c2 +2d
—2d3—-2d; iseven, QED

Marking scheme:
the number of figures of the first kind is even — 3 points;
the total number of figures of the first and the third kind is even — 3 points.



Marking Scheme
of the 2" day problems in Mathematics

Problem No 4.

Solution: The biggest prime, which could be reached when n is fixed, would not exceed the
sum of the biggest odd positive integer smaller than n, all even integers from 2 to n and
some additional 2-es. It follows that if n=14, then the biggest prime number, which could
be achieved, will not exceed the number 13+2+4+6+8+10+12+14+3-2=75. On the
other hand the operation under consideration is invariant with respect to the parity of the
number of the odd positive integers which do not exceed n. It follows that if n=15 or
n =16, the integer 97 could not be the last. Let n=17. The sum of all even positive integers
less than 17 is equal to 72. The odd positive integers less than 17 give four additional 2-es

when the operation is applied to them in pairs. Since 97—(72+2-4) =17, the only way to

achieve 97, when n=17, is to start by 17 and in a suitable order to add integers from the set
{2, 2,2,2,2, 4, 6,...,16}, obtaining each time a new prime number different from the

previous one. Two of these 12 integers in the set are equal to 0 modulo 3, three of them are
equal to 1 modulo 3 and seven of them are equal to 2 modulo 3. The number 17 is equal to 2
modulo 3 and a number equal to 2 or to 0 modulo 3 should be added to it only. When a
number equal to 1 modulo 3 is obtained, then a number equal to 1 or to 0 modulo 3 should be
added only. Thus 97 could not be achieved since the integers in the set under consideration
which are equal to 1 modulo 3 are less than the integers which are equal to 2 modulo 3. The
answer of the problem is n=18. Firstly, apply the operation to the pairs (3,5); (7,9); (11,13)
and (15,17). Further; proceed in the following way: (1,2) — 3; (3,2) —> 5; (5,2) —> 7; (7,4)
— 11; (11,2) — 13; (13,6) — 19; (19,10) — 29; (29,8) — 37; (37,16) — 53; (53,14) —>
67; (67,12) — 79, (79,18) — 97.

Marking scheme:

1 points for n>14

2 points for a correct proof n>17, 1 point for the invariance of the operation (this
point is not accumulated);

2 points for a correct consideration of the case n=17;

2 points for a correct example in the case n=18.




Problem No 5. In every vertex of a regular n-gon exactly one chip is placed. At each step
one can exchange any two neighbouring chips. Find the least number of steps necessary to reach

the arrangement where every chip is moved by{z} positions clockwise from its initial position.

Solution.

The answer is {ﬂ}{n—ﬂ} .
2 2

To prove it we define some terms. We suppose that the chips are numbered 1, 2, ..., n and
initially arranged so that their numbers increase clockwise. A place is a point where a chip
stands; its number is the number of the chip standing there in the initial arrangement. We can
describe an arrangement by a sequence of numbers of the chips standing on the places 1, 2, ..., n.

We say that k-th chip is moved clockwise if it is exchanged with its neighbour in
clockwise direction, and counterclockwise if it is exchanged with its neighbour in
counterclockwise direction.

I. The example of B}[%ﬂ} steps giving the desired arrangement is constructed as

follows: for every k = {n_ﬂ} [n—ﬂ}—l, ..., 2, 1 the k-th chip is moved clockwise B} times.

2 2

When k-th chip is moved B} times, the arrangement is 1, 2, k-1, {nTH}rl, {nTJrl}rz,

n, k, k+1, ..., {nTle} . When we finally move the first chip, the desired arrangement is reached.

I1. To prove this number is minimum, we define total shift of every chip as follows: it is
0 in the initial position and increases or decreases by 1 when a chip moves clockwise or
counterclockwise, respectively.

When two chips are exchanged, their total shifts are changed by 1 and -1, therefore the
sum of total shifts of all the chips is 0. Note that absolute value of total shift of every chip in the

final arrangement is at least B} Obviously there are at least {nTle} chips with total shift of

the same sign. These chips together moved at least B}[%ﬂ} in the same direction. But only

one chip is moved in this direction at each step, therefore the number of steps is at least

Bl

Marking scheme:

An example for even n — 1 point;
An example for odd n -1 point;
The inequality for even n -2 points;
The inequality for odd n -3 points.



Problem No 6.

C

Bynem cuurath, uto ZA> /B> /C. Jlokaxem, uto LOIH >180° —%LA. Torpa, Tak Kak

ZA<90°, ToO 1800—%4A>135° u cnemoparenbio ZOIH >135°. B Tpeyromsauke ABC

nposenieM Bhicothl AA u CC,. Tak xak ZOAB=90"-~/C>90°-/B=/BAA mu
/0CA=90°- /B >90° - /A= Z/ACC,, Touka O Haxojutcs BHyTpH Tpeyronbuuka AHC .

3ametum, uto /BAA = Z/OAC =90°- /B u LACC,=/0CB =90° - ZA. CnesoBatensHo,
ZHAI = ZIAO nu ZHCI = ZICO. Ilycte npsamsie Al u Cl mnepecekator orpezok HO B
toukax E m F coorBercrBeno, C,— cepenuna crtoponsl AB m K- Touka mepecedeHus
HE=AH <HC=HC=HF
EO AO AO CO FO
MEPECEKAIOTCS Ha OMUCAHHOW OKPYXHOCTH TpeyrosbHuka ABC, Touka | Haxomurcs Ha
orpe3ke EK .

npsameix OC, u Al. Tak kak u npameie Cl u OC,

Ecin #/B>60°, o ZAIC =90° +%LB >180° — /B = Z/AHC . 3amerum, uTo Touka |

HaXOJQUTCsI BHYTPU OKpYXKHOCTH, mpoxoxsmedn uepes Toukn A, H u C. Torma
ZAIH > ZACH =90° — ZA u
1

Z0IH = ZOIA+ ZAIH > ZOKA+ ZAIH =90°+%4A+4AIH >180°—§4A.

3gaunt ZOIH >1800—%4A.

Ecm #/B <60°, to ZAIC =90° +%AB >2/B=/ZA0C. CaengoBarenbHo, Touka |
HaxOJUTCS BHYTPH OKPYXKHOCTH, Tpoxonsmeid yepe3 Touku A, O m C. 3ameTrum, 49ro
4IOA<%4C . Torma ZOIA=180" - ZIAO — ZIOA=

~180° —%(LB—AC)—AIOA>180° —%(AB—LC)—%AC ~180° —%43.

3HauuT LOIA>180°—%LB u Z0IH >AOIA>180°—%AB >180°—%4A.

Cnenoarensro, ZOIH >180° —%LA .

3ameuanme. DTy OLEHKY YIydIMTh Helb3s, Tak kak npu ZA=90°, /B —90° umeem

LIAO=%(LB—4C)—>4SO, ZI0A —0° utorma ZOIH = ZOIA —-135°.



English version:
(1). Assume without loss of generality that Z/A> /B> ~/C. We will prove that

/0OIH >180°—%4A and it follows from ~A<90° and 1800—%4A>135°, that

Z0OIH >135°. Let AA (AA eBC) and CC, (CC,e AB) be altitudes of AABC. The
conditions Z/0AB =90° - /C >90° - /B = /BAA and
Z0CA=90°- /B >90° - Z/A= ZACC, imply that O is an interior point of AAHC . Note,
that ZBAA = ZOAC = 90° — B and ZACC, = £0CB = 90° — ZA. Then ZHAI = ZIAO and

ZHCI = ZICO. Let E and F be the common points of the lines Al and Cl and the
segment HO q respectively. Let also C, be the midpoint of the side AB and K be the
HE:AH<HC:HC:HF
EO AO AO CO FO
common point of the lines Cl and OC, lies on the circumcircle of AABC, the point | is in
the segment EK . We consider 2 cases.

(2). If #B>60°, then LAIC:900+%LB >180° — /B = Z/AHC . Note, that | is an

common point of the lines OC, and Al. Since and the

interior point of the circle through A, H and C. Then ZAIH > Z/ACH =90° - ZA and

Z0IH = ZOIA+ ZAIH > ZOKA+ ZAIH :90°+%4A+4AIH >180°—%4A.

Thus, ZOIH >1800—%LA.

(3). If ZB<60°, then ZAIC :90°+%LB >2/B=/A0C. It follows that I is an

interior  point of the circle through A, O and C. Note, that 4IOA<%AC. Then

/0lA=180° - ZIAO - ZIOA =

=180° —%(AB—AC)—LIOA>180° —%(LB—AC)—%LC =180° —%AB.

It follows that ~OIA >180° —%AB and ZOIH > Z0OIA >180° —%AB >180° —%AA. Thus,

/0OIH >180°—%4A.

Remark. The estimation could not be improved because if #A=90° and ~B —90°, then

ZIAO = %(LB —ZC) —45°, ZI0A — 0° and it follows that ZOIH = ZOIA —135°,

Marking scheme:
(1) - (2 points);
(2) or (3) — 3 points;
(2) + (3) — 5 points if the proofs are correct.
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