1. A quadrilateral ABC'D is inscribed in a circle with centre O. Its diagonals meet at M. The
circumcircle of ABM intersects the sides AD and BC at N m K respectively. Prove that the areas of
NOMD and KOMC are equal.

Solution. Let wq be the circumcircle of ABC'D and ws the circumcircle of ABM . The angles ZCAD
and ZDBC' are subtended by the same arc of w; and therefore equal. It follows that the chords M N and
MK of wy subtending these angles are equal. The segments OD and OC are equal as radii of wy. Let ¢
be the tangent to wy at D. The angle between ¢ and AD is equal to ZABD (since it equals half of the
arc AD) and therefore to ZM N D (because the quadrilateral ABMN is cyclic). Thus MN is parallel to
t and consequently perpendicular to OD. Similarly, M K is perpendicular to OC'. It follows now that the
quadrilaterals NOM D and KOMC' have equal area since their respective diagonals are equal and in both
quadrilaterals the diagonals are perpendicular.

2. The numbers ay, as, ..., ajpp are a permutation of the numbers 1, 2, ..., 100. Let S; = ay,
Se =ay+as, ..., Si00 = a1+ as+ ...+ ajgp. What maximum number of perfect squares can be among the
numbers S1, S5, ..., Si00?

The answer is 60.

Solution. We add initial term Sy = 0 to the sequence Si, S2, ..., Sigg and consider all the terms

Sne < Sny < ... that are perfect squares: S,, = mz (in particular, np = mg = 0). Since Sygp = 5050 < 722,
all the numbers my do not exceed 71. If my11 = my + 1 the difference S,, ,, — S,, = 2my + 1 is odd, and
an odd number must occur among the numbers a,, 41, ..., dy,,,. There are only 50 odd numbers less than
100, so at most 50 differences myy1 — my equal 1. If there is 61 perfect squares in the original sequence,
then mgy = (me1 — meso) + (mep — ms9) + ...+ (my —mg) > 50+ 11 -2 = 72, a contradiction.

It remains to give an example of sequence containing 60 perfect squares. Let a; = 2: — 1 for 1 < ¢ < 50,
then we use all the odd numbers and S; = ¢?. Further, let asy44; = 24+ 8%, a5944; = 100 —4i, a5z44; = 4+ 84,
agaya; = 98 — 4i for 0 < 7 < 7; thus we use all the even numbers between 70 and 100 and all the numbers
between 2 and 60 that leave the remainder 2 or 4 when divided by 8. For 0 < ¢ < 7 we have Ssaya; —S5044; =
204 + 8, and Ssqq4; = (52 + 27)2. Finally, let the last 18 terms of the sequence be 30, 40, 64, 66, 68, 6, 8,
14, 16, 32, 38, 46, 54, 62, 22, 24, 48, 56. This gives Sg7r = 662 + 2 - 134 = 682, Sgg = 70%.

3. There are 60 towns in Graphland; every two towns are connected with a one-way road. Prove that
one can colour four towns red and another four towns green so that every road between a red town and a
green town is directed from the red town to the green one.

Solution. We say that town A serves a quadruple of towns By, By, Bs, By if roads go from it to all
these four towns. If k& roads go from a town, the town serves (i) quadruples. Let the numbers of roads
going from all the towns be k1, ko, ..., kgo. The sum of these numbers is the total number of roads, i.e.

(620) = 30 - 59. The total number of quadruples served by all the towns is S = (k41) + (kf) + ...+ (kj”). We

claim that tne minimum of this sum on condition that &y + ks + ...+ keo = 30 - 59 1s 30 - (340) + 30 - (249).
Indeed, the number of sets (ki, ..., keo) with sum 30 -59 is finite, therefore on of these sets gives the sum its
minimum value. Suppose this set contains two numbers m > 4 and n such that m — n > 2. Then replacing
munby m—1and n+ 1 decreases our sum (since (T) + (Z) — (mil) — (njl) = (mgl) - (2) > 0). Thus the
minimum value of S is attained for the set of k; where the difference of every two numbers does not exceed
1. Such set is obviously unique and consists of 30 numbers equal to 30 and 30 numbers equal to 29.

Now the total number of quadruples served by all 60 towns is at least 30 - (340) + 30 - (249). It is easy

to check however that this number is greater than 3 - (640), that is, thrice the number of all quadruples.

Therefore there is a quadruple served by four towns, q.e.d.



