
Ìàòåìàòèêàäàí õàëû©àðàëû© XVI Æºóòiêîâ îëèìïèàäàñû

Àëìàòû, 2020

11 ©à­òàð 2020 æûë, 9.00-13.30

Åêiíøi ê³í

(�ð åñåï 7 ´ïàé¡à áà¡àëàíàäû)

�4. Òå­á³éiðëi åìåñ ABC ³øá´ðûøûíäà I � iøòåé ñûçûë¡àí øå­áåðäi­ öåíòði, àë CN � áèññåê-
òðèñà. CN ò³çói ABC-¡à ñûðòòàé ñûçûë¡àí øå­áåðäi åêiíøi ðåò M í³êòåñiíäå ©èÿäû. AB ò³çóiíå
ïàðàëëåëü ` ò³çói ABC ³øá´ðûøûíà iøòåé ñûçûë¡àí øå­áåðäi æàíàéäû. CI ⊥ IR áîëàòûíäàé `
áîéûíàí R í³êòåñi àëûí¡àí. MNR ³øá´ðûøûíà ñûðòòàé ñûçûë¡àí øå­áåð IR ò³çóií åêiíøi ðåò S
í³êòåñiíäå ©èÿäû. AS = BS åêåíií äºëåëäå­iç.

�5. Z � á³òií ñàíäàð æèûíû. Êåç êåëãåí á³òií x, y ³øií f(4x+ 3y) = f(3x+ y) + f(x+ 2y) òå­äiãií
©àíà¡àòòàíäûðàòûí áàðëû© f : Z→ Z ôóíêöèÿëàðûí òàáû­ûç.

�6. �ëøåìi n×n (n > 2) òà©òàíû­ êåéáið øàðøûëàðû ©àðà, ©àë¡àíäàðû à© ò³ñêå áîÿë¡àí. �ðáið à©
øàðøû¡à ñîë øàðøûìåí îðòà© ò°áåñi áàð ©àðà øàðøûëàðäû­ ñàíû æàçûë¡àí. Îñûëàéøà æàçûë¡àí
ñàíäàðäû­ ©îñûíäûñûíû­ å­ ³ëêåí ì³ìêií ìºíií òàáû­ûç.
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�4. Â íåðàâíîáåäðåííîì òðåóãîëüíèêå ABC òî÷êà I � öåíòð âïèñàííîé îêðóæíîñòè, à CN � áèñ-
ñåêòðèñà. Ïðÿìàÿ CN âòîðè÷íî ïåðåñåêàåò îïèñàííóþ îêðóæíîñòü òðåóãîëüíèêà ABC â òî÷êå M .
Ïðÿìàÿ ` ïàðàëëåëüíà ïðÿìîé AB è êàñàåòñÿ âïèñàííîé îêðóæíîñòè òðåóãîëüíèêà ABC. Òî÷êà R
íà ïðÿìîé ` òàêîâà, ÷òî CI ⊥ IR. Îïèñàííàÿ îêðóæíîñòü òðåóãîëüíèêà MNR âòîðè÷íî ïåðåñåêàåò
ïðÿìóþ IR â òî÷êå S. Äîêàæèòå, ÷òî AS = BS.

�5. Ïóñòü Z � ìíîæåñòâî âñåõ öåëûõ ÷èñåë. Íàéäèòå âñå ôóíêöèè f : Z → Z, óäîâëåòâîðÿþùèå
óñëîâèþ

f(4x+ 3y) = f(3x+ y) + f(x+ 2y)

ïðè âñåõ öåëûõ x è y.

�6. Íà äîñêå n × n (n > 2) íåêîòîðûå êëåòêè ÷¼ðíûå, à îñòàëüíûå áåëûå. Â êàæäîé áåëîé êëåòêå
çàïèñàíî êîëè÷åñòâî ÷¼ðíûõ êëåòîê, èìåþùèõ ñ íåé õîòÿ áû îäíó îáùóþ âåðøèíó. Íàéäèòå íàè-
áîëüøåå âîçìîæíîå çíà÷åíèå ñóììû âñåõ çàïèñàííûõ ÷èñåë.
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�4. In a scalene triangle ABC I is the incenter and CN is the bisector of angle C. The line CN meets
the circumcircle of ABC again at M . The line ` is parallel to AB and touches the incircle of ABC. The
point R on ` is such that CI ⊥ IR. The circumcircle of MNR meets the line IR again at S. Prove that
AS = BS.

�5. Let Z be the set of all integers. Find all the functions f : Z→ Z such that

f(4x+ 3y) = f(3x+ y) + f(x+ 2y)

for all integers x and y.

�6. Some squares of a n×n table (n > 2) are black, the rest are white. In every white square we wrtie the
number of all the black squares having at least one common vertex with it. Find the maximum possible
sum of all these numbers.


