XV International Zhautykov Olympiad in Mathematics
Almaty, 2019
January 12, 9.00-13.30

Second day
(Each problem is worth 7 points)

Neq. An isosceles triangle ABC' with AC' = BC' is given. Point D is chosen on the side AC. The circle
Sy of radius R with the center O; touches the segment AD and the extensions of BA and BD over the
points A and D, respectively. The circle Sy of radius 2R with the center O, touches the segment DC' and
the extensions of BD and BC' over the points D and C, respectively. Let the tangent to the circumcircle
of the triangle BO10, at the point Oy intersect the line BA at point F. Prove that O F = O10s.

Ne5. Let n > 1 be a positive integer. A function f : I — Z is given, where [ is the set of all integers coprime
with n. (Z is the set of integers). A positive integer k is called a period of the function f if f(a) = f(b) for
all a,b € I such that a = b (mod k). It is known that n is a period of f. Prove that the minimal period of
the function f divides all its periods.

Example. For n = 6, the function f with period 6 is defined entirely by its values f(1) and f(5). If
f(1) = f(5), then the function has minimal period Py, = 1, and if f(1) # f(5), then Py, = 3.

NeG. On a polynomial of degree three it is allowed to perform the following two operations arbitrarily
many times:

(i) reverse the order of its coefficients including zeroes (for instance, from the polynomial z3 — 22% — 3
we can obtain —3z% — 2z + 1);

(i) change polynomial P(z) to the polynomial P(x + 1).

Is it possible to obtain the polynomial 2% — 322 + 32 — 3 from the polynomial 2% — 27
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Neq. Jlan pasuobeapennsiit Tpeyroibauk ABC, AC' = BC. Ha cropone AC BwiOpana touka D. Oxpyx-
HOCTDb S ¢ pagnycoM R u nmearpom O Kacaercs orpeska AD u npopomxennit BA u BD 3a toukun A u D
coorBeTcTBeHHO. OKPYXKHOCTH So ¢ paauycom 2R u nentpom Oy Kacaercs orpe3ka DC u npoosizKeHui
BD w BC 3a toukn D u C' coorBeTcTBeHHO. [lycTh KacarenbHasd K ONUCAHHON OKPYKHOCTH TPEYTOJIbHAKA
BO105 B Touke Oy nepecekaer npamyio BA B Touke F. Jdokaxkure, aro O1F = 010,.

Ne5. Ilycts n > 1 — marypasbHoe umcso. /lana dynkmua f : [ — Z, rtae I — MHOXKECTBO BCeX IEJBIX
YHCeTT, B3ANMHO TIPOCTHIX € n. (Z — MHOMXKECTBO BCeX HeJbiX unces). HarypasbHoe 4ncio k Ha3bIBaeTCst
nepuodom byuxmun f ecan f(a) = f(b) ana mobeix a,b € I Taknx, uro a = b (mod k). UsBecrno,
410 N gBjsgercs nepuogom dyuknun f. Jlokaxure, 410 MUHUMAJBHBINA nepuos MYHKIWH [ JIeJuT BCe ee
HEePUOJIbI.
IIpumep. Korma n = 6, dynknus f ¢ mepuogoMm 6 MOJHOCTBIO Ompejesiercs cBoumu 3uadenusvu f(1)
u f(5). Ecmu f(1) = f(5), To dyuKms umeer MEHEMATBHBIH epro, Py, = 1, a ecn f(1) # f(5), o
Pin = 3.
Ne6. C MHOTOUJIEHOM TpeThell CTelleHN Pa3pelraeTcs HeOTpaHMIeHHOe THICJI0 Pa3 MPOJIeJIbIBATH CJIe/IYIONTHe
JIBe OTIepaIuu:

(i) mepecraBasaTh ero Ko3hhUIHEHTDI, BKI0Yas HYJIeBbie, B 0OPATHOM HOPsJIKe (Tak, U3 MHOTOUICHA
23 — 22? — 3 MOXKHO noJyuuTh MHOTOWIeH —323 — 21 + 1);

(ii) 3amemsaTs muorounen P(z) ma muorouren P(x + 1).

MOZKHO JIE TTOJAYYIATh U3 MHOTOUIeHa ¥° — 2 MHOro4aeH x° — 3x2 + 3z — 37



